Journal of Number Theory 129 (2009) 1272-1324

Contents lists available at ScienceDirect =
Journal of Number Theory
www.elsevier.com/locate/jnt
Integral representation for L-functions for GSp4 x GLp
Ameya Pitale *, Ralf Schmidt
Department of Mathematics, University of Oklahoma, Norman, OK 73019-0315, United States
ARTICLE INFO ABSTRACT
Article history: Let 7w be a cuspidal, automorphic representation of GSp, attached
Received 8 March 2008 to a Siegel modular form of degree 2. We refine the method of

Revised 11 January 2009
Available online 31 March 2009
Communicated by James W. Cogdell

Furusawa [M. Furusawa, On L-functions for GSp(4) x GL(2) and
their special values, ]. Reine Angew. Math. 438 (1993) 187-218]
to obtain an integral representation for the degree-8 L-function
L(s,m x T), where T runs through certain cuspidal, automorphic
representation of GL;. Our calculations include the case of any
representation with unramified central character for the p-adic
components of 7, and a wide class of archimedean types including
MaaR forms. As an application we obtain a special value result for
L(s,T x 7).

© 2009 Elsevier Inc. All rights reserved.

1. Introduction

Let 1 = ®m, and T = @1, be irreducible, cuspidal, automorphic representations of GSp4(A)
and GL,(A), respectively. Here, A is the ring of adeles of a number field F. We want to investigate
the degree eight twisted L-functions L(s,7 x t) of w and t, which are important for a number of
reasons. For example, when 7 and 7 are obtained from holomorphic modular forms, then Deligne
[8] has conjectured that a finite set of special values of L(s, 7t x t) are algebraic up to certain period
integrals. Another very important application is the conjectured Langlands functorial transfer of 7 to
an automorphic representation of GL4(A). One approach to obtain the transfer to GL4(A) is to use the
converse theorem due to Cogdell and Piatetski-Shapiro [6], which requires precise information about
the L-functions L(s,t x T).

In the special case that 7 is generic, Asgari and Shahidi [2] have been successful in obtaining the
above transfer using the converse theorem. They analyze the twisted L-functions using the Langlands-
Shahidi method. In this method, one has to consider a larger group in which GSp, is embedded and
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then use the representation 7 to construct an Eisenstein series on the larger group. Then the L-
functions are obtained in the constant and non-constant terms of the Eisenstein series. Unfortunately,
this method only works when 7 is generic. It is known that if 7 is obtained from a holomorphic
Siegel modular form then it is not generic.

Another method to understand L-functions is via integral representations. For this method one
constructs an integral that is Eulerian, i.e., one that can be written as an infinite product of local
integrals, Z(s) =[], Zv(s). Then the local integrals are computed to obtain the local L-functions. In
many of the constructions, the local calculations are done only when all the local data is unramified.
This gives information about the partial L-functions, which already leads to remarkable applications.
The calculations for the ramified data are unfortunately often very involved and not available in the
literature. (For more on integral representations of L-functions, see [11,12,21].)

In the GSp,4 and GSp,4 x GL, case, Novodvorsky, Piatetski-Shapiro and Soudry (see [18,20,22]) were
the first ones to construct integral representations for L(s, 7w x t). Their constructions were for the
special case when m is either generic or has a special Bessel model. Examples of Siegel modular
forms which do not have a special Bessel model have been constructed by Schulze-Pillot [29]. The
first construction of an integral representation for L(s, ¥ x T) with no restriction on the Bessel model
of m is the work of Furusawa [9]. In this remarkable paper, Furusawa embeds GSp, in a unitary
group GU(2,2) and constructs an Eisenstein series on GU(2,2) using the GL, representation 7. He
then integrates the Eisenstein series against a vector in 7. He shows that this integral is Eulerian
and, when the local data is unramified, he computes the local integral to obtain the local L-function
L(s, m, x Ty) up to a normalizing factor. He also calculates the archimedean integral for the case that
both 7w and 7 are holomorphic of the same weight. Thus, Furusawa obtains an integral representation
for the completed L-function L(s, 7 x 7) in the case when 7t and 7 are obtained from holomorphic
modular forms of full level and same weight. He uses this to obtain a special value result, which
fits into the context of Deligne’s conjectures, and to prove meromorphic continuation and functional
equation for the L-function. The main limitation of [9] is that, if we fix a Siegel modular form, then
the results allow us to obtain information on a very small family of twists only, namely those coming
from elliptic modular forms of full level and the same weight as the Siegel modular form, which is a
finite dimensional vector space.

For the applications that we discussed above, we need twists of 7 by all representations t of GL;,
i.e,, twists by all GL, modular forms, holomorphic or non-holomorphic, of arbitrary weight and level.
For this purpose, one needs to compute the non-archimedean local integral obtained in [9] when the
local representation 7, is ramified. Also, one needs to extend Furusawa’s archimedean calculation to
include more general archimedean representations.

In this paper, we will compute the local non-archimedean integral from [9] in the case when 7,
is any irreducible, admissible representation with unramified central character. We will also compute
the archimedean integral for a larger family of archimedean representations 7.

Before we state the results of this paper, let us recall the integral representation of [9] in some
more detail. Let L be a quadratic extension of the number field F, and let GU(2,2) be the unitary
group defined using the field L. Let P be the standard maximal parabolic subgroup of the unitary
group GU(2, 2) with a non-abelian radical. Given an irreducible, admissible representation t of GLy(A)
and suitable characters x and xo of A, one considers an induced representation I(s, x, xo, T) from
P to GU(2,2), where s is a complex parameter. Let f(g,s) be an analytic family in I(s, x, X0, 7).
Define an Eisenstein series on GU(2,2) by the formula

E(g.s)=E(gs; f)= Y. f(gs, geGUR,2)A).
yeP(F)\GU(2,2)(F)

For an automorphic form ¢ in the space of m, consider the integral

Z(5) =26, f.¢) = / E(h, s; f)p(h)dh. (1)

Z(A) GSp4(F)\GSp4(A)
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In [9], Furusawa has shown that these integrals have the following two important properties.

(i) There is a “basic identity”

Z(s) = / Wf(nh,s)qu(h)dh, (2)
R(A)\GSp4(A)

where R C GSp(4) is a Bessel subgroup of the Siegel parabolic subgroup, n is a certain fixed
element, B; corresponds to ¢ in the Bessel model for , and Wy is a function on GU(2,2)
obtained from the Whittaker model of t and depending on the section f used to define the
Eisenstein series.

(2) Z(s) is Eulerian, i.e.,

zo=[lao=1 [  wonssma. 3)

Y R(Fy)\GSp4(Fy)

In Theorems 3.8.1 and 3.8.2 below we show that the local integral can be computed to give L(3s +
%, 7Ty X Tp) up to a normalizing factor.

Theorem 1. Let F,, be a non-archimedean local field with characteristic zero. Let 7, be an unramified, irre-
ducible, admissible representation of GSp4(F)). Let T, be an irreducible, admissible, generic representation of
GLy (F,) with unramified central character and conductor p™, n > 1. Then we can make a choice of vectors W,,
and B, such that the local integral in (3) is given by

L(3s+3 .7ty x )
Zy(s) = L(35+1’TVXAI(A\J)><(XU\FU>< )

1 ifn>2.

ifn=1;

Here, A, is the Bessel character on L} used to define the Bessel model B,, and AZ(A,) is the representation
of GL,(F,) obtained from A, by automorphic induction.

Note that, for n > 2 in the above theorem, we have L(s,7, x T,) = 1, and hence the integral
Z,(s) indeed computes the L-function. We point out that the ramified calculation is not a trivial
generalization of the unramified calculation in [9]. There are two main steps. First is the choice of
the vector W), and B, - making the “correct” choice of local vectors to be used to compute the local
integral is delicate and, probably, is the main contribution of this paper. For example, we will have
to make a choice of local compact subgroup K* ("), for which the Borel congruence subgroup turns
out to be too small, while the Klingen congruence subgroup is too large; the group we will work
with lies in between these two natural congruence subgroups. Secondly, the actual computation of
the local integral is complicated and depends heavily on the structure theory of the groups involved.
We will explain this in detail in Section 3.

In Theorem 4.4.1, we compute the local archimedean integral in the following cases:

(i) mo is the holomorphic discrete series representation of GSp,4(R) with trivial central character and
Harish-Chandra parameter (I — 1,1 — 2). This is the archimedean component of the automorphic
representations generated by Siegel modular forms of weight I.

(ii) T~ is either a principal series representation of GL,(R) whose K-types have the same parity as
I or is a holomorphic discrete series representation of GL(R) with lowest weight I, satisfying
I, <land I =1 (mod 2).

This extends the calculations in [9], where T, is only allowed to be a holomorphic discrete series
representation with lowest weight [.
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Putting together the local computations we get the following global result (see Theorem 5.3.1).

Theorem 2. Let @ be a cuspidal Siegel eigenform of weight | with respect to Sp4(Z) (satisfying the two mild
assumptions formulated in Section 5.1). Let N be any positive integer. Let f be a cuspidal Maaf3 eigenform of
weight l; € Z with respect to I'y(N). If (the adelic function corresponding to) f lies in a holomorphic discrete
series representation with lowest weight I, then assume that I, <. Let 7o and Ty be the corresponding
cuspidal automorphic representations of GSp4(Ag) and GLy(Ag), respectively. Then a choice of local vectors
can be made such that the global integral Z(s) defined in (1) is given by

L3s+ 3.7e x Tf)

Z(5) = koo (N ) e = T 35 1 1., T x AZ(A)’

(4)

where ko (S) and Kk (s) are explicitly known factors obtained from the local computations.
Using (4), we get the following special value result (see Theorem 5.4.4).

Theorem 3. Let @ be a cuspidal Siegel eigenform of weight | with respect to Sp4(Z) (satisfying the two mild
assumptions formulated in Section 5.1). Let N be any positive integer. Let ¥ be a holomorphic, cuspidal Hecke
eigenform of weight | with respect to IH(N). Then

LG -1 me xm)  —
€
T3=8(D, @)1 (W, ¥)1

Note that in [3], using a completely different method, special value results in the spirit of Deligne’s
conjectures were proven under the assumption that ¥ is a cusp form with respect to SLy(Z) with
weight k < 2] — 2, where [ is the weight of the Siegel modular form &. Since the results of [3] cannot
be applied to modular forms with respect to congruence subgroups, there is no overlap of [3] with
this paper.

This paper is organized as follows. In Section 2 we make the basic definitions and describe the
setup for the local integrals from (3) for a non-archimedean local field F of characteristic zero or
F = R. We use the fact that the basic local setup is uniform and can be stated in full generality. The
main input of the local integrals are the choices of the functions W and B from (3). In Sections 3
and 4 we consider the non-archimedean and archimedean case, respectively. We make the choice of
the appropriate functions W and B and compute the local integrals. In Section 5, we consider the
global situation corresponding to modular forms on GSp4 and GL,. We use the local calculations from
Sections 3 and 4 to obtain an integral representation for the global L-function. Finally, in Section 5.4,
we use the global theorem to obtain a special values result.

After the completion of this work it has been brought to our attention that there is some over-
lap with the doctoral thesis [26] of Abhishek Saha. Amongst the differences, Saha has obtained an
interpretation of the integral representation for the L-function due to Furusawa using pullbacks of
Eisenstein series on GU(3, 3), and can also include GSp, Steinberg representations under certain con-
ditions.

Finally, we would like to thank A. Raghuram for many helpful discussions and for pointing out a
gap in an earlier draft of the paper.

2. General setup

In this section, we give the basic definitions and set up the data required to compute the local in-
tegrals. Let F be a non-archimedean local field of characteristic zero, or F = R. We fix three elements
a,b,c € F such that d :=b% — 4ac #0. Let

: x2
L:{F(«/d_) if d ¢ F*2, (5)
FOF ifdeF*2.
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In case L = F @ F, we consider F diagonally embedded. If L is a field, we denote by x the Galois
conjugate of xe L over F.If L=F@®F, let (x,y) = (y, x). In any case we let N(x) = xx and tr(x) = x+X.

2.1. The unitary group

We define the symplectic and unitary similitude groups by

H(F) = GSp4(F) := {g € GL4(F): ‘gJg=p(g)]. n(g) € F*},

G(F)=GU,2; 1) := g e GLa(L): ‘&Jg=p(g)], pu(g)eF*},

where | = [_12 ]2]. Note that H(F) = G(F) N GL4(F). As a minimal parabolic subgroup we choose the
subgroup of all matrices that become upper triangular after switching the last two rows and last two
columns. Let P be the standard maximal parabolic subgroup of G(F) with a non-abelian unipotent
radical. Let P = MN be the Levi decomposition of P. We have M = MW M@ where

¢ _
M®D (F) = ! -1 ttel*y, (6)
1
1 _
mAm =1 ¢ Pleamt. )
Y 5
1 z 1 w y
N(F) = 1 1 ! };/ :weF, y,zely. (8)
-z 1 1

For a matrix in M@ (F) as the one above, the unitary conditions are equivalent to p = i (i.e,
neF*), u=as—py, ay =ya and §p = 4. In addition, we have af = Ba, dy = Y4, aé =i,
y B = By. Hence the following holds.

Lemma 2.1.1. Let

be an element of M® (F), as above. Then the quotient of any two entries of the matrix [;f f] if defined, lies

in F. Hence, if A is any invertible entry of [;’f f] then

a Bl_, [a/r B/
[V 5]_ [V/A 6/1]'
e e’

eGLy(F)

Consequently, the map
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L* x GLy(F) — M@ (F),
1

o B o AB
(A’[V SD*_’ NG (@b — By) ’ (9)
V% A

is surjective with kernel {(x, 2~1): > € F*}.
The modular factor of the parabolic P is given by

e 1
1 13 _ _
5 = “ P = IvonT w=as—p), (10)
1 y 1)
where | -| is the normalized absolute value on F.
2.2. The Bessel subgroup

Recall that we fixed three elements a, b, c € F such that d = b? — 4ac # 0. Let

b b
. a 3 . 3 Cc
S_[g C]’ g_[—a ‘Tb]

Then F(&) = F + F§ is a two-dimensional F-algebra isomorphic to L. If L = F(+/d) is a field, then an
isomorphism is given by x + y& +— x + y@. If L=F & F, then an isomorphism is given by x + y& —
x+ y@, X— y@). The determinant map on F (&) corresponds to the norm map on L. Let

T(F)={g eGLy(F): 'gSg=det(g)S}.

One can check that T(F) = F(¢)*. Note that T(F) = L* via the isomorphism F(¢) = L. We consider
T(F) a subgroup of H(F) = GSp,(F) via

T(F)agr—>|:g ]eH(F).

det(g) ‘g~

Let
U(F) = {[12 1’2] € GSpy(F): X = x}

and R(F) = T(F)U(F). We call R(F) the Bessel subgroup of GSp,s(F) (with respect to the given data
a, b, c). Let ¢ be any non-trivial character F — C*. Let 6 : U(F) — C* be the character given by

9([1 ﬂ):w(tr(SX)). (1)

Explicitly,

N <

=y (ax + by +c2). (12)

—
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We have 6(t~'ut) =0 (u) for all u € U(F) and t € T(F). Hence, if A is any character of T(F), then the
map tu +— A(t)0(u) defines a character of R(F). We denote this character by A ® 6.

2.3. Parabolic induction from P(F) to G(F)

Let (7, V) be an irreducible, admissible representation of GL,(F), and let xo be a character of
L* such that xo|px coincides with w,, the central character of 7. Then the representation (A, g) —
xo(M)T(g) of L* x GLy(F) factors through {(,A~1): A € FX}, and consequently, by Lemma 2.1.1,
defines a representation of M® (F) on the same space V. Let us denote this representation by xo x 7.
Every irreducible, admissible representation of M@ (F) is of this form. If V; is a space of functions
on GLp(F) on which GL(F) acts by right translation, then xo x T can be realized as a space of
functions on M@ (F) on which M® (F) acts by right translation. This is accomplished by extending
every W e V¢ to a function on M@ (F) via

W(g) = xoMW(g), rel*, geGLy(F). (13)

If V; is the Whittaker model of T with respect to the character v, then the extended functions W
satisfy the transformation property

1
w 1 lel=voW(), xeF, ge MP(F). (14)

1

If s is a complex parameter, x is any character of L*, and g x T is a representation of M (F) as
above, we denote by I(s, x, xo, T) the representation of G(F) obtained by parabolic induction from
the representation of P(F) = M(F)N(F) given on the Levi part by

e 1

1 Yo AB
¢! N (s — By)

1 AY A

— [N @s = ) P ©Oxo T ([;’j §])

Explicitly, the space of I(s, x, xo,T) consists of functions f : G(F) — V; with the transformation
property

¢ 1
1 Yo A8
d £ Noy@s—py)  |®
1 Ay 28
= [N(en ) @s — )P x @ xo) ([3 ’;]) f(@. (15)

Now assume that V; is the Whittaker model of T with respect to the character v of F. If we associate
to each f as above the function on G(F) given by ij(g) = f(g)(1), then we obtain another model

of I(s, x, X0, T) consisting of functions W* : G(F) — C. These functions satisfy
¢ 1
¢! NG
1 A

3Gs+1)

=|N(¢a™h)| XOxoWW*(g), ¢ rel”, (16)
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and
1 z 1 w y
w* b VY Mg |=vewwt@. woxeF. yozel. (17)
-z 1 1

The following lemma gives a transformation property of W#* under the action of the elements of the
Bessel subgroup R(F).

Lemma 2.3.1. Let (7, V) be a generic, irreducible, admissible representation of GL,(F). We assume that V
is the Whittaker model of T with respect to the non-trivial character v —¢(x) = v (—cx) of F. Let x and xo
be characters of L* such that xo|px = we. Let W#(-,s) : G(F) — C be a function in the above model of the
induced representation I(s, x, Xo, T), where s is a complex parameter. Let 6 be the character of U (F) defined
in (11). Let A be the character of L* = T (F) given by

A@) =X @) xo@) " (18)
Let
10
a 1 ”J;;/E if L is a field,
n= 1 —a | where o := bivd boviy (19)
1 (2c’ 2c) lfL:F@F'
Then
w#tuh, s) = A o) W¥(nh, s) (20)

fort e T(F),ue U(F)andh € G(F).

Proof. If L is a field, then the proof is word for word the same as on pp. 197/198 of [9]. The case
L = F & F requires the only modification that the element ¢ = x + % d is to be replaced by ¢ =

x+3(Wd, —Vd. o

2.4. The local integral

Let (;r, V) be an irreducible, admissible representation of H(F) = GSp,(F). Let the Bessel sub-
group R(F) be as defined in Section 2.2; it depends on the given data a, b, c € F. We assume that V
is a Bessel model for 7w with respect to the character A ® 6 of R(F). Hence, V consists of functions
B : H(F) — C satisfying the Bessel transformation property

B(tuh) = A()0(u)B(h) for t € T(F), ueU(F), he H(F).

Let (7, V) be a generic, irreducible, admissible representation of GL,(F) such that V; is the ¥ —¢-
Whittaker model of T (we assume c # 0). Let xo be a character of L* such that xo|px = w¢. Let x
be the character of L* for which (18) holds. Let W¥*(.,s) be an element of I(s, X, X0, T) for which
the restriction of W#(.,s) to the standard maximal compact subgroup of G(F) (see below for more
details) is independent of s, i.e., W#(-,s) is a “flat section” of the family of induced representations
I(s, X, o, T). By Lemma 2.3.1 it is meaningful to consider the integral

Z(s) = / w*(nh, s)B(h) dh. (21)
R(F\H(F)
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In the following we shall compute these integrals for certain choices of W# and B. We shall only con-
sider GSp,4(F) representations 7 that are relevant for the global application to Siegel modular forms
we have in mind. In the real case we shall assume that 7 is a holomorphic discrete series represen-
tation and that B corresponds to the highest weight vector. In the p-adic case we shall assume that
7 is an unramified representation and that B corresponds to the spherical vector.

The generic GL,(F) representation 7, however, will be only mildly restricted in the real case, and,
in the p-adic case, will be any representation with an unramified central character. In the real case,
the function W#* will be constructed from a certain vector of the “correct” weight in V. In the
p-adic case, the function W# will be constructed from the local newform in V. In each case our
calculations will show that the integral (21) converges absolutely for Re(s) large enough and has
meromorphic continuation to all of C. Our choice of W# will be such that Z(s) is closely related to
the local L-factor L(s, m x T). Note that the integral (21) has been calculated in [9] for 7 and T both
holomorphic discrete series representations with related lowest weights in the real case and 7 and t
both unramified representations in the p-adic case.

3. Local non-archimedean theory

In this section, we evaluate (21) in the non-archimedean setting. The key steps are the choices of
the vector W# and the actual computation of the integral Z(s).

3.1. Setup

Let F be a non-archimedean local field of characteristic zero. Let o, p, @, q be the ring of integers,
prime ideal, uniformizer and cardinality of the residue class field o/p, respectively. Recall that we fix
three elements a, b, c € F such that d := b? —4ac # 0. Let L be as in (5). We shall make the following
assumptions:

(A1) a,beo and c € 0*.
(A2) If d ¢ F*2, then d is the generator of the discriminant of L/F. If d € F*?, then d € 0*.

Remark. In [9, p. 198], Furusawa makes a stronger assumption on a, b, ¢, namely, [bl/lz bgz] € Mz (o).

However, it is necessary to make the weaker assumption a, b, c € o for the global integral calculation
(4.5) in [9, p. 210] to be valid for D =3 (mod 4). (This is because the matrix S(—D) on p. 208 is
not in M, (o02) for D =3 (mod 4).) One can check that the non-archimedean unramified calculation in
[9] is valid with the weaker assumption a, b, ¢ € 0. Hence, the global result of [9] is still valid but the
assumptions (A1) and (A2) above are the correct ones.

We set the Legendre symbol as follows,

L —1, ifd¢F*% d¢p (the inert case),
<£> =10, ifd¢F*? dep (the ramified case), (22)
1, ifdeF*? (the split case).

If L is a field, then let o; be its ring of integers. If L = F & F, then let o, = 0 & 0. Note that x € oy if
and only if N(x), tr(x) € 0. If L is a field then we have x € o/ if and only if N(x) € 0*. If L is not a
field then x € oy, N(x) € 0™ implies that x € oLX =0* @ o0*. Let @ be the uniformizer of o; if L is a
field and set @ = (@, 1) if L is not a field. Note that, if (%) # —1, then N(w) € wo*. Let

: {%ﬂ if L is a field,
0:=
(24Vd bVAy jf | —FgF,
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and
biyd if L is a field,
o= C\/_ Vi (24)
(e bovd)y if I =F@F.
We fix the following ideal in oy,
pL if (%) =-1,
Pr=por={pf if(5)=0 (25)
pop if (5)=1

Here, p; is the maximal ideal of o; when L is a field extension. Note that 3 is prime only if (%) =-1.
We have PB" N o =p" for all n > 0. We now state a number-theoretic lemma which will be crucial in
Section 3.6.

Lemma 3.1.1. Let notations be as above.

(i) The elements 1 and &g constitute an integral basis of L/F (i.e., a basis of the free o-module oy ). The ele-
ments 1 and « also constitute an integral basis of L/F.
(ii) There exists no x € o such that o + x € °B.

Proof. (i) Since c € 0™ and b € o, the second assertion of (i) follows from the first one. To prove the
first assertion, first note that &y satisfies ég + &ob 4+ ac = 0, and therefore belongs to o;. Since the
claim is easily verified if L = F @ F, we will assume that L is a field. Let A, B € F be such that 1 and
£ := A+ B+/d is an integral basis of L/F. Then

1 & 2_
det([1 51]) =4B3d

generates the discriminant of L/F. Since d also generates the discriminant by assumption (A2), it
follows that 2B € of. Dividing & by this unit, we may assume & = A+ %\/E for some A € F. Now
let us represent &y in this integral basis,

Eo=x+Yy&, Xx,y€oF,

—b d 1
%f =x+y(A+5«/E>.

Comparing coefficients, we get y =1 and A = —g — x. We may modify & by adding the integral
element x and still obtain an integral basis. But & + x = &g, and the assertion follows.
(ii) Let X C oy /3 be the image of the injection

o/p — or/B.

Note that the field on the left-hand side has g elements, and the ring on the right-hand side has g2
elements, for any value of (%). Our claim is equivalent to the statement that &, the image of « in
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o; /B, does not lie in the subring X of o; /3. Assume that & € X. By (i), any element z € o; can be
(uniquely) written as

Z=xa+Yy, X, ye€o.

Applying the projection to o; /9B, it follows that z=Xx& + y € X. This is a contradiction, since z runs
through all elements of o; /3, but X is a proper subset. O

Note that, via the identification T(F) = L* described in Section 2.2, the element &, corresponds to

the matrix [_Oa _Cb]. Therefore, by Lemma 3.1.1(i),

— _ X ye .
oL—o@oSo_{[_ya X_yb].x,yeo}. (26)

Since c is assumed to be a unit, it follows that
o =T(F)NMz(0) and o} =T(F)NGLy(0). 27)
3.2. The spherical Bessel function

Let (7, V) be an unramified, irreducible, admissible representation of GSp4(F). Then 7 can be
realized as the unramified constituent of an induced representation of the form x; x x2 x o, where
X1, X2 and o are unramified characters of F*; here, we used the notation of [27] for parabolic
induction. Let

yV=xixeo, y¥=xio. yP=0, y@=xo0.

Then yMy® =y @y @ js the central character of 7. The numbers y (), ...,y () are the
Satake parameters of 7. The degree-4 L-factor of 7 is given by ]—1?21 A —yD@)g=s)~1.

Let A be any character of T(F) = L*. We assume that V is the Bessel model with respect to the
character A ® 0 of R(F); see Section 2.2. Let B € V; be a spherical vector. By [32, Propositions 2-5],
we have B(1) #0. It follows from B(1) # 0 and (27) that necessarily A|0Lx =1.Forl,meZ let

ZZJ.2m+l
m+l
h(l,m) = @ ) (28)
w—ﬂ‘l
Then, as in (3.4.2) of [9],
H(F) = |_| |_| R(FHhA, mKH, K" =GSp, (o). (29)
leZm>0

The double cosets on the right-hand side are pairwise disjoint. Since B transforms on the left under
R(F) by the character A ® @ and is right K -invariant, it follows that B is determined by the values
B(h(,m)). By Lemma 3.4.4 of [9] we have B(h(l,m)) =0 for [ <0, so that B is determined by the
values B(h(l,m)) for [,m > 0.

In [32, 2-4], Sugano has given a formula for B(h(l,m)) in terms of a generating function. It turns
out that for our purposes we only require the values B(h(l, 0)). In this special case Sugano’s formula
reads

1—Asy — AyAsy?

B(h(l,0)y' =
2_B(hd. 0))y QW)

=0

, (30)
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Table 1
(5)=-1 (3)=0 (3)=1
Ay 2 A(@) q 2 A(w) g2 A(@)
Ay q2 0 —q2
As 0 q A1) (MA@ + Ao ))
H(y) 1—q 4 A(@)y? 1—q2A(@L)y 1—q%(A(@) + A@o )y + 94 A@)y?
where
4 .
QW =[] -y @)g?y), (31)

i=1
and where Ay, A4, As are given in Table 1. Set H(y) =1 — Asy — AyA4y>.
3.3. The local compact subgroup

We define congruence subgroups of GLy(F), as follows. For n =0 let K (p%) = GL,(0). For n >0
let

KD (p") =GLa(F) N [; o ] : (32)

The following result is well known (see [5,7]).

Theorem 3.3.1. Let (t, V) be a generic, irreducible, admissible representation of GL, (F) with unramified cen-
tral character. Then the spaces

Vi) ={veV: t(gv=vforallge K (p")}
are non-zero for n large enough. If n is minimal with V (n) # 0, then dim(V (n)) = 1.

If n is minimal such that V (n) # 0, then p" is called the conductor of t. In this section we shall
define a family K*("), n > 0, of compact-open subgroups of G(F), the relevance of which is as
follows. Recall that our goal is to evaluate integrals of the form

Z(s) = / w*nh, s)B(h) dh, (33)
R(F\H(F)

where W*(.,s) is a section in a family of induced representations I(s, x, xo, T). The choice of the
function W#(.,s) is crucial for our purposes. We will define it in such a way that W#(.,s) is sup-
ported on M(F)N(F)K* ("), where p" is the conductor of the GL,(F) representation .

Recall that 8 =po;. Let

I:={geGU2,2;01): g= (mod ‘B) (34)

O O ¥ ¥
o O ¥ O
O ¥ ¥ %
* ¥ ¥ *
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be the Iwahori subgroup and

KI(P") := { g € GU2,2;01): g= (mod ") (35)

O ¥ ¥ %
o O ¥ O
O % ¥ ¥
EE I

be the Klingen congruence subgroup. We define K*(3°) := GU(2, 2; 0;), and for n > 1

X

of P o o
X
OL o o

K*(") := I NKI(P") =GUQ2,2;0) N P oor o (36)
PP P oof
Furthermore, let
o p" o o
K*(p") := K* (") N GSp4(F) = GSp4(0) N :: :X Z (37)
propt Pt o”

Note that K*() = I. The GL, congruence subgroup K (p") defined above can be embedded into
K*(") in the following way,

[Joj g}r—> o " B , where p=aé— By. (38)

y 1)

It follows from Lemma 2.1.1 that the map

0} x GLp(0) — M@ (F) N GLa(oy),

1
a B At A
(*’[V 6])H NO@s—By) | (39)
LY Ad

is surjective with kernel {(x,A71): A €0f}.
3.4. The function W#

We shall now define the specific function W#(-,s) for which we shall evaluate the integral (33).
Let (t,V;) be a generic, irreducible, admissible representation of GL,(F) with unramified central
character. We assume that V; is the Whittaker model of 7 with respect to the character of F given
by ¥ ~¢(x) = ¥ (—cx). Let p" be the conductor of . Let W@ e V(n) be the local newform, i.e., the
essentially unique non-zero K (p") invariant vector in V;. We can make it unique by requiring that
W© (1) =1, since this value is known to be non-zero.

We choose any character yo of L* such that

Xolpx =wr and o[, =1. (40)
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If (%) = —1, there is only one such character, but in the other cases the choice of xo is not unique.
We extend W@ to a function on M@ (F) via

W@ @ag) = xo@W(g), ael”, geGLy(F) (41)
(see (9)). It follows from (39) that
WO @)=wO(g), for ge MP(F)and k € MP (F) nK*(P"). (42)

As in Section 3.2, let (7, V;) be an unramified, irreducible, admissible representation of GSp4(F),
where V is the Bessel model for = with respect to the character A ® 6 of R(F) = T(F)U(F). As was
pointed out in Section 3.2, the character A is necessarily unramified. Let x be the character of L*
given by

X(©) =A@ %071, (43)

so that (18) holds.
Given a complex number s, there exists a unique function W#(-,s) : G(F) — C with the following
properties.

(i) If g ¢ M(F)N(F)K* (™), then W#(g,s)=0.
(i) If g =mnk with m € M(F), n € N(F), k € K*(p"), then W#(g,s) = W#(m, s).
(iii) For ¢ € L* and [;‘: f;] e M@ (F),

¢ 1

w 1 = (07 ) B s :|N({)'M_1|3(s+1/2)X({)W(O)<|:JO/[ ?D (44)
1 y 8

Here u=asé — By.
To verify that such a function exists, use (42) and
(M(F)N(F)) N K* (") = (M(F) n K* (")) (N(F) N K*(F")).

Also, one has to use the fact that X|0Lx =1. Note that W#(-,5) is an element of the induced repre-

sentation I(s, x, xo, T) discussed in Section 2.3. In particular, Lemma 2.3.1 applies. Note that if n =0,
i.e., if T is unramified, then W*(-, s) coincides with the function W, (-, s) defined on p. 200 of [9].

3.5. Basic local integral computation
Let W#(., s) be the element of I(s, ¥, X0, 7) defined in the previous section. Let B be the spherical

vector in the A ® 6 Bessel model of the unramified representation 7w of GSp4(F), as in Section 3.2.
We shall compute the integral

Z(s) = / w*(nh, s)B(h) dh. (45)
R(F)\H(F)

By Lemma 2.3.1, the integral (45) is well-defined. By (29) and the fact that B(h(I,m)) =0 for [ <0
[9, Lemma 3.4.4], we have
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)=y / w*(nh, s)B(h) dh
Lm>0 p FW\R(F)RAm)KH
= Z / wW*(nh,m)h, s)B(h(l, m)h) dh
Lm20p 0 my=1R(F)h(,m)NKH\KH
= > B(h(.m) / w#*(nh(l, m)h, s) dh. (46)
I,m>0

h{,m)=1R(F)h(l,m)NKH\KH

The function W# is only invariant under K*("). Since our integral (46) is over elements of H(F),
all that is relevant is that W# is invariant under the group K*(p") defined in (37). Let us abbreviate
Kim :=hd,m)"'R(F)h(l,m) N K". Suppose we had a system of representatives {s;} for the double
coset space Kjp \ KH/Kk#(p™) (it will depend on I and m, of course). Then, from (46),

Z(s)=Y_ > B(h(,m)) / W# (ph(l, myh, s) dh

Lm20 i Kim\Kpmsi K# (o)

= > > B(ht.m)) W*(nh(. m)s;, s) / dh. (47)

Lm20 i Kim\Ki i K* (p7)

In practice it will be difficult to obtain the system {s;}. However, we can save some work by exploiting
the fact that W# is supported on the small subset M(F)N(F)K* (") of G(F). Hence, we shall proceed
as follows.

Step 1. First we determine a preliminary decomposition

KH = KimsK* (p"). (48)
j

which is not necessarily disjoint. We may assume that the s} are taken from the system of rep-

resentatives for K" /K#(p") to be determined in the next section (but some of these will be
absorbed in K|, so that we get an initial reduction).

Step 2. Then we consider the values W#(nh(, m)sy, s). If nh(l, m)s); ¢ M(F)N(F)K* ("), then ]
makes no contribution to the integral (46). Therefore, all that is relevant is the subset {s}/ } C {s;.}
of representatives for which nh(l, m)s;.’ € M(F)N(F)K* (™). Hence we consider the set

S:= U Kims{K*(p").
J

Step 3. Now, from this much smaller set of representatives {s}/ } we determine a subset {s/j”} such that
this union becomes disjoint:

S=| | Kims]K*(p").
j
The integral (46) is then given by

Z(s)= Y Y B(hl.m)) W¥(nhd.m)s',s) / dh. (49)

Lm20 Kim\Ki s/ K* (p™)
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Finally, we have to compute the volumes, evaluate W#, and carry out the summations with the help
of Sugano’s formula (30).

3.6. Double coset decomposition

3.6.1. The cosets K*(p®)/K* (p")
We need to determine representatives for the coset space

K*(p°)/K*(p"), where K*(p°) = K" = GSp4(0). (50)
Note that this coset space is isomorphic to
K§ (%) /K¥(p"), where K§ (p") = K*(p") N |{g e H(F): n(g) =1}. (51)

Let

1 1
s1= (52)

1 1

It follows from the Bruhat decomposition for Sp(4, o/p) that

1 1 X
K*p%) =Kk*(p)u | ] | ! 1y s o L ! ; s2K*(p") (53)
xeo/p 1 x€o/p 1
1 1 Xy
1 1
[N I_l X 1 —yX S]SzK#(pl)l_l I_l ‘_)1, SzS]K#(p]) (54)
X,yeo/p 1 X,yeo/p 1
1 y 1 Xy
[ I_l x 1 }l/ xy_—;z 515251K#(p1)|_| I_l 1 91/ z SleszK#(p]) (55)
X,y,z€o/p 1 X,y,z€o/p 1
1 X y
[N I_l w1 WX1+y W{:V—Z S]SzS]SzK#(pl)‘ (56)
W,X,y,z€0/p 1
Let n > 1. It is easy to see that
1 wo 1
#01\ _ 1 1 #(n
K*eh= | ; v 1 K*(p"). (57)
w.y.zeo/p"! —ww 1 yo zw 1

Let {r;} be the system of representatives for K¥(p°)/K*(p!) determined in (53)-(56). Combining these
with (57) we get

1 wo 1

H_ . 1 1 #(p"
K _Ll u r ) yo 1 K*(p"). (58)
I wy.zeo/pn! -ww 1] Lyw zo 1
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Recall that we are interested in the double cosets Kjn, \ KH/K# ("), where Kim =
hd, m)~'"R(F)hd,m) N KH.

3.6.2. Step 1: Preliminary decomposition
1 oo
Observe that K, contains all elements 1 g °i|. From (58) we therefore get the following pre-
1
liminary decomposition, which is not disjoint:

1 wo 1
1 1
KH = U Kim . yor 1 K*(p") (59)
y.zweo/pt=1 —-wow 1] Lyw zo 1
1 1
w 1 1
u U U  Kim 1wl oy 1 s1K* (p") (60)
weo/p" y,zeo/p—1 1 yor 1
1 1 yo
1 1
u U  Km wer 1 ; s2k*(p") (61)
w.y.zeo/p""! wo 1 zw —yw 1
1 1
w 1 1
v U U Kim R | I, s152K% (p") (62)
weo/p" y zeo/ph—1 1 2 1
1 wo
1
u |J Kim ; sas1K* (p") (63)
weo/pn- —ww 1
1
w 1
U U Kl,m 1 —w 515251K#(pn) (64)
weo/pn 1
ww
Kim ] s25152K% (p") (65)
We"/p“ —ww 1
1
w 1
U U Kim 1 —w S]SzS]SzK#(pn). (66)
weo/pn 1

3.6.3. Step 2: Support of W#
We assumed that c € 0%, so that o € o;. We have nh(l, m) = h(l, m)n;,, where for m > 0 we let

1
aw™ 1

Nm = 1 m |- (67)

—aw
1

Fix I,m >0, and let r run through the representatives for K; \ K" /Kk*(p™) from (59)-(66). In view
of (49) we want to find out for which r is nh(l, m)r € M(F)N(F)I(#(‘B”) since this set is the support
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of W#. Since h(l,m) € M(F), this is equivalent to n,,r € M(F)N(F)K*("). Hence, this condition
depends only on m > 0 and not on the integer .

1wo 1
(i) Letr = 1 . ylw ; with w, y,z € o/p"~ 1. Suppose n,,r = miik with m € M(F),
—ww 1 yo zow 1
fi e N(F) and k € K*(p"). Let A = ()~ 'nyr. Looking at the (3,2) and (3, 3) coefficient of A
we get
y+ o™ lawy —o™aze P!, and hence aw™(@wy—2)+ye P

Ifv(wwy—2z) <n—m—1 then ¢ +y/(m™(wwy — z)) € B, which contradicts Lemma 3.1.1(ii).
Hence, v(wwy —z) >n —m — 1, which implies ™ (e wy — z) € p" . It follows that y € p"~1.
To summarize, necessary conditions for A € K¥(§") are y =0 and z € (p" "1 No)/p" 1. The
following matrix identity shows that these are also sufficient conditions:

a! 1 wwa

a 1

Nml = a 1
wza! a! —wwa 1
1
oMaa~! 1
x o Hggal 1 gt | € MENEKH(PT),  (68)
—mtlgza! 1

where a =1+ o™Haw e oLX. Hence, the values of w, y, z for which 5,1 € M(F)N(F)K*(p")

are
weo/p"™ !, y=0, ze(P"™'no)p" .
1 1
(i) Let r=| ™1 R N ylw ; |s1withweo/p" and y,z € o/p"~1. Suppose nyr = mik with
1 yo 1

m e M(F),7i € N(F) and k € K¥(g"). Let A = (ff))~!nyr. Looking at the (3,2) and (3, 3) coeffi-
cients of A we get

p:=wma+weo and wMay+wy-—zePl.

If v(y) <n—m—1, then « + (wy — 2)/(@™y) € B, which contradicts Lemma 3.1.1(ii). Hence,
v(y) >n—m — 1, which implies wy — z € 8"~!. We may therefore assume that z= wy. To
summarize, necessary conditions for A € K*(") are @"a + w € o, ye @1 Noy/pt!
and z = wy. The following matrix identity shows that these are also sufficient conditions:

_ﬂfl 1 -p
Nml = B _3 1 :
owyp! g1 51
1
B! 1 o
X —wyp! w™Hayg=1 1 _51:| € M(F)N(F)K (q_y ) (69)
wm+1ayﬂ_1 1
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Hence, the values of w, y, z for which n,r € M(F)N(F)K* (") are as follows.
(a) If m=0, then all w € o/p" such that « + w €0/ and y=z=0.
(b) If m >0, then all w e 0*, y € ("™ 1No)/p" ! and z=wy.

1 1yw
1 1 . n—1
(iii) Let r= w1 1 sp with w,y,zeo/p" .
L wor 1 zw —yw 1

Then nmr ¢ M(F)N(F)K* ("), since the (3, 3)-coefficient divided by the (3, 1)-coefficient of any
matrix product of the form i~'m~1nyr, M € M(F), it € N(F), is in of.

1 1
H _ | w1 : n n—1
(iv) Let r= fowl| | o w1 |S152 with w e o/p" and y,ze€ o/p" .
1 zw 1

Then ny,r ¢ M(F)N(F)K* ("), since the (3, 3)-coefficient of any product of the form A~ 1m~1n,,r,
me M(F), n € N(F), is in 3.
(1 wo

1

(v) Let r = sp81 with w e o/p™ 1.

1
—wow 1

Then ny,r ¢ M(F)N(F)K* ("), since the (4, 1)-coefficient of any product of the form a1~ 1n,r,
€ M(F), it € N(F), is in o},
1
wl

‘l —

1

k e K¥(BM). Let A = (i)~ nmr. Looking at the (3,2) and (3, 3) coefficients of A we get ™o +
w e P". If m <n, then we get o« + w/w@™ € P which contradicts Lemma 3.1.1(ii). Hence m >n,
which implies that w € p". We may therefore assume that w = 0. To summarize, necessary
conditions for A € K#(p") are m >n and w = 0. The following matrix identity shows that these
are also sufficient conditions:

(vi) Let r = $15251 with w € o/p". Suppose ny,r = mik with m € M(F),n € N(F) and

Nml = . € M(F)N(F)K*("). (70)

1w

(vii) Let r = 535152 with w e o/p"~ 1.

1
—wow 1

Then nmr ¢ M(F)N(F)K* (™), since the (3, 3)-coefficient of any product of the form i~ 'm~ 'y,
m e M(F), i e N(F), is zero.
1

w1

1—
L 1
Then 0,1 ¢ M(F)N(F)K* ("), since the (3, 3)-coefficient of any product of the form A~ 1m~1n,r,
m e M(F), n € N(F), is zero.

(viii) Let r = 51525152 with w € o/p™.

Let us summarize the double cosets that can possibly make a non-trivial contribution to the inte-
gral (49).

U Kim ! ! K*(p") forl,m>0, (71)

weo/p1
Ze(pn—m—l ﬁn)/p”’l
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1 1
w 1 1 #(on
LJ Ki.m L w || ywe yo 1 sik*(p") forL,m=0, (72)
weo/p"
oMa+weo[ 1 yo 1
ye(pn—m—lmo)/pn—l
Klyms]szsﬂ(#(p”) for [ >0, m>n. (73)

3.6.4. Step 3: Disjointness of double cosets
We will now investigate the overlap between double cosets in (71), (72) and (73). First we will
consider the case m=0.

Equivalences among double cosets from (71) withm =0

For w € o/p™ 1, set B =c+b(@ww) + a(@w)? € 0*. Let g = [X+yb/2 e

] with y =@ w and

—ya x—yb/2
x=c+ yb/2. Then we have the matrix identity
1 wo B
1] g . 1 —aww ¢
hd. 0) [ det(g)fg! ] hd. 0) = 1 c aww
—ww 1 B
The rightmost matrix above is in K#(p"), so that
1 wo
U Ko 1 ; K*(p") = Ki,ok*(p") for all [ >0. (74)
weo/pt! —ww 1
Equivalences among double cosets from (74) and (72) withm =0
Let w € o/p" be such that « + w € o). Set f =a+bw +cw?. Let g = [Xtyfa/z xfilCJ/Z] with y =1
and x = —(cw + b/2). Then we have the matrix identity
1 c
1l g w 1 | —-b+cw) -8
h(.0) [ det(g)ig™! } h(.0) 1 —w |7 B —(b+cw)
1 —C

The matrix on the right-hand side is in K*(p") if 8 € 0*. We will now show that the condition
o+ w eo] forces € o*. First observe the identity

a+bw+cw? = —c(@+w)(a — (w+bc™)).

If B € p, then it would follow that o — (w +bc™1) € po; =P. By Lemma 3.1.1(ii), this is impossible. It
follows that indeed § € 0, so that all double cosets in (72) with m =0 are equivalent to the double
coset in (74).

Equivalence among double cosets from (71) or (72) and (73) withm > 0

Let hy be a double coset representative from either (71) or (72), and let h, be a double coset
representative from (73). Then, in either case, the double cosets are not equivalent, since, for any
r € R(F) the (2, 2) coordinate of the matrix h2_1h(l, m)~'rh(l,m)h; is in p.
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Equivalence among double cosets from (71) and (72) withm > 0
For m > 0 the condition @™« + w € o/ in (72) is equivalent to w € 0. Hence let w € 0™ and

ze (™ 1TNo)/p" 1. Let By =aw M +bw ™+, By =aw " +bw™ +cw and B3 = aw " +bww ™ +
cw?. We have 81, B2, B3 € 0%. Let g = ["Jr_yyba/2 xopy2) With y =@™(1—w)/B3 and x = B3/B3 — by/2.
Then we have the matrix identity

1 1
11 8 11 1
hd, m) [ det(g)fg‘l]h(l’m) 1 —1||zm/w zw/w 1 51
1 zZw /w 1
1 1
w1 1 Sk
o 1 —w ww zo 1 e
1 zw 1
where
1 0 0 0
c(1—=w) B
B3 B3 0 0 #/n
K= czo (w2—1) _ o™z (w-1)(b+am™) B cw=1) €K (P )
whs3 whs3 B3 B3
™z w-D)bwtaz™)  w™lzw-1)(bwt+am™(1+w)) 0 1
wp3 wphs
Hence
1 1
w 1 1 #(.n
LJ/ Kim 1 —w || zwo zo 1 siK™ (p")
weo/p"
weox 1 o 1
ze(p" "1 no)/p" !
1 1
3 11 1 .
= U Kim 1 1l se s 1 s1K* (p"). (75)
ze(p”*”’*lﬂu)/p”q 1 705 1

Now let w e o/p™ 1 and ze ("™ 1No)/p" 1. Set B =c+ (@™ 'w)b + (@™ w)2a e 0. Let gy =

x1+y1b/2  yic ; _ +1 _ +1 ;
[ e X]_ylb/z] with y; =™ 'w/g and x; =1 —by1/2 —aw ™ 'wy;. Then we have the matrix

identity
1
-1| & 1
A, m) [ det(gn‘(g])—]]“(”m) 1
zZw 1
1 wo 1
1 1
= K1,
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where
1
o —awz’"“W/ﬂ c/B c K#(p”)
1 aw2+2mwz/ﬂ c/B awzme/ﬁ '
aw?t?Mwz/p @M w(b 4+ aw™tw)z/p 1
Hence
1 wo 1
1 1
U Kim ; )
weo/p"l —ww 1 zw 1
ZE(pn m 100)/[3” 1
1
1
= U Kim ; K*(p"). (76)
Ze(pn—m—lmo)/pn—l 70 1

We will now show that the double cosets in (75) are all equivalent to double cosets in (76). Given
—m—1 -1 _ [X2+y2b/2 yac : _ —

ze @™ No)/p"l let g = T xz—yzb/Z] with y = @™ and x; = —(c + by>/2). Then we

have the matrix identity

1 1
-1] &1 11 1
hd, m) [ det(g1)‘(g1)_1]h(1’m) 1 <1||z0 zow 1 51
1 zw 1
1
= 1 2,
zw 1
where
c
—c—bw™ —c—bw™ —aw?™ #
K2 = _ m 14+2m m 2m . m €K (pn).
w(c+bw™)z aw z c+bo™+aw c—bw
bmtly o™t (b +awm™)z 0 —c

We conclude that, for m > 0 and any [ > 0, the double cosets in (71) and (72) are all contained in the
union

U Kim 1 ; K*(p"). (77)

—m—1 -1
ze(pm 1 No)/p" w1

Equivalence among double cosets from (77) withm > 0
Finally, we have to determine any equivalences amongst the double cosets in (77). Fix [ > 0 and
m > 0, and let

1 1
hy = hy =

nw 1 VYo 1
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gX

with zq,2 € ("™ 1 No)/p"!. We want to see if we can find r = [g det(g) g1

| € R(F) such that
A=h"h{,m)~'rh(l, m)hy € K* (p");

_[xtyb/2  yc _ref . . .
here, g = [ " x—yb/Z] € T(F) and X = [f g] with e, f, g € F. Suppose such an r exists. Looking at
the (1, 3), (1,4), (2,3) and (2, 4) coefficient of A we get

x+yb/2 yc e f . pl+2m pl+rn
-ya x—yb/2||f g pm b |

Looking at the (1, 1), (1, 2), (1,4) and (3, 3) coefficient of A, we see that

[+2m I+m
x+by/2eco0*,yecp™ and hence [; g]e[l;,ﬂﬂ pp, }

Looking at the (4, 2) coefficient of A, we get
(x—by/2)z1 + @' (g(x—by/2) —afy)z122 — (x+ by/2)z2 € p" . (78)
From this it follows that v(z1) = v(z2). Using y € p™, it further follows that
(11 —2)+ @ ' g(@nz) ep™! (79)
(first add byz, to both sides of (78), then divide by the unit x — by/2). Let v(z1) = v(z2) = j. Write
zi=wJu; for i=1,2, where u; € 0*. If 2j+1>n—1, then (79) implies that z; = z»; hence we get
disjoint double cosets in this case. If 2j +1 <n — 1, then (79) implies that u; — up € p/*1. This is a
necessary condition for the coincidence of double cosets. We will now show that it is sufficient. So,

suppose that uq —uy € pi*1. Set g = wl(zy — 21) /(@ z122) € p’ and e = f =0. Then there is a matrix
identity

1 1 1
h(l,m)7] |:12 I)i]h(l,m) = w2123

ZHw 1 21w 1 U

=

where the rightmost matrix lies in K¥(p"). We therefore get the disjoint union

1

A ) L ()

ze(p”*mflf‘lo)/p"*l 705 1
1
_ 1 #/.n
= || Ki.m ; K*(p")
ze(p”*mflr‘mﬁp[%])/p”*1 zw 1
(%52] 1 :
U || L] Kim ; K*(p").
Jj=max(n—m—1,0) ueo* /(14pi+1) uw it 1

The following proposition summarizes our results in this section.
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Proposition 3.6.1. Let [, m > 0. The following are the disjoint double cosets in K; , \ K /K¥#(p") that can
possibly make a non-trivial contribution to the integral (49).

1
|| Kim 1 ’ K*(p") forl,m >0, (80)
ze(p”*"‘*‘mompl%J)/p"*‘ zw 1
(53] 1 :
|| || Ki.m ’ K*(p") forl,m >0, (81)
j=max(n—-m—1,0) ueo* /(1+4pit1) uz i+l 1
Kimsis2s1K*(p") for1>0, m>n. (82)
For n =1 this reduces to
KimK*(p) forl,m=>0, (83)
Kimsis2s1K*(p) forl>0, m>1. (84)

3.7. Volume computations
With a view towards the integral (49), we will now compute the volumes of the sets K, \
K,,mAK#(p"), where A is one of the representatives of the disjoint double cosets in (80), (81) or

(82). Let x1: Ki;m \ K" — C be the characteristic function of Ki; \ K mAK¥(p"), and let &, : K" — C
be the characteristic function of AK*(p").

Lemma 3.7.1. For all g € K" we have

[aeod=xne [ (85)
Kim KimN(AK*(pm)A—1)

where g denotes the image of g in K;m \ KH.

Proof. First assume that g ¢ Kl,mAK#(p”). Then tg ¢ AK*(p") for all t € Kim, and hence the left-hand
side is zero. The right-hand side is also zero by definition of x;. Thus the equality holds under our
assumption. Now assume that g € IQmAK#(p“). In this case x1(g) =1. Write g =kAk with k € Kj
and « € K*(p"). We have

tge AK*(p") = tkAk € AK*(p") < tkA e AK¥(p")

& thke AK*(p")AT! = rte(AK*(p")ATKTL

Hence the left-hand side equals

dt.

K mnN(AK# (pm)A—1)k—1

But since k € K| ,, this integral equals flqmn(AK#(p")A-l) dt. This proves the lemma. O
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Integrating both sides of (85) over K, \ K", we obtain

A T .

Kl,m\KI,mAK#(p) KimN(AK#(p)A—T)
so that
-1
/ dh = vol(K* (p"))( / dt) . (87)
Kim\Kim AK* (p™) KimN(AK#(pm)A~T)
Note that
# (.0 q-— 1
vol(K (p )) (88)

TP+ (@ - 1)

from (58) and the fact that vol(K") = 1. Hence we are reduced to computing

Vi, m,A):= / dt. (89)

KimN(AK#(pM)A~T)

3.7.1. Volume corresponding to double cosets (80) and (81)
1

1
1
zw 1

h{, m)~1R(F)h(l,m) N AK*(p™)A~1. Let v(z) = j with j <n — 1. Conjugation of h(l, m)"'R(F)h(l,m) N
AK*(pM)A~! with an element of the form diag(1,1,u, u), where u € 0%, leaves R(F) and K*(p")
unchanged and results in replacing z by uz without any change in the volume. We may therefore
assume that z = J. Since j <n—1, it is clear that

In this case A= for ze ("™ 1No)/p"!. We need to calculate the volume of the set

AK*(p) AT KF (pITT). (90)
If we write an element of R(F) as tn with t = [th;'a/z xjy,;/z] eT(F)and n= [12 é] X= [; g] then
(90) gives the following necessary condition for h(l,m)~'tnh(l,m) € AK*(p™)A~1,
bv/2 —m X j+1 2m+l m+l
xby/2yem o Lo P Gl and xe| o P 91)
—yaw™ x—by/2 o o~ pmtop

Set B= A~'h(l,m)~"'tnh(l, m)A. We want to find further necessary conditions for B € K¥(p"). Looking
at the (4, 2) coefficient of B, we get

w 'g(x+by/2)w? ™ ep”, and hence gep" 22, (92)

Using the (4, 3) coefficient of B, we get
wley + @it f(x £ by/2) e ptmH, (93)
A direct computation shows that the conditions (91), (92) and (93) are also sufficient to conclude
that B € K*(p"). Note that w'lcy + @it f(x+by/2) € p"™H and y € p™ti+! implies that f e p™t!

and wlcy + @it f(x — by/2) € p"t™H To summarize, the following are the necessary and sufficient
conditions on t and n for h(I,m)~tnh(l,m) € AK*(p™)A~1.
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yep™titl x+by/2eoX,

ee p2m+l’ ge pl‘l*Z*Zj‘H N pl’ w.lcy + wj+l f(x + by/z) c pl‘H»val. (94)

For fixed values of x, y satisfying the first two conditions, we are interested in

Vx :=vol({(e, f.g) € F3eep?™t gep' 22t Nyl wley+ @it fx+by/2) e p”+m+’})
— VOl({(e, f’ g) e F3: ec p2m+l’ ge pn—2—2j+l mpl’ f c pT1+T’l‘l+l—j—‘l _ wl—j—lcy(x+by/2)—l })
— Vol({(e, f7 g) e F3: eec p2m+l’ ge pn—2—2j+l mpl’ f c pT1+T’l‘l+l—j—‘l })
Note that if j < ["52], then n —2 —2j >0, and if j > ["5}], then n — 2 — 2j < 0. Hence, the above
volume is

—2n—3m—3I+3j+3
v q )
X = . )
q7n73m73l+j+l , i

So far we have V(,m, A) = V;l vol(Tp, /)™, where Ty j:=T(F)N [w’“+f 1][ax p ][w-m-i ]].

Lemma 3.7.2. For any m > 0 and any j we have

vol(Tm,j)_l _ (1 _ <£>q—1)qm+j+l'

Proof. Note that the group T(F) N [wm+j 1]GL2(0)[w_m_j ]] lies in o}, since the determinants of
these matrices lie in 0* and the trace lies in o. As in [9, p. 202], we define a subring oy, of oy by

i i
Om+jZ=ULﬂ|: 1]Mz(o)[ 1].

In addition, we define a smaller subring

omti 0 w—m-i
I e il

We normalize the measure so that vol(oLX) = 1. Hence, we have

[ dr)_l = o7 o))

e[ R

X yc

axlyp]x v €0}, where & =[ ° 1. Such

From (26) we have the integral basis o = 0 + 0§y = {[ Cab

an element lies in [’Z’mﬂ I]Mz(O)[wfmij 1] if and only if y € p™+/. Similarly, such an element lies in
[wm+j l][ o p][w_m_j 1] if and only if y € p™tit1, Therefore,

oo

omyj =[x+ @™y x,y €0}
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and

of =[x+ @™t ygg: X,y €o).

Hence o] ; = 0p4j+1, SO that (o] : (o;nﬂ.)x) = (0] : (0m+j+1)™). By Lemma 3.5.3 of [9],

m+j)x) = <1 - (é)q_l>qm+j+1.

(o

=X

—
Q

~

This concludes the proof. O

3.7.2. Volume corresponding to double coset (82)
In this case, we have A =s1s3s1 and m > n. Note that

V(l,m,s1s251) = / dt.
(h(,m)=1R(F)h(,m))N(s15251 K* (p™)(s15251) 1)
We have
o o o p"
n X n n
K (o “1_gHna| P o P b
s15251K™ (p") (s15251) b o oX pn
o o o0 o0F

We have to find the intersection of this compact group with h(l, m)~'R(F)h(l, m). Set

X n
Lq ::[;n UOX]CG[Q(O), Nq I={X€|:pan EH]I tX:X}CF3.

Then L; and N; are the upper left and upper right blocks of (96), respectively. Write a given element
of R(F) as tn witht e T(F) and ne U(F). If n= [12 é] then a direct computation shows that tn lies

in 515251 K*(p™)(s15251) " if and only if
and

It follows that

alpeers [T [ gn]em))
ca(fxerxe [T LN o)

— q—3m—31 VOl(Nl) — q—3m—3l—2n.

(97)

(98)
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Let

Tmz{teT(F): [w_m ]]t[wm 1]6L1}:T(F)ﬂ[wm 1]L1[w_m 1]. (99)

So far, we have V (I, m, s1s351)~! = g3m 32 yo)(F,,) 1.

Lemma 3.7.3. For any m > n we have

vol(T) 1 = <1 - (%)q’l>qm.

Proof. Let o, be the subring of o; as defined in the proof of Lemma 3.7.2. In addition, we define
another subring

Since vol(o;) =1, we have

As above we have the integral basis oy = 0 + 0§y = {[_);,a Xf;b]x,y € o}. Such an element lies in

[wm 1]M2(0)[w*"' 1] if and only if y € p™. Similarly, such an element lies in [wm 1][:,1 Z][wim 1] if
and only if y € p™, since m > n. Therefore,

om = {x+ @[ y&o: X,y €0}
and

oy ={x+@"yk: X,y €0},

so that actually o, = oy, Hence (o] : (o)) = (o] : (0m)™). By Lemma 3.5.3 of [9],

This concludes the proof. O

The following proposition summarizes the volume computations in this section.
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Proposition 3.7.4.

1

1

1
zw 1

Lm q—1 LN 1\ ontami3i—2j—2
Vo= dh = 1—1( - J=e 100
J / q3<"‘1>(q+1)(q4—1)( <p>q I (109
Kl,m\Kl,mAK#(pn)

(i) Letm>0.Let A= forze (" ™1 No)/p" 1 and set v(z) = j. If j < ["52], then

andif j > [%], then

Lm._ _ q—1 (LN 1\ nramea
V= / dh_q3<“*1><q+1><q4—1><1 (p)q )q - (oD

Kim\Kim AK*(p™)

(ii) Forallm >=n,

m . _ q-1 (LY 1) ame3ia2n
Vsisas = / ‘""q3<"—1>(q+1>(q4—1)(1 (p)q )q - (102)
Kim\Kims15251K#(p™)

(iii) In particular, forn=1,

q—1 ( <L> —1) 4m-+314+1
= (1-(= =0,
@+ D@ -1 p)1 )1 m=0)

q-—1 ( <L> —1) 4m-+314-2
=1  (1-(= 0).
@+ D@ -1 p)1 )1 (m=0)

Note that the right-hand side of (101) is independent of j. This will play an important role in the
evaluation of the zeta integral.

Kim\Ki.mK* (p)

Ki.m\Ki,ms15251 K#(P)

3.8. Main local theorem

In this section we will calculate the integral (49). From Proposition 3.6.1, we have

Z(s)= Y B(h(,m)) > w#(nhd,m)A(z), s)vi™m

> n-1
tm>0 ze(pr-m=1nonp! T 1) /pn-1

+ Z Z W#(nh(l, m)A(zzrj“u),s)Vjim)

j=max(n—-m-1,0) yeo*/(14+pit1)

+ > B(hd.m))W¥(nh(, m)siss1,5) Vs, (103)
1>0,m>n

1
1
zw 1

where A(z) = . By (44), (68) and (70) we get
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1
W (h. mA@).5) = @™ o (2o ()W O ([ i 0]) . (104)

wz 1

I
W#(nh(l,m)513251,s):|w2m+l|3<s+%)wn(wfszl)wr(wfmfl)w(o)([_1 w]) (105)

Set Cppm 1= | 2mH 36+ D (0 =2m ), (o ~™1). Substituting (104) and (105) into (103), we get

1
Z(s)= > B(h(1,0))CioW® ([‘g ?]) Lo

1>0

+ Y B(ha,m) ClmV””( > W(O)([af; ﬂ))

> > n-1
(Z0m>1 ze(pr-m-1nonp! 2 1y /pn-

"5 |
+ > h(lm)Clm( > > w<°)<[a_5’+1u ?Dv;m)

1>0,m>1 Jj=max(n—-m—1,0) ueo*/(14pit1)
I
0 w I,
+ > B(h(.m)C W@ ([_1 ]) vhm . (106)
1>0,m>n

The calculation of (106) for n =1 is different from the case n > 1.
3.8.1. Thecasen=1
We will now assume that T = £2 Stgr(2), where £ is an unramified character of F*, and Stgi()

is the Steinberg representation of GL(2, F). Then t has conductor p, and the central character of t
is w; = £22. We work in the ¥ ~¢ Whittaker model for 7. In this model, the newform W© has the

properties
o) ( a ) _[lalR@ ifaeo, (107)
11/ o otherwise,

and
wo© <g[w 1]):—Q(w)w(0)(g) for all g € GLy(F). (108)

We refer to [28] for details. If n =1, then the inner sum over z in the second term of (106) above
reduces to just z=0, and the third term is not present. We have

! I
ro- 5 amian (o ([ 2 vrrwn ([ e

>0
m>0

1
+> " B(h(t,0))CloW© ([zg ?]) vio, (109)

>0

It follows from (107) and (108) that W(O)(L1 w‘]) = W<°)([] w']) = —Q(w!)|w |t for all I >0
Hence, from Proposition 3.7.4, we get

I l
o 0 -
W(O) (|: 0 1]) Vl,m + W(O) <|:_1 ]) Vé]rgzsl |w|19(wl)(vl,m q 'lvélrgz‘ﬁ) —0.
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Therefore,

l
zs)=7_ B(h(.0))CioW® ([a‘; ?D .

1>0

q—1 5 Z B(h(l, 0))q—l(3s+5/2) (wnﬂ)(w)"(1 _ (é)q‘l)qﬂ“

S @DE@t -1 &
q(q—1) ( (L) _1> “3s5+1/2 =N
=— —~ (1-(= > " B(h(.0 782 : 110
@+D@* -1 p)? >0 (ht. 0)a (r ) @)7) (o)

Let m = x1 X x2 x o be an unramified principal series representation of GSp4(F); in case x1 X x2 X
o is not irreducible, take its unramified constituent. Recall the characters y@,...,y® defined in
Section 3.2. Let v be the absolute value in F normalized by v(w) =q~!. Set

4
L. x D=1 ((r®) " 2 W) @p)g) " (111)
i=1

Then L(s, 7w x T) is the standard L-factor attached to the representation 7 x T of GSp4(F) x GLy(F)
by the local Langlands correspondence. Here, 7 (resp. 7) denotes the contragredient representation
of  (resp. t). Denote by AZ(A) the irreducible, admissible representation of GL,(F) obtained by
automorphic induction from the character A of L*. Set

(- x(@)q g%,
(1— A(@) (x2)(@)q~V2g=3 171,

- A(wl_)(XQ)(w‘)q_1/2q—35—1)—1
x (1— A@ o H(x2)(@)q g3 )71 if () =1.

=

=

—_
o~ T~
~ ~—
o

L(s. T x AZ(A) x x|px) =

Then L(s, T x AZ(A) x x|F=) is the standard L-factor attached to the representation T x AZ(A) x x |fx
of GLy(F) x GLa(F) x GL1(F) by the local Langlands correspondence. We now state the main theorem
of the local non-archimedean theory for n =1.

Theorem 3.8.1. Let = be an unramified, irreducible, admissible representation of GSp4(F) (not necessarily
with trivial central character), and let T = §2 Stgr(2) with an unramified character §2 of F*. Let Z(s) be the
integral (45), where W* is the function defined in Section 3.4, and B is the spherical Bessel function defined in

Section 3.2. Then
__4a@-v [ (L 71> L3s+ 3.7 x 7)
Z(s)_(qﬂLl)(q“—l)(1 (p)q LBs+1,7 x AZ(A) x x|px) (113)

Proof. By (30) and (110),

Z = 3@-D (1_<L> _1) H@ 2 (r 2)(@r) )

@+D@* -1 p Q@ ¥ 2(wx 2)(@r) ™Y

(114)

By (31),

4

[10=yQ@ra > (@ 2)(@p) ™)
=1

QM2 (wr 2)(p) ")

(1= (P @z 2 W) @p)g > 17?)

Il
.:lb

1
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(1 _ ((y(i))—lg—lvl/Z)(wF)q73s—1/2)

I
e

1

Wy 3s+1/2,7% x )"

To compute the numerator of (114), we distinguish cases. If (%) =—1,then H(y)=1— q*4A(wp)y2,
and hence

H(@ 3 (@ 2)(@p) ™) = 1—q 4 A@r) (@ (e 2) (@) 1)

1— (Aw;zﬂ‘z)(wp)q‘6‘_3

—6s5—-3

1— (07w ") (@r)q
= 1— x(wr)q g 52

W LBs+1,7 x AT(A) x xlp<) "

If (é) =0, then H(y) =1—q 2 A(w)y, and hence

H(g "2 (0 2)(@r) ") = 1-q 2 A@)q (07 2)(F) !

1— A(@1) (wrw: 271 (o) g 3372
= 1- A@)(x2)(@r)g Vg >

W 1Bs+1,7 x AT(A) x x1p<) "

If (£) =1, then H(y) = (1 —¢ 2 A(@1)y)(1 —q 2 A(@rw; )y), and hence
H(g "2 (0 2)@rp) ™) = (1-q 2 A@)q T (wr: 2)(@p) ")

x (1—q72A(wro] )2 (0 2) (@) ")

(1 = A (w27 ) @)~ q 5732

x(1- A(wFw[l)(wﬂw,Q_l)(wF)_lq_3s_3/2)
= (1-A@)(x2)(@r)g 2qg>)
x (1 - A(wro] ) (x2)(@r)q 2 >)

D L3s+1, 7 x AT(A) x xlp<) "

Hence H(q 3t (w, 2)(wF) 1) =LBs+ 1,7 x AZ(A) x x|px)~" in all cases. This concludes the
proof of the theorem. 0O

3.8.2. Thecasen > 2
From now on we will assume that n > 2. As the following lemma shows, the fact that the repre-
sentation 7 has conductor p" implies that the middle two expressions in formula (106) are zero.
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Lemma 3.81.Letm>1andn > 2.
(i) Forany g € GLy(F),
© T 0[)_
o wo(e] 1))
ze(pr-m=1nonpl 2 ) /pr-1

(ii) For2j 4+ 2 <nand any z with v(z) = j,

(3 )

Proof. (i) Let t = max(n —m — 1,0, [%51]). We have p"~™~! Nonp!"2'! = pt and, since m>1 and
n > 2, we see that t + 1 < n. Define W(g) = Zzept+1/p" wa )(g[l ?]) € V. A calculation verifies that

W is invariant under K (pt*1). Since 7 has level p" and t + 1 < n, this implies W =0, as claimed.
(ii) Let z1, z be such that v(z;) = v(z2) = j and z1/z3 € 1+ p/T1. Consider the matrix identity

L, _ z (z22—-21)
w! 1 _[1 7“’12(722212221) w! 1 o oo
1 wz1 1 1 1 wzy; 1 §_2 ’
1

Since the additive character v is trivial on o and the rightmost matrix is in KV (p"), it implies that

(Y [t B (Kt | e )

for every u € 1+ pit! and z € 0 with v(2) = j (we have essentially derived the well-definedness of
the third sum in (106)). Writing u =1 + bz /*! with b € 0 and integrating both sides of (115) with
respect to b, we get

(7 T D (7 e s Do
[ (7 L e e

This last expression is zero, since 2j +2 <n and W(g) := [, W(‘D(g[bwm2 l])db € V; is right in-
variant under K (p2i+2), This concludes the proof. O

Using this lemma, (106) now becomes

1
ﬂ9=}:B@¢0»mﬂﬁ”%wnmfﬂw4w4ny@([% ?])wp

1>0

+ Z h(l m) 2m+l|3(5+%)wn (wfszl)wr (wfm—l)W(O)
1>0,m>n

X<L4 wq)%Eﬁ (116)
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Since [w” 1] normalizes K (p"), the vector W’'(g) := W© (g[w,, 1]) is another element of V, that

is right invariant under K (p"). Since the space of vectors in V; right invariant under K® (p") is
one-dimensional, there is a constant ¢ € C such that W(® = cW’ (one can check that c=2 = w; (™).

Hence,
W(0><[_] w’]):cw<0>([w'+" _1]>=cw<o>([a’l+n 1]) (117)

This shows that in order to evaluate (116) we need the formula for the new-vector of t in the Kir-
illov model. The possibilities for our generic, irreducible, admissible representation t of GL,(F) with
unramified central character and conductor p", n > 2, are as follows. Either t is a principal series
representation x; x x2, where x; and x, are ramified characters of F* (with i), unramified);
or T = x StgL(2), a twist of the Steinberg representation by a ramified character x (such that X2 is
unramified); or 7 is supercuspidal. In each case the newform in the Kirillov model is given by the
characteristic function of 0*; see, e.g., [28]. It follows that all the terms in (117) are zero. The integral
(116) reduces to

0,0 _ q-—1 L\ 4
Zo=v _q3<"*1><q+1>(q4—1)(1_(E)q )qn' (18)

Thus, we have proved the following result.

Theorem 3.8.2. Let 7w be an unramified, irreducible, admissible representation of GSp4(F) (not necessarily
with trivial central character), and let T be an irreducible, admissible, generic representation of GL, (F) with
unramified central character and conductor p" with n > 2. Let Z(s) be the integral (45), where W* is the
function defined in Section 3.4, and B is the spherical Bessel function defined in Section 3.2. Then

q—1 L —1) n
VA = 1—( - . 119
® q3<"—1><q+1)(q471>< (p)q 1 (119)

Remark. For any unramified, irreducible, admissible representation 7w of GSpu(F) and any of the
representations T of GL,(F) mentioned in the theorem we have L(s,7m x T) = 1. Hence, up to a
constant, the integral Z(s) represents the L-factor L(s, T X T).

4. Local archimedean theory

In this section we compute the local archimedean integral. As in Section 3, the key step is the
choice of vectors B and W¥,

4.1. Real groups

Consider the symmetric domains Hjy := {Z € My(C): i(‘Z — Z) is positive definite} and b :=
(Z eHy: 'Z =2Z)}. The group GT(R) :={g € GAR): w2(g) > 0} acts on Hj via (g, Z) — g(Z), where

g(Z)=(AZ+B)(CZ+ D), forg:[A B

+
c D]eG (R), Z e Hy.

Under this action, by is stable by H*(R) = GSp; (R). The group Koo = {g € GT(R): u2(g) =1,
g(I) =1} is a maximal compact subgroup of G*(R). Here, I =[' i] € H,. Explicitly,

1<OO={[_AB f‘]: A.BeM(Q.C), 'AB = BA, fAA+fBB=1}.
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By the Iwasawa decomposition
GCR) = MPRMPR)NR)Ko, (120)

where MW(R), M@ (R) and N(R) are as defined in (6), (7), (8). A calculation shows that

MO ®RMPDRIN[R) N Koo

¢
- “ Pl.capec lc1=1, la?+12=1, af=pa . (121)
_ﬂ o
Note also that
1
M (R) Koy = “ PliapeC laP+1p2=1, af=pa\. (122)
_ﬂ o

and that there is an isomorphism

(s" x SO(Z))/{(A, [’\ AD: A:j:]} S MP®R) N Koo,

1

(A,[_"‘ﬂ 5])'—> ha ) M (123)
-8 A

For g€ G*(R) and Z € Hj, let J(g,Z) = CZ + D be the automorphy factor. Then, for any integer I,
the map

k—> det(J(k, )’ (124)

defines a character Koo — C*. If k € M®(R) N Ko is written in the form (123), then det(J(k, I))! =
e~ where o = cos(9), g =sin(d). Let KX = Koo N HT(R). Then K is a maximal compact sub-
group, explicitly given by

1<glo:{[_*‘8 f\]; ‘AB ='BA, tAA-I—tBB:l}‘

Sending [f\B ﬁ] to A —iB gives an isomorphism K = U(2). Recall that we have chosen a,b,c € R

such that d = b> — 4ac # 0. In the archimedean case we shall assume that d < 0 and let D = —d. Then
R(+/—D) =C. As in Section 2.2 we have

T(R):H"tﬁ/z X_yycb/z]: Xy eR, x2+y2D/4>0}. (125)
Let
T&:T(R)ﬂSL(Z,R):{[XtJ;Z/z X_yycb/z]: x,yeR, x2+y2D/4=1}. (126)
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We have T(R) = C* via [Xty;a/z x7§2/2] + X+ ¥+/—D/2. Under this isomorphism T;o corresponds to
the unit circle. We have

T(IR):T;O-{[C c]:{>0}' (127)

As in [9, p. 211], let tg € GL,(R)* be such that T;o =to 50(2)t51. We will make a specific choice of tg
a b/2

when we choose the matrix S = [b/2 .

] below. By the Cartan decomposition,

GLy (R) =50(2) - {[‘1 Q]: £1,82>0, ¢ >cz} -S0(2). (128)

Therefore,

GL2+<R)=t050<2)-{[{1 {2]: a,0>0, ¢ 252}-500)

TSI § RVASTS) NIV . .
=Tyto {|: m] |: m] 181,0>0, 512 gZ} SO(2)
=T®R)to - {[5 {_1]: ;>1} .S0(2). (129)

Using this, it is not hard to see that

o]
¢
H(R) =R(R) - - cAeR ¢>1y-KH. (130)
¢

Here, R(R) = T(R)U(R) is the Bessel subgroup defined in Section 2.2. One can check that all the
double cosets in (130) are disjoint.

4.2. The Bessel function

Recall that we have chosen three elements a,b,c € R such that d = b? — 4ac # 0. We will now
make the stronger assumption that S = [b‘/l2 bé 2] € M(R) is a positive definite matrix. Set D = 4ac —
b% > 0, as above. Given a positive integer | > 2, consider the function B : H(R) — C defined by

wao(h)det(J(h, 1)) le=2TI TSI if h ¢ H+(R),

(131)
ifh¢ HH(R),

B(h) :={

where [ = [ ] Note that the function B only depends on the choice of S and I. Recall the character 6
of U(R) deﬁned in (12). It depends on the choice of additive character 1, and throughout we choose
¥ (x) = e~ 27X _Then the function B satisfies

B(tuh) =6(u)B(h) forhe HR), te T(R), ue U(R), (132)

and

B(hk) = det(J(k, 1)) B(h) for he H(R), ke KX, (133)
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Property (132) means that B satisfies the Bessel transformation property with the character A ® 6 of
R(R), where A is trivial. In fact, by the considerations in [32, 1-3], or by [24, Theorem 3.4], B is the
highest weight vector (weight (—I, —I)) in a holomorphic discrete series representation (or limit of
such if I =2) of PGSp4(R) corresponding to Siegel modular forms of degree 2 and weight I. By (132)
and (133), the function B is determined by its values on a set of representatives for R(R) \ H(R)/Kfo.
Such a set is given in (130).

4.3. The function W#

Let (tr, V) be a generic, irreducible, admissible representation of GL,(R) with central charac-
ter w;. We assume that V; =W(t, ¥_.) is the Whittaker model of t with respect to the non-trivial
additive character x — v (—cx). Note that S positive definite implies ¢ > 0. Let W@ e vV, have
weight [1. Then W@ has the following properties.

. ; 9) sin(®
(i) WO (gr@)) =W (g) for geGLyR),  r(o) = [_“S’lsé(g) Elfl((ei] €5S0(2).
(ii) w©® (|:l T:| g) = 1//(—cx)W(0) (g) for geGLy(R), xeR.

Let xo be the character of C* with the properties
Xolex =r, xo(@)=¢™" forgeC*, |¢|=1. (134)
Such a character exists since w;(—1) = (=1)!1. We extend W@ to a function on M@ (R) via
W) =x@OW? (). ¢eC* geCl®) (135)
(see Lemma 2.1.1). Then it is easy to check that
w O (gk) = det(J (k, 1))”1 WO(g) for ge MP®) and k € MP (R) N K. (136)

We will need values of W evaluated at [* ,] for t # 0. For this we consider the Lie algebra g =
gl(2,R) and its elements

01 00 1 0 10
=l e o 2] o)
In the universal enveloping algebra U(g) let
1.0
A:Z(H +2RL +2LR). (137)

Then A lies in the center of U(g) and acts on V by a scalar, which we write in the form —(% + (%)2)
with r € C. In particular,

2
1
AWO — ‘(Z n (g) )w<0>. (138)
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[tl/z

If one restricts the function W© to , t >0, then (138) reduces to the differential equation

172 ]
satisfied by the classical Whittaker functions. Hence, there exist constants a*,a~ € C such that

f o atw (Arnct) V)W, ,, (4mct) if t >0,
w<°><[ D: 22 (139)

01 v (—4mcet) ift<O.

1 i
2°2

a~wr (—4rctH) 2w

Here, W 1, 4 denotes a classical Whittaker function; see [4, p. 244], [16]. Let x be the character of
b

2

C* given by
X(©)=xo@". (140)

We interpret x as a character of MV (R); see (6). Given a complex number s, we define a function
W#*(.,s): G(R) — C as follows. Given g € G(R), write g = mjmynk according to (120). Then set
-1
w¥(g.5) =82 (mima) det(J k. D) ™' x mp)W @ (my). (141)

Property (136) shows that this is well-defined. Explicitly, for ¢ € C* and [;l f] e M@ (R),

e 1
1 « B 2 _13(+1/2) ) ([a /3])
w# . 5= w . (142
= M le2pn™ x(©) y s (142)
1 y )

Here 1 = @8 — By. It is clear that W¥#(., s) satisfies

w#(gk, s) = det(J (k. I))fl1 w#(g,s) for geGR), ke Ku. (143)
By Lemma 2.3.1, we have
# _ —1y#

W*(ntuh,s) =6(u)™" W¥"(nh,s) (144)

fort e T(R), u e UR), h € G(R) and

a 1 b+d

n: 1 - , o=

. d=b%*—4dac.
—o 2c

4.4. The local archimedean integral

Let B and W be as defined in Sections 4.2 and 4.3. By (132) and (144), it makes sense to consider
the integral

Zoo(s) = / w*(nh, s)B(h) dh. (145)
RER\H(R)

Our goal in the following is to evaluate this integral. It follows from (133) and (143) that it is zero
if I; # 1. We shall therefore assume that [; =1. Then the function W*(nh,s)B(h) is right invariant

under I(é’o. From the disjoint double coset decomposition (130) and the fact that W*(nh, s)B(h) is
right invariant under K we obtain



1310 A. Pitale, R. Schmidt / Journal of Number Theory 129 (2009) 1272-1324

ttal |:§71 §i|
Mo [g 4‘1]
x B . (¢ — ¢ deg da (146)
[tal [f {i|

see [9, (4.6)] for the relevant integration formulas. The above calculations are valid for any choice of
a,b,c as long as S = [ a4 b/z] is positive definite. To compute (146), we will fix D = 4ac — b® and

.S

%0 Mo[c {_1]
Zm(s):n//W# i
Rx 1

b/2 ¢
make special choices for a, b, c. First assume that D =0 (mod 4). In this case let S(—D) := [% ?]
1
NaD) _
Thenn=| 2 ' =t and we can choose to = [2"*0"* o-1/2p1/2 J- From (131) we have
2
1
¢
Ato [ -1 ] 2,2
B ¢ 1 _ {)\leZU)LD'/Zi +2( if 2> 0, (147)
rﬂ[i’ ] 0 if & <0.
0 ¢

Next we rewrite the argument of W# as an element of MNKo,

. “"[{ C”]
tt0—1|:§'_1 §:|

X01 kg O
1 0|0 ko’

—ig2 1

where kg € SU(2) = {g € SL,(C): ‘gg =1I,}. Hence, using (142) and (143), we get

“"[C C‘l]

w¥ | gy i .S
&[]
0 ¢

2 2\ —136+%) 122
:‘w—%<¥) zwr(,\)—lw<0><[w2(—0+z ) ?D (148)

Let g € C be such that w;(y) = y? for y > 0. It follows from (139), (147) and (148) that
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o0 o0 3 q
s 2 -2\ —3s5—3+3 2 2
Zm(s)=a+nD_37_?‘t+%(4n)%f/x35+%+l_%<4§ te ) w ,~(4nw1/2—§ +2{ )

NIS

L
7

2
01

2,2
x e 2DV (334 dg da. (149)

Substituting u = (£2 4 ¢=2)/2 we get

di
(47r)LD1/2u)e_2“D1/2“ -~ du.

NS

oo o0
3. 3 3
Zoo(s):a+nD‘75‘K+%(4n)%//A35‘7+"%u_33_7+%wf
71
10

We will first compute the integral with respect to A. For a fixed u substitute x = 4w AD/2u to get

_x 3o 3, g dx
a (e 2x357 2 gy,
R X

N~

o0 o0
ZOO(S):a+ﬂD7357%+%(4n)73s+%4+q/u76sfl+q[W
1 0
Using the integral formula for the Whittaker function from [16, p. 316], we get

1
Zoo(s) = a+7'[D_35_7+% (4n)—35+%—l+q

ir _g ir _ gy F
F(3S+l—1+7—j)r(3s+l_l_7_7)/u—65—l+qdu
1

" @m) 3+ rBs 41— 14+ 0 - OHr@Es+1-1-1 -9

—atnD 33 —
6s+1l—q—1 p(33+7_7_%)

ir _ g ir _ g
_ iﬂD—Bs—§+%(4n)—3s+%—l+qp(35+l_ 1+5 - PrGs+l-1-5 - i).

(150)
2 r3s+ 479

Here, for the calculation of the u-integral, we have assumed that Re(6s+!—¢q) > 0.—Now assume that
D =3 (mod 4). In this case we choose

o= 3]=[s 4108 305 ¢
D)= = .
7 1 0 1J[0 T1]]3 1
1D 1 N N .
Let T(R), R(R), 11, B be the objects defined with this [,7,*/*]=[ "1 2], and let T(R), R(R), 7}, B be
3
. . : a b/2y_[D
the corresponding objects defined with [13/2 ! = [ 1 ]]. Let
1
1
1
ho=| 2
0 1 %
1

Then
T'(R)=hoT'(®)h,',  T@R)=heT(®R)hy',  RM®)=hoRR)h,".

Furthermore, 1 = ﬁhal. The integral (145) becomes
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Zoo(s) = / wW*(nh, s)B(h) dh
RR\H(R)

= / W#(fihg 'h, s)B(hohg 'h) dh

hoR(R)hg "\H(®R)

= f W#(fihy 'hho, s) B(hohy "hho) dh

hoR(R)hg "\H(R)

= / W#(@h, s)B(hoh) dh
RB\H®R)

_ / W* (iih, s)B(h) dh.
R®)\H(R)

This integral can be computed just like the one in the case D =0 mod 4, and we get the exactly same
answer as in (150). We proved the following.

Theorem 4.4.1. Let | and D be positive integers such that D = 0,3 mod 4. Let S(—D) = [D/4 l] if D =0 mod
4and S(—D) = [(1+172)/4 11/2] if D=3 mod 4. Let B : GSp4(R) — C be the function defined in (131), and let
W#(., s) be the function defined in (141). Then, for Re(6s +1 — q) > 0,

Zoo(s) == f wW¥*(nh, s)B(h)dh
RR\H(R)
i q i q
— i?‘[D*35*%+%(47[)*35+%*’+q F(3S+I_ 1 + % B 7)1:(13$+l_] B % B 5)
2 I'(3s+ %)

(151)

Here, q € C is related to the central character of T via w;(y) = y4 for y > 0. The number r € C is such that
(138) holds.

We will state two special cases of formula (151). First assume that T = x; X 2, an irreducible
principal series representation of GL,(R), where x; and x, are characters of R*. Let ¢; € {0, 1} and
si € C be such that x;(x) = sgn(x)®|x|%, for i =1, 2. Then A acts on T by multiplication with —%(1 —
(s1 — s2)?). Comparing with (138), we get (s; — s2)? = —r?, so that ir = +(s; — s). Furthermore,
q = S1 + S2. Therefore,

+

a _ _L $1+S52 _ 3_
Zoo(s) = —7D 3s—5+-5 (4rm) 3s+3—l+s1+s2
2

IF'Gs+1—1—s)I'Bs+1—1—53)
r3s+ H=i=s) '

(152)

Now assume that [; is a positive integer, that g € C, and that 7 =Dy(ly), the discrete series (or limit
of discrete series) representation of GLp(R) with a lowest weight vector of weight [; for which the
central element Z = [1 1] acts by multiplication with q. Then ir = +(l; — 1), so that, from (151),

F@s+l-1+1 - Hras+i-1-11 -9
r3s+ 4=

a+
Zoo(s) = 7nD—35—%+% (4rr)~35+3 -1+ (153)
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5. Modular forms

Let A be the ring of adeles of Q. In this section we will consider a cuspidal, automorphic represen-
tation 7 of GSpy(A), obtained from a Siegel cusp form, and a cuspidal, automorphic representation
T of GLy(A), obtained from a MaaR8 form. Using the local calculations from the previous sections, we
will obtain an integral formula for the L-function L(s, 7w x T).

Given a quadratic field extension L/Q, we define the groups G = GU(2, 2), H = GSpg, P = MN and
R =TU as in Sections 2.1 and 2.2, but now considered as algebraic groups over Q.

5.1. Siegel modular forms and Bessel models

Let Iy = Spy(Z). For a positive integer | we denote by S;(I%) the space of Siegel cusp forms of
degree 2 and weight | with respect to 1. If @ € S;(I) then & satisfies

®(y(2)) =det(J(y,2))®(2), yely, Zeh,.

Let us assume that @ € S;(I) is a Hecke eigenform. It has a Fourier expansion

P(Z)= Za(s’ @)e2nitr(SZ)’
S>0

where S runs through all symmetric semi-integral positive definite matrices of size two. We shall
make the following two assumptions about the function @.

Assumption 1. a(S, @) # 0 for some S = [bjz bgz] such that b* — 4ac = —D < 0, where —D is the

discriminant of the imaginary quadratic field Q(v/—D).

Assumption 2. The weight | is a multiple of w(—D), the number of roots of unity in Q(+~/—D). We
have

4 if D=4,
w(=D)=16 if D=3,
2 otherwise.

We define a function ¢ = ¢¢ on H(A) = GSp,(A) by
¢ (Y hooko) = 112 (hoo)' det(J (oo, D) ™' (hoolD)). (154)

where y € H(Q), hoo € HT(R), ko € [, H(Zp). Here | = [ i]. Note that ¢ is invariant under the
center Zy(A) of H(A). It can be shown (see [1, p. 186]) that the function ¢¢ is a cuspidal auto-
morphic form. Let V4 be the automorphic representation generated by ¢¢. This representation may
not be irreducible, but decomposes into a direct sum of finitely many irreducible, cuspidal, automor-
phic representations of H(A). Let mg be one of these irreducible components, and write ¢ as a
restricted tensor product 7e = ®;, 7, where 7, is an irreducible, admissible, unitarizable represen-
tation of H(Qp). Since ¢ is H(Zp)-invariant for all finite primes p, the representation 7, has a
non-zero, essentially unique H(Zp)-invariant vector. The same calculations as in [1] show that the
equivalence class of 7, depends only on ¢ and not on the chosen global irreducible component 7.

Let v = ]_[p Y¥p be a character of Q \ A which is unramified at every finite prime and such that

Voo (X) = €727 for x € R. Let

?] if D=0 (mod 4),

| —
= OhT
- o

| —
= -lk‘

o}

_ N

S(-D) = (155)

] if D=3 (mod 4).
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Our quadratic extension is L = Q(+/—D). We have T(Q) >~ Q(+/—D)*. Let A be an ideal class charac-
ter of Q(~/—D), i.e., a character of

TA)/T@QT®) [ (T@p) NGCLa(Zy)),

p<oo

to be specified further below. We define the global Bessel function of type (A, 6) associated to ¢ by

= [ o0 G0hr (156)
Z(A)R(Q)\R(A)

where 0([l ﬂ) = ¢ (tr(S(=D)X)) and ¢(h) = ¢(h). For a finite prime p, the function B,(hp) :=
qu(hp), with hp € H(Qp), is in the Bessel model for the contragradient representation 77, with re-
spect to the character Ap ® 6, of R(Qp). From uniqueness of Bessel models for GSp, (see [19]) we
conclude

Bj(h) = Bj(hoo) [ | Bp(hp). (157)

p<oo
where h = @ hp. From [32, (1-17), (1-19), (1-26)], we have, for ho, € HH(R),

- h(-D)
1 — _o7i —_DYau (D) 1=
Bj(hoo) = |12 (hoo)| det(J (hoo, 1)) " e 2T HHEEDID N (1))~ Ta(S), @), (158)
j=1

and Bq;(hoo) =0 for ho ¢ H*(R). Here, h(—D) is the class number of Q(+/—D), the elements t;,

j=1,...,h(—=D), are representatives of the ideal classes of Q(+~/—D) and Sj, j=1,...,h(=D), are
the representatives of SL(Z) equivalent classes of primitive semi-integral positive definite matrices of
discriminant —D corresponding to t;. Thus, by Assumption 1, there exists a A such that B (I4) #0.
We fix such a A. Note that Bq;(hoo) is a non-zero constant multiple of (131). Let us abbreviate a(A) =

h(—
YICP Apacs), @).
5.2. Maafs forms and Eisenstein series

Let h1 ={z=x+iy € C: y > 0} be the complex upper half-plane. Let N = l_[p\N p"™ be a positive
integer, and IH(N) = {[‘Z 3] €SLy(Z): N|c}. A smooth function f : h; — C is called a MaaR cusp form
of weight [; with respect to I'p(N) if

(i) For every [gs] € Ip(N) and z € h; we have

az+b cz+d \"
f(cz+d) - (|CZ+d|) 1@
(ii) f is an eigenfunction of A;,, where

&L 9
A=y w‘f’m —lllJ’a-

(iii) f vanishes at the cusps of Ip(N).
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We denote the space of Maall cusp forms of weight [; with respect to IH(N) by S,"l/’(N). A function
fe Sl"l”(N) has the Fourier expansion

i (477 [n|y)e>™ ™, (159)

1
sgn(n)+, 5

fx+iy)=> aW
n#0

where W, ,, is a classical Whittaker function (the same function as in (139)) and (A}, + 1) f =0 with
A=1/4+(r/2)*. Let f € SM"(N) be a Hecke eigenform.

If ir/2 = (I — 1)/2 for some integer I, > 0, then the cuspidal, automorphic representation of
GLy(A) constructed below is holomorphic at infinity of lowest weight ;. In this case we make the
additional assumptions that [, <! and [, <y, where [ is the weight of the Siegel cusp form & from
the previous section.

Starting from f, we obtain another Maaf form f; € S]M(N) by applying the raising and lowering
operators. The raising operator R, maps SQ/’(N) to S*M+2(N) and the lowering operator L, maps S*M(N)

to S*Miz(N); for more details on these operators, see [23, p. 3925]. In particular, we have

RiaRi—4- RyaRy f ifh <l
fi=1f if h =1, (160)
L[+2L[+4 ce Lh ,zL]] f if l] >l

Note that, by Assumption 2 on the Siegel cusp form @, the weight | is always even. Also, 511\1/[ (N) is
empty if [; is odd. Hence (160) makes sense. If ir/2 = (I; — 1)/2, then the assumption [; <[ guarantees
that f; # 0. Suppose {c(n)} are the Fourier coefficients of f;. In later calculations we will need c(1).
By [23, Lemma 2.5],

aj if 1 <1,
Oy (§+3- 51+ P it (61)

t=l (mod 2)

Define a function j’ on GL,(A) by

. C(yi+d\T (ai+p
f(yoka)_<|yi+8|) f’(yi-l—a)’ (162)

where yp € GL(Q), m = [;‘j f] € GL (R), ko & [Tpn KV (") [Tpyy GLa(Zyp). Here, N =TT,y p" and

KD @™ =GLy(Qp) N [pzpz sz], as in (32). Then [ satisfies
P “p

- io % cos(9) sin(0)
fer@®)=e"f(g), geGClaA), r@O)= [—sin(@) COS(@)} : (163)
Let (tf, V) be the cuspidal, automorphic representation of GL,(A) generated by f By strong multi-
plicity one, 7 is irreducible. Note that 7 has trivial central character. Write 7 as a restricted tensor
product 75 = ®;J 7p. If p{ N is a finite prime, then 7, is an irreducible, admissible, unramified rep-
resentation of GLy(Qp). If p|N, then 7, is an irreducible, admissible representation of GL»(Qp) with
conductor p"?, where p = pZp and n, = vp(N). Let

WO (g):= / }“([1 ’]‘]g)w(x)dx,

Q\A



1316 A. Pitale, R. Schmidt / Journal of Number Theory 129 (2009) 1272-1324

where 1 is the additive character fixed in the previous section. Then W© is in the Whittaker model
of Ty with respect to the character ¥, By (163),

(164)

WO (gr(e) =" WO (g),  geGLy(A), r(e>=[cos(9) Si“(")].

—sin(@) cos(@)

For any finite prime p, the function Wy (g,) := W©(gp), for g, € GL,(Qp), is in the Whittaker model
of 7p. By the uniqueness of Whittaker models for GL;, we get

WO (g)=wO(goo) [T Wpigp)

p<oo

for g = ®gp. Using the definition (162) for f’ we get, for t € R,

CDOW; y@rt)  ift>0,
wo (1" )= 22 (165)
1]) T e=DW_; o (~4nt) ifc<o.

Lir
2°2

We want to extend f’ to a function on GU(1, 1; L)(A). For this, we need to construct a suitable char-
acter xo on L™ \ A[.

Lemma 5.2.1. Let S be a divisible group, i.e., a group with the property that S = {s": s € S} for all positive
integers n. Let A and B be abelian groups, and assume that B is finite. Then every exact sequence

1—S—>A—B—1
splits.
Proof. Write B as a product of cyclic groups (b;). Choose pre-images a; of b; in A. Modifying a; by
suitable elements of S, we may assume that a; has the same order as b;. Then the group generated

by all g; is isomorphic to B. O

Lemma 5.2.2. et L = Q(+/—D) with D > 0 be an imaginary quadratic number field. Let A[ be the group
of ideles of L. Let K¢ be the subgroup given by [], _. ozv, where v runs over all finite places of L, and oy
is the ring of integers in the completion of L at v. The archimedean component of A[* is isomorphic to C* =

R x S, where S1 is the unit circle. Let | € Z be a multiple of w(—D), the number of roots of unity in L. Then
there exists a character xo of A with the properties

(i) xo is trivial on AJKyL*; and
(i) xo(¢)=¢forallz € S

Proof. First note that A@KfLX =R.oK¢L*. There is an exact sequence
1— W\ S — RogK L\ A — C*KfL*\Af — 1,

where W is the group of roots of unity in L. The group on the right is the ideal class group of L. By
Lemma 5.2.1,

RooKpL* \A[ = (W )\ S') x (C*KfL*\ A]).

By hypothesis, the map S! 5 ¢ +> ¢! factors through W \ S. The assertion follows. O
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Let xo be a character of A[® as in Lemma 5.2.2 (observe our Assumption 2 above). We extend f to
GU(1,1; L)(A) by

fee)=x0@)f(g) for ¢ €A, geGLy(A). (166)

Since | is even, this is well-defined; see (123) and (163). Let x be the character of L* \ A[
given by x(¢) = A(Q) ' xo(¢)~!. Let K%(N) be the compact subgroup ]_[plNK#(&B”P)I—[pW K* (3%
of GU(2, 2; L)(A), where K*(") is as defined in (36). For a complex variable s, let us define a func-
tion fa(-,s) on GU(2,2;L)(A) by

(i) fa(g,s)=0ifg¢ M(A)N(A)Kong(N)-
(ii) If m=mymy, mj € MY (A), n € N(A), k = kokoo, ko € KE(N), koo € Koo, then
3+ A -
Fa(mnk,s)=38"" (m) x (m1) f (m2) det(J (koo, D))~ - (167)
Recall from (10) that §p(mimz) = [Ny jg(m1)p1 (ma) =13,
Here, MW (A), M@ (A), N(A) are the adelic points of the algebraic groups defined by (6), (7) and
(8) and K is as defined in Section 4.1. In fact, f, is a section in the representation I(s, X, X0, ) of

GU(2,2; L)(A) obtained by parabolic induction from P; see Section 2.3.
Let us define the Eisenstein series on GU(2, 2; L)(A) by

Eag.9)= Y. falyg.s. (168)
yeP(Q\G(Q)

This series is absolutely convergent for Re(s) > 1/2, uniformly convergent in compact subdomains and
has a meromorphic continuation to the whole complex plane; see [15].

Remark. Note that our definition (167) differs from the formula for f, given on p. 209 of [9]. In fact,
the function f, in [9] is not well-defined, since there is a non-trivial overlap between M® (R) and

K. It is necessary to extend the function f to GU(1, 1; L)(A) using the character yo as in (166), not
the trivial character.

5.3. Global integral and L-functions

Let ¢ be as in (154). Let f4(-,s) and E4(-,s) be as in the previous section. We shall evaluate the
global integral

Z(s, A) = / E o(h, s)¢(h)dh. (169)
ZyWH@\H(A)

In Theorem 2.4 of [9], the following basic identity has been proved.

Z(s, A) = / W AGrh, 5)B 5 (h) dh, (170)
R(A)\H(A)

where
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1 10
1 X a 1
WA(g,s)=/fA 1 gs|ydx, 1= 1 —al
Q\A 1 0 1

_b+VD

> (171)

and By is as defined in (156). Note that the value of b above depends on the choice of S(—D) in
(155). For the choice of f, in the previous section, we get

WA(g,9) =Woo(8o0,9) [ Wplgp, ),

p<oo

where W, is the function W* defined in Section 3.4. For g € G(R), the function W (gso, S) is
exactly the function W# from (141). Note that, in this case, the values of a*,a~ in (139) are given by
at =c(1) and a~ =c(—1). From the basic identity (170) we therefore have

Z(s, A) = ]_[ Zp(s),  Zp(s)= / Wy (nhy, $)Bp(hp) dhy.
S RQp)\H(@p)

Here, B is the function given in (158). If p is a finite prime such that p t N, then all the local data
satisfies the hypothesis of Theorem 3.7 from [9], where the corresponding local integral is computed.
For p | N, we apply Theorems 3.8.1, 3.8.2, and for the archimedean integral we apply Theorem 4.4.1.
We obtain the following integral representation.

Theorem 5.3.1. Let & € S|(I) be a cuspidal Siegel eigenform of degree 2 and even weight | satisfying the two
assumptions from Section 5.1. Let L = Q(v/—D), where D is as in Assumption 1. Let N = [ p™ be a positive
integer. Let f be a Maaf3 Hecke eigenform of weight |1 € Z with respect to I'y(N). If f lies in a holomorphic
discrete series with lowest weight l,, then assume that I, <. Then the integral (169) is given by

L3s+ 3.7e x Tf)

2085 ) = Koo SN ) e L Bs + 1, 17 x AZ(A))”

(172)

where ¢ is the Riemann zeta function, Kk (s) = leN Kp(s) with

(pfl(f(_p‘l‘)—l) (1- (%) N —p=&H! ifnp=1,
Kp(s) = i
BP0 (g (L)1) LGl nxAT@y)
p3(”P71)(p+l)(p4 1) (1 ( )p ) 1—p—65—1 lfnp > 27
and
r@s+l-1+0Hr@s+i-1-1)

11—
Koo(S) = —a(A)c(1)r D352 (4rr) 35+ 3 -1 s
2 I'Gs+5)

Here, the non-zero constant c(1) is given by (161), the non-zero constant a(A) is defined at the end of Sec-
tion 5.1, and

L —1 ifpisinertinL,
<—> = {0 if p ramifiesin L,
1 if p splitsin L.

The quantity I 5 isasin (159).



A. Pitale, R. Schmidt / Journal of Number Theory 129 (2009) 1272-1324 1319

5.4. The special value

In this section, we will apply Theorem 5.3.1 to a special case—when f, from the previous section,
is a holomorphic cusp form of the same weight | as the Siegel cusp form ®—to obtain a special
L-value result. This result fits into the general conjecture of Deligne on special values of L-functions.

Let ¥ (2) =3 .0 bpe?™"Z be a holomorphic cuspidal eigenform of weight | with respect to I'(N).
Here, | is the same as the weight of the Siegel modular form & from Section 5.1 and N = HPIN p"r
is a positive integer. Let us normalize ¥ so that by = 1. The function fy defined by fy (2) = y'/2W (2)
is a Maa form in S,M(N). Let {c(n)} be its Fourier coefficients; see (159). It follows from the formula
W t1/2.0(z) = e7#/2zH+1/2 for the Whittaker function that

C(Tl)z {bn(47tn) /2 lfn>0 (173)
ifn<0.

From (162), we have

. C(yvi+s\T fai+p)  detm)? (aitp
f‘”(y"m"”)_(\yiHl) f‘”(w+8>‘<yi+s>’w<yi+a)’

where yp € GL(Q), m = [ ﬁ] GLy (R), ko € ]_[p‘NK“)(p”p)l_[p,(N GLy(Zp). Let us denote zy; by Z*
for Z = [* 222] € Hj. Let us set 7= —( Z — 7) for Z € Hy. Let Im(z) denote the imaginary part of a
complex number z. Let f, be as defined in (167) and I = [,] € Hs.

Lemma 5.4.1. For g € G (R), we have

==\ 3s+3-4
ddg(”*> w((gh)"). (174)

Fa(g.s) = pa(2) det(J(g, '))_l<m

Proof. For g € G*(R) and Z € H, we have 2(Z) = pna(g) (g, Z)flzj(g, Z)~1. This implies that
det(g(I)) = ua(g)?|det(J (g, )|~2det(l) = 2(g)?| det(J (g, I))|~2. It follows from (121) that we can
write the element g € Gt(R) as

e 1 1 x xy+w y
_ 1 a B 1 y
£ ¢! w 1 k.
1 y ) —X 1
where ¢ € R%, [;’f f] €GL (R), x,y € C, w € R and k € K. Then we have
_ . ai+
det(J(g. D) =¢ ' u(yi+d)det(Jk, 1)) and (g(h)" = i +§.

Hence, the right-hand side of (174) is equal to

1210wy +8) det(J (k, 1))|—2>3s+35¢,<m+5>

I(p=1, (s -
w (™ i+ 8)det(J k. 1)) ( [Llyi+ 8|72 yi+s

Using the fact that |det(J(k, 1))|~% = det(k( ») =1, we get the lemma. O
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Remark. Eq. (4.4.2) of [9] claims that, for g € GT(R), the function f,(g,s) satisfies a formula differ-
ent from (174). In this formula, the term det(Im(g(I))) replaces the term det(§(\1)) from (174). Note
that Im(Z) = %(7 — Z) for Z € H,. One easily checks that the resulting function is not invariant under
N(R) and hence cannot equal f,, as defined in (167). If one replaces Eq. (4.4.2) in [9] by (174), the

subsequent arguments in [9] remain valid.

Let E4 be the Eisenstein series defined in (168). From the above lemma, we see that, for g €
GT(R), na(g) 'det(J(g, 1))'E(g,s) only depends on Z = g(I). Hence, we can define a function £,
on Hjy by the formula

I 1

EA(Z,5) = p2(g) ' det(J (g, 1)), Ex <g, % t5~ §>, (175)

where g € GT(R) is such that g(I) = Z. The series that defines £,4(Z, s) is absolutely convergent for
Re(s) > 3 —1/2 (see [14]). Since | > 12, we can set s =0 and obtain a holomorphic Eisenstein series
E4(Z,0) on Hy. For a finite place p of Q recall the local congruence subgroups K* (") G(Zp) and
K#(p™) = K¥(P™) N H(Z,) defined in (36) resp. (37). For N =[] p™, we let

rEN) =G@QNGRTKEN),  KEN) =Kk (®™) ] [x* ().

pIN pIN
and
r*(Ny=HQnH®K*(N),  K*N)=[]&*@p™) [ ] £* ().
pIN PN
Explicitly,
Z NzZ 7 Z
P 7 7 7 7 .. i
I'"(N)=Sp4,7Z)N NZ NZ 7 7| where N’ is the square-free part of N.
NZ NZ NZ 7

Then £4(Z, 0) is a modular form of weight | with respect to Fg(N). Its restriction to b is a modular
form of weight [ with respect to I'*(N). We see that £4(Z, 0) has a Fourier expansion

EA(Z,0) = Z b(S, £ 4)e2T 1 T(SD)
520

L. . . t t
where S runs through all hermitian half-integral (i.e., S = [[; é] t1,t3€Z, /—Dty € OQ(M)) pos-
itive semi-definite matrices of size 2. By [13],

b(S,E4) €Q forany S. (176)

Here @ denotes the algebraic closure of Q in C. The relation between the global integral Z(s, A)
defined in (169) and the Eisenstein series £, is given in the following lemma.

Lemma 5.4.2. We have

o1 1 _ -
Z(E -2, A) = 5Vn / EA(Z, 0B (Z)(det(Y)) > dXdy,
r*M\h,



A. Pitale, R. Schmidt / Journal of Number Theory 129 (2009) 1272-1324 1321

where Vy = and Z = X +1iY.

p—1
o P> D(p+1)(pA-1)

Proof. By definition,

11 I1\-
Z(f—f,A>: / EA<h,6—§)¢¢(h)dh.
Z(AH(Q\H(4)

Note that the integrand is right invariant under KX K#(N). Since the volume of KX K#(N) equals

p—1 — i
[Tpin ST oD ) Vy, it follows that

L1 o1\ -

Ng—54)=V Exlh, = — = )éo(h)dh.

(6 2 ) N / A( G 2>¢¢()
Zy(AYH(Q)\H(A)/KE K#(N)

Note that
Zy(AHQ) \ HA)/KEK*(N) = Zy ®R) T*(N) \ HR)T /K = r#(N) \ by (177)

The H(R)T-invariant measure on h and dh are related by dh = %det(Y)‘3 dXdY. From (154) and
(175) we get, for he HR) ™,

Es (h, <~ %)qip (h) = pa () det(J (h, 1) ™ E4 (h1), 0) o (hy'det(J h, 1)1 (n(1))
=det(Y)'€4(Z,00®(2),
where Z =h(I) = X +iY. We get the last equality because, for Z € h, and h € HR)™,
Im(h(2)) = p2() ' J(h, 2)"' Im(2) J(h, 2) 7.
This completes the proof of the lemma. O

Let '@ (N):={g e Sp,(Z): g=1 (mod N)} be the principal congruence subgroup of Sp,(Z). Let
us denote the space of all Siegel modular forms of weight | with respect to I"® (N) by M;(I"®(N))
and its subspace of cusp forms by S;(I"® (N)). For &1, ®, in M;(I"*®(N)) with one of the &; a cusp
form, one can define the Petersson inner product (@1, @,) by

(@1, B2) = [Spa(Z): TP (N)] ™ f ®1(2)B(2)(det(Y)) > dXdy. (178)

I'A(N)\bz

For a Hecke eigenform & e S;(I'®(N)), let Q(®) be the subfield of C generated by all the
Hecke eigenvalues of &. From [10, p. 460], we see that QQ(¢®) is a totally real number field. Let
SI(I'@(N), Q(®)) be the subspace of S;(I"®(N)) consisting of cusp forms whose Fourier coefficients
lie in Q(&). Again by [10, p. 460], S;(I"®(N)) has an orthogonal basis {®;} of Hecke eigenforms
®; € S;(I"'P(N), Q(®))). In addition, if @ is a Hecke eigenform such that @ € S;(I"@(N), Q(®)), then
one can take @1 = @ in the above basis. Hence, let us assume that the Siegel eigenform & of weight
I with respect to Sp,(Z) considered in the previous section satisfies ® e S;(I"® (N), Q(®)). (Also, see
[17] for the N =1 case.)
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Lemma 5.4.3. With notations as above, we have

Z(E-3.a

Proof. Since I"® (N) c I'*(N) we know that Exlp, is a holomorphic Siegel modular form of weight
I with respect to I"®(N). Let V be the orthogonal complement of S;(I"® (N)) in M;(I"®(N)) with
respect to the Petersson inner product (178). In Corollary 2.4.6 of [13], it is shown, using the Siegel
operator, that V is generated by Eisenstein series. By Theorem 3.2.1 of [13], one can choose a basis
{E;} such that all the Fourier coefficients of the E; are algebraic. Let {®;} be the orthogonal basis of
S @ (N)), with ¢1 = @, as in the remark above. Let us write

Ealy, =) ai®i+ Y BjE;. (180)
i j

Given a F € Mj(I"'®(N)) and o € Aut(C/Q), let F® be defined by applying the automorphism o to
the Fourier coefficients of F. From [31], we know that F® € M;(I"® (N)). Applying o to (180) we get

Ealy, =Y o@)®i+ Y o (B)E;. (181)
i ]

This follows from the construction of the bases {®;},{E;} and the property (176). From (180) and
(181) we now get

(5A|h2,<151)) (Ealpy, P1) =
o| —=—— ) =0(x])= —=—— for all o0 € Aut(C ,
( (@1, ®1) ©="0 o) €10
and hence

(Ealpy, P1) <D

(D1, D1)

Now, using Lemma 5.4.2, we get the result. O

Let (¥, W) = (SLy(Z) : T3 (N))~! Sronn: |¥(2)y'—2 dxdy, where I''(N) := {[
1 (mod N)}. We have the following generalization of Theorem 4.8.3 of [9].

‘;3] € H(N): a,d=

Theorem 5.4.4. Let @ be a cuspidal Siegel eigenform of weight | with respect to I'; satisfying the two assump-
tions from Section 5.1 and @ € S;(I"® (N), Q(®)). Let ¥ be a normalized, holomorphic, cuspidal eigenform
of weight | with respect to I'y(N), with N = [[ p"» a positive integer. Then

L~ xT) -
=8P, DY (W, W),

(182)

Proof. By Theorem 5.3.1, we have

Z(i—l A>:C7T4_Zl L(%_l,ﬂq) X‘L'q/)
6 2 cd-2LEL 1y x AZ(A))’

where
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C =a(AypH+32-4+6 1 _ 51

Mo (1 (QW—D)) ) =2 AL(4p)* s
=D (p+ ) (p* — 1) )’ 1= pi+2 '

pin P

Here €, =1 if n, > 2 and 0 otherwise. Observe that & = ’_Tl and that ¢(1) = (4m) 2 by (173). We
have used the fact that L,((I —1)/2,7p x AZ(Ap)) € Q, which follows from an argument as in the
proof of Proposition 3.17 of [25]. It is well known that ¢(l — 2)7r2~! € Q. Using [30], by the same
argument as in the proof of Theorem 4.8.3 in [9], we get

L5 1y x AT(A))
7-[2[—2([14 1% :

Together with (179), this implies the theorem. 0O

. . . . . L(4-1
We remark that it would be interesting to know the behavior of the quantity %

under the action of Aut(C). This subject will be considered in a future work.
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