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Generalized Baumslag–Solitar groups (GBS groups) are groups that act on trees
with infinite cyclic edge and vertex stabilizers. Such an action is described by a
labeled graph(essentially, the quotient graph of groups). This paper addresses
the problem of determining whether two given labeled graphs define isomorphic
groups; this is theisomorphism problemfor GBS groups. There are two main
results and some applications. First, we find necessary and sufficient conditions
for a GBS group to be represented by only finitely many reduced labeled graphs.
These conditions can be checked effectively from any labeled graph. Then we
show that the isomorphism problem is solvable for GBS groups whose labeled
graphs have first Betti number at most one.
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1 Introduction

A generalized Baumslag–Solitar group(or GBS group) is a group that acts on a tree
with infinite cyclic edge and vertex stabilizers.1 The tree (together with the group
action) is called aGBS tree. A GBS tree can be described by alabeled graph, which is
a connected graph whose oriented edges are each labeled by a non-zero integer. This
information is enough to specify a graph of groups encoding the GBS tree.

A GBS groupG may have many labeled graph descriptions. Even if one restricts
to reducedlabeled graphs, which are in some sense the simplest ones, there may be
infinitely many distinct such graphs definingG. It can also happen that there is only
one reduced graph, or finitely many. In these latter cases, useful information about
Out(G) can be obtained, as in Gilbert–Howie–Metaftsis–Raptis [8], Pettet [15], and
Levitt [14]. Other aspects of GBS groups have been studied by Kropholler, Whyte,

1In this paper we will only consider finitely generated GBS groups, so finite generation will
be added to the definition; seeSection 2.2.

http://www.ams.org/mathscinet/search/mscdoc.html?code=20E08,(20F10; 20F28)
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Levitt, and others. See Kropholler [10, 11], Whyte [16], Clay [2], and Forester [6, 7]
for details on various algebraic and geometric properties of GBS groups.

The variety of labeled graph descriptions of GBS groups is partly what makes them
interesting. For instance, they demonstrate the extent to which JSJ decompositions of
groups can fail to be unique. On the other hand, this variety can also be a source of
difficulty, such as when studying automorphisms. A given labeled graph need not be
invariant, for instance. Even the basic problem of recognizing a given GBS group from
one of its labeled graphs is not at all clear.

The isomorphism problemfor GBS groups is the problem of determining algorithmi-
cally whether two given labeled graphs define isomorphic GBS groups. This problem
has only been shown to be solvable in limited special cases. It is trivially solvable for
therigid GBS groups, which are those having a unique reduced labeled graph. These
groups were characterized by Levitt [13] (see also Gilbert et al. [8], Pettet [15], and
Forester [5]).

Levitt showed that the isomorphism problem is solvable in the case of GBS groupsG
such that Out(G) does not contain a non-abelian free group [14]. He also solved the
isomorphism problem for 2–generator GBS groups [12]. Both of these results rely on
having an explicit characterization of the class of groups being considered.

In [7] the isomorphism problem was solved for GBS groups whose modular groups
contain no integers other than±1. Equivalently (see Levitt [14]) these are the GBS
groups not containing any solvable Baumslag–Solitar groupBS(1, n) with n > 1. It
is worth recalling the main steps of the proof. First it was shown that any two such
graphs are related by slide moves, without leaving the set of reduced graphs. Then
it was shown that such a group is represented by only finitely many reduced labeled
graphs. Thus, this set can be searched and enumerated effectively, and membership is
decidable.

For the general isomorphism problem, it is useful to understand the space of reduced
labeled graphs related to a given one by sequences of slide moves. We want to know
whether this space is infinite, and whether it includes all reduced labeled graphs for
the given group. To this end, there is a property of edges that plays a key role: edges
can bemobileor non-mobile(seeDefinition 3.12). One of our main technical results
is Corollary 3.24, which shows that in any sequence of slide moves, the non-mobile
edges may be slid first and one at a time. From this we deduce information on the slide
space of a labeled graph, including our first main result:
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Theorem 1.1 Let G be a GBS group other than BS(1, n), represented by a reduced
labeled graph Γ. Then G has finite reduced labeled graph space if and only if Γ has
no mobile edges.

We also show that mobility of edges can be tested algorithmically (Remark 3.13), so the
property of the theorem is decidable. (The case ofBS(1, n) is clear as well: the reduced
labeled graph is unique ifn 6= −1, andBS(1,−1) has two reduced labeled graphs.)
One consequence ofTheorem 1.1is Theorem 3.29, which solves the isomorphism
problem in the case where one labeled graph has no mobile edges.

Next we consider the case of GBS groups whose labeled graphs have first Betti number
one. (The Betti number zero case is covered by Forester [7].) The primary goal of the
rest of the paper is the following theorem:

Theorem 1.2 There is an algorithm which, given two labeled graphs, one of which has
first Betti number at most one, determines whether the two GBS groups are isomorphic.

These are two cases, which behave rather differently: the ascending case and the non-
ascending case. In the ascending case, there is a structure theorem (Theorem 4.19)
which says that the group is uniquely determined by certain invariants, which can be
computed by putting the labeled graph into a normal form. These invariants are defined
and proved invariant with the aid of Theorem 1.1 of Clay–Forester [4], which shows
that any two reduced labeled graphs are related by slide, induction, andA ±1–moves
between reduced labeled graphs (seeSection 2.2for the definitions of these moves).

The non-ascending case is somewhat simpler, since any two reduced labeled graphs
representing the same group are related by slide moves. (In particular, one may keep
track of individual edges.) However, even though we can define normal forms, they
are much less rigid than in the ascending case. For instance, there is no canonical edge
with which to compare other edges, unlike ascending normal forms.

We show that givenG, there are only finitely many reduced labeled graphs in normal
form, and these can be enumerated effectively. The solution to the isomorphism
problem is then similar to the case proved in [7].
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2 Preliminaries

2.1 Deformation spaces

A graph Γ is given by (V(Γ), E(Γ), o, t,¯) whereV(Γ) are the vertices,E(Γ) are the
oriented edges,o, t : E(Γ) → V(Γ) are the originating and terminal vertex maps and
¯: E(Γ) → E(Γ) is a fixed point free involution, which reverses the orientations of
edges. Anedge pathγ = (e0, . . . , ek) is a sequence of edges such thatt(ei) = o(ei+1)
for i = 0, . . . , k− 1. A loop is an edgee∈ E(Γ) such thato(e) = t(e). A geometric
edgeis a pair of the form{e, ē}.

Let G be a group. AG–tree is a simplicial treeT together with an action ofG
by simplicial automorphisms, without inversions (that is,ge 6= ē for all g ∈ G, e ∈
E(T)). Two G–trees are considered equivalent if there is aG–equivariant isomorphism
between them. The quotient graphT/G has the structure of a graph of groups with a
marking (an identification ofG with the fundamental group of the graph of groups).

Given aG–treeT , a subgroupH ⊆ G is elliptic if it fixes a point ofT . There are two
moves one can perform on aG–tree without changing the elliptic subgroups, called
collapse and expansion moves; they correspond to the natural isomorphismA∗BB∼= A.
The exact definition is as follows.

Definition 2.1 An edgee in a G–treeT is collapsibleif Ge = Go(e) and its endpoints
are not in the same orbit. If one collapses{e, ē} and all of its translates to vertices, the
resultingG–tree is said to be obtained fromT by acollapse move. The reverse of this
move is called anexpansion move.

A G–tree isreducedif it does not admit a collapse move. Anelementary deformationis
a finite sequence of collapse and expansion moves. Given aG–treeT , thedeformation
spaceD of T is the set of allG–trees related toT by an elementary deformation. If
T is cocompact thenD is equivalently the set of allG–trees having the same elliptic
subgroups asT , by Forester [5].

2.2 Generalized Baumslag–Solitar groups

A group G that acts on a tree with infinite cyclic stabilizers is called ageneralized
Baumslag–Solitar group(or GBS group). In this paper, for simplicity, we also require
G to be finitely generated (this convention is not followed in [5, 6, 7]). The tree
is called aGBS tree. In the quotient graph of groups, every vertex and edge group
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is isomorphic toZ, and each inclusion mapGe ↪→ Go(e) is given by multiplication
by a non-zero integer. This data can be effectively represented in alabeled graph.
Specifically, a labeled graph is a pair (Γ, λ) whereΓ is a finite connected graph and
λ : E(Γ) → Z−{0} is a function, called the labeling. Given a choice of generators of
Ge and Go(e) , the mapGe ↪→ Go(e) is multiplication byλ(e). Replacing a generator
of an edge groupGe by its inverse interchanges the signs ofλ(e) andλ(ē); replacing
a generator of a vertex groupGv by its inverse interchanges the signs ofλ(e) for all
edgese originating atv. These operations are calledadmissible sign changes. This is
the only ambiguity in the labels of a labeled graph. We will sometimes refer to (Γ, λ)
simply asΓ.

A G–tree iselementaryif there is aG–invariant point or line, and isnon-elementary
otherwise. By Forester [6, Lemma 2.6], a GBS tree is elementary if and only if the
group is isomorphic toZ, Z × Z, or the Klein bottle group. Thus a GBS group not
isomorphic to one of these three groups is called anon-elementary GBS group.

In a non-elementary GBS group, the elliptic subgroups arising from any GBS tree
are characterized algebraically [6, Lemma 2.5]. Therefore, any two suchG–trees lie
in the same deformation space. In particular, any two labeled graphs representing
the same non-elementary group are related by an elementary deformation. Whenever
we speak of a deformation space for a non-elementary GBS group, we will always
be referring to this canonical deformation space. For a description of this canonical
deformation space associated to the classical Baumslag–Solitar groupsBS(p, q), see
Clay [2]. Unless otherwise stated, all GBS groups considered here will be assumed to
be non-elementary.

In a labeled graph, a loope with label±1 is called anascending loop. It is a strict
ascending loopif λ(ē) 6= ±1. A loop e is a virtual ascending loopif λ(e) divides
λ(ē), and is astrict virtual ascending loopif, in addition, λ(ē) 6= ±λ(e). A GBS
deformation space isascendingif it contains a GBS tree whose labeled graph has a
strict ascending loop. We also say thatG is ascending. Otherwise the deformation
space (or the group) is callednon-ascending.

Now we define various moves between GBS trees, all of which are elementary defor-
mations. The moves inDefinition 2.2are discussed more fully (in the general setting
of G–trees) in [7]. In particular, slides and inductions can be factored as an expan-
sion followed by a collapse. A general discussion ofA ±1–moves can be found in
Clay–Forester [4].

In the diagrams below, each labelλ(e) is pictured next to the endpointo(e). We begin
with the elementary moves, which look as follows (modulo admissible sign changes):
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Thus a GBS tree is reduced if and only if its labeled graph does not contain an edge
with distinct endpoints and label±1.

Definition 2.2 A slide movebetween GBS trees takes one of the following two forms:
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An induction movebetween GBS trees is as follows:
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Both directions of the move are considered induction moves. This move decomposes
into an elementary deformation as follows:
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Definition 2.3 Next we discussA ±1–moves, defined in [4]. An A −1–move is an
induction followed by a collapse, with the following description. It is required that
k, ` 6= ±1, and that the left hand vertex has no other edges incident to it.
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The induction move changes the label` to 1, after which the edge is collapsed.

Note that before the move, the loop is a strict ascending loop, and after, the loop is not
ascending. Thus anA −1–move removes an ascending loop, and its reverse, called an
A –move, adds one.
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Remark 2.4 A ±1–moves preserve the property of being reduced. The same is not
always true of slide or induction moves, unless one is in a non-ascending deformation
space. Also, an induction orA ±1–move can only occur in an ascending deformation
space.

We will make extensive use of the following result, which is the main theorem of [4],
and its corollary.

Theorem 2.5 In a deformation space of cocompact G–trees, any two reduced trees are
related by a finite sequence of slides, inductions, and A ±1–moves, with all intermediate
trees reduced.

Corollary 2.6 In a non-ascending deformation space of cocompact G–trees, any two
reduced trees are related by a finite sequence of slide moves, with all intermediate
trees reduced. Moreover, if e is an edge of T and a deformation from T to T′ never
collapses e, then there is a sequence of slide moves from T to T′ in which no edge
slides over e.

The first statement of the corollary follows immediately from the theorem, and has pre-
viously appeared as Forester [7, Theorem 7.4] and Guirardel–Levitt [9, Theorem 7.2].
The second statement is proved in [4].

2.3 The modular homomorphism

Let G be a GBS group with labeled graph (Γ, λ). There are two versions of the
modular homomorphismG→ Q× , each with several descriptions; see Bass–Kulkarni
[1], Forester [7], and Kropholler [11]. In this paper, it turns out to be more convenient
to use the reciprocal of the usual definition, so we will include this modification here.
This makes it easier to keep track of slide moves; see for exampleDefinition 3.2
and Remark 3.3. We will mostly work with thesigned modular homomorphism
q: G→ Q× , defined as the compositionG→ H1(Γ) → Q× where the second map is
given by

(1) (e1, . . . , ek) 7→
k∏

i=1

λ(ēi)
λ(ei)

.

(The first map is given by first killing the normal closure of the elliptic elements to
obtain π1(Γ), and then abelianizing.) Equivalently, fix a non-trivial elliptic element
a ∈ G. Then everyg ∈ G satisfies a relationgarg−1 = as in G for some non-zero
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integersr and s, and the assignmentq(g) = s/r is a well defined homomorphism,
which agrees with the definition just given; see Kropholler [11] or Levitt [14].

Theunsigned modular homomorphismis simply |q|, defined onH1(Γ) by

(e1, . . . , ek) 7→
k∏

i=1

|λ(ēi)|
|λ(ei)|

.

An equivalent definition is to choose any subgroupV of G commensurable with a
vertex group, and assign to eachg ∈ G the positive rational number

[Vg : V ∩ Vg] / [V : V ∩ Vg].

See [7] for a proof that this function agrees with|q(g)|. We say that (Γ, λ) isunimodular
if |q| is trivial.

Finally, there is also anorientation homomorphism G→ {±1} defined byg 7→
q(g)/ |q(g)|. This homomorphism is also defined onH1(Γ). The next result shows
that the GBS group associated to a labeled graph is determined by the orientation
homomorphism and the absolute value of the labeling. Hence it often suffices to
considerpositive labeled graphs, i.e. labeled graphs (Γ, λ) such thatλ(e) > 0 for all
e∈ E(Γ).

Lemma 2.7 Let λ and λ′ be labelings on a graph Γ such that |λ| = |λ′|. If their
orientation homomorphisms agree then (Γ, λ) and (Γ, λ′) differ by admissible sign
changes. In particular, the corresponding GBS groups are isomorphic.

Proof Let Ω : H1(Γ) → {±1} be the orientation homomorphism of (Γ, λ) and
(Γ, λ′). Fix a maximal treeT ⊆ Γ. Then every edgee of Γ − T determines a
generator [e] ∈ H1(Γ).

By admissible sign changes, we can arrange thatλ andλ′ agree, and are positive, on
the edges ofT . Then for any edgee in Γ− T we have thatΩ([e]) = 1 if and only if
λ(e) andλ(ē) have the same sign, if and only ifλ′(e) andλ′(ē) have the same sign.
Thusλ andλ′ can be made to agree one andē by an admissible sign change affecting
e, ē only. In this way,λ andλ′ can be made to agree on all ofΓ.

3 Labeled graph spaces

From now on we consider only GBS groups and their canonical deformation spaces.
Hence we will always refer toG instead of this deformation space.
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Definition 3.1 For a GBS groupG, we denote byRLG(G) the set of reduced la-
beled graphs representingG. Let RLG+(G) be the set of positive reduced labeled
graphs representingG. Note that this latter set is non-empty only if the orientation
homomorphism is trivial.

Our goal in this section is to establish a criterion, which can be checked in terms
of any labeled graph inRLG(G), that characterizes whenRLG(G) is finite. Notice
that if G is ascending andG 6= BS(1, n), then |RLG(G)| = ∞. If G = BS(1, n) or
G = Z, then RLG(G) consists of a single point (unlessG = BS(1,−1), in which
case|RLG(G)| = 2). Therefore, we are mainly concerned with determining when a
non-ascending GBS group satisfies|RLG(G)| = ∞. However, we will need to prove a
more general statement, as we do not have an algorithm to determine whether a given
GBS group is ascending.

3.1 Monotone cycles and mobile edges

If (e0, . . . , en) is an edge path inΓ, we defineq(e0, . . . , en) by formula (1). This is
also denotedqΓ(e0, . . . , en).

Definition 3.2 Let Γ be a labeled graph forG ande∈ E(Γ). An edge path (e0, . . . , en)
is ane–edge pathif:

(a) ei 6= e, ē for i = 0, . . . , n;

(b) o(e) = o(e0); and

(c) λ(ei) dividesλ(e)q(e0, . . . , ei−1) for i = 0, . . . , n.

An e–edge path is ane–integer cycleif, in addition we have:

(d) o(e0) = t(en); and

(e) q(e0, . . . , en) ∈ Z.

If |q(e0, . . . , en)| 6= 1 we say that thee–edge path or thee–integer cycle isstrict.

Remark 3.3 The first three conditions are necessary and sufficient to be able to
slide e along (e0, . . . , en). The resulting label on the edgee is λ(e)q(e0, . . . , en).
Hencee may slide repeatedly along ane–integer cycle. Also notice that any path
obtained by tightening ane–edge path (respectively,e–integer cycle) is ane–edge
path (respectively,e–integer cycle).
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Definition 3.4 An edge path (e0, . . . , en, e) is amonotone cycleif (e0, . . . , en) is an
ē–edge path andq(e0, . . . , en, e) ∈ Z. An edgee is a monotone cycle ife is a loop
andq(e) ∈ Z. A monotone cycle isstrict if the modulus is not equal to±1.

Remark 3.5 Suppose (e0, . . . , en, e) is a monotone cycle. Since (e0, . . . , en) is an
ē–edge path,o(e0) = o(ē) = t(e). Hence a monotone cycle is a cycle. Further, since
ē /∈ (e0, . . . , en, e), it is a nontrivial cycle. Notice that in the definition of monotone
cycle, the final edge is distinguished. In particular, a cyclic reordering of the edges in
a monotone cycle may not be a monotone cycle.

Lemma 3.6 If Γ has a strict monotone cycle, then G is ascending. Further, if Γ has
a strict monotone cycle, then Γ has an immersed strict monotone cycle.

Proof If Γ contains a strict monotone cycle which is a single edgee, then eithere
is a strict ascending or strict virtual ascending loop. Therefore, after anA –move in
the second case, we see thatG is ascending. Otherwise, suppose (e0, . . . , en, e) is a
strict monotone cycle inΓ. Then we can slidēe along (e0, . . . , en), turning e into a
loop. After the slide move, the modulus of the loop is a nontrivial integer, hencee is
either a strict ascending or strict virtual ascending loop. As before, this shows thatG
is ascending.

For the second statement in the lemma, we must show that after tightening, a monotone
cycle is still a monotone cycle. This is clear since if (e0, . . . , en, e) is a monotone cycle,
thenei 6= e, ē. Therefore, after tightening, the edgee remains in the cycle and the only
tightening occurs in the edge path (e0, . . . , en), which remains an̄e–edge path after
tightening.

Example 3.7 The converse to the first statement ofLemma 3.6does not hold in
general, though we shall prove it in a special case inProposition 4.2. A counterexample
is given by the labeled graphs inFigure 1. The labeled graphs in this figure represent
the same GBS group; the labeled graph on the right is obtained by slidinge3 over
ē. The labeled graph on the left contains a strict monotone cycle, namely the cycle
(e1, e2, e3, e). After sliding ē over (e1, e2, e3), e is a virtual ascending loop with labels
λ(e) = 6, λ(ē) = 132.

We claim that the labeled graph on the right does not have any strict monotone cycles.
First, notice that none of the edgese1, ē1, e2, ē2 can slide. Also, sincee is separating
(a fact that remains true after slidinge or ē), no strict monotone cycle can end withe
or ē. Finally, notice that̄e3 cannot slide. Hence, if there is a strict monotone cycle, it
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Figure 1: Slidinge3 over ē results in a graph with no strict monotone cycles.

must be of the form (α, ē3), whereα is ane3–edge path. In particular,λ(e3)q(α) must
be divisible byλ(ē3) = 22. However, the only place the prime number 11 appears in
the labeled graph is in the labelλ(ē3), and sincēe3 /∈ α, λ(e3)q(α) is not divisible by
11 for anye3–edge pathα. Therefore, the labeled graph on the right cannot contain a
strict monotone cycle.

Remark 3.8 In general, finding a monotone cycle requires a solution to the conjugacy
problem for GBS groups (seeLemma 3.14). This problem is not yet known to be
solvable.

Definition 3.9 Given Γ ∈ RLG(G) and e ∈ E(Γ), we denote byS(Γ, e) ⊆ RLG(G)
the set of reduced labeled graphs obtained fromΓ by a sequence of slides ofe and ē.
S(Γ, e) is then called theslide space of e (based atΓ).

Proposition 3.10 Let Γ ∈ RLG(G) and e∈ E(Γ). Then |S(Γ, e)| = ∞ if and only if
Γ contains a strict e–integer cycle or a strict ē–integer cycle.

Proof By Remark 3.3, it is clear that ifΓ contains a stricte–integer cycle or a strict
ē–integer cycle, then|S(Γ, e)| = ∞.

For the converse letΓi be an infinite sequence of labeled graphs inS(Γ, e). As the
number of edges in the graphsΓi is constant, there is a subsequence such thatΓi = Γ′

(asunlabeled graphs) for some fixed graphΓ′ . Thus either|λi(e)| or |λi(ē)| is an
unbounded sequence of natural numbers. By interchanginge for ē and passing to a
subsequence if necessary, we can assume that|λi(e)| is a strictly increasing sequence
of natural numbers. Since slides ofe commute with slides of̄e, we can assume that
the labeled graphsΓi are obtained from each other without slidingē. There is a finite
number of primes appearing in the sequence{|λi(e)|}. Indeed, this list is contained in
the set of primes that appear on any labeled graph forG. Therefore, by the following
lemma, there aren, n′ such thatλn(e) dividesλn′(e). Let γ be thee–edge path that
e slid along transformingΓ into Γn andγ′ the stricte–integer cycle thate slid along
transformingΓn into Γn′ . Then clearlyγγ′γ̄ is a stricte–integer cycle inΓ.
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Lemma 3.11 Let {mi} be a strictly increasing sequence of natural numbers such that
only finitely many primes appear in the sequence. Then there are distinct indices n, n′

such that mn divides mn′ .

Proof We will prove this by induction on the number of primes appearing in the
sequence{mi}. If there is only one prime appearing, then the lemma is obvious.

Suppose thatN primes appear in the sequence{mi}. To any elementm in the sequence
we associate a point inZN

>0 (i.e., the first orthant ofZN ) by:

N∏
j=1

p
kj
j 7→ (k1, . . . , kN)

where
∏N

j=1 p
kj
j is the prime decomposition ofm. For any elementmi in the sequence,

we denote thej th coordinate in this assignment by (mi)j . If there is some elementmi

such that (m1)j 6 (mi)j for all j , thenm1 dividesmi and the conclusion of the lemma
holds.

Otherwise, by passing to a subsequence, we can assume that (mi)j < (m1)j for some
fixed j and all i . By further passing to a subsequence we can assume that (mi)j = M
for all i . Then{mi/pM

j } is a strictly increasing sequence of natural numbers in which
only N− 1 primes appear. Now apply induction to complete the proof.

Definition 3.12 Let Γ ∈ RLG(G). An edgee∈ E(Γ) is mobileif either:

(a) there is a strict monotone cycle of the form (e0, . . . , en, e) or (e0, . . . , en, ē); or

(b) |S(Γ, e)| = ∞ (equivalently, byProposition 3.10, Γ contains a stricte–integer
cycle or a strict̄e–integer cycle).

An edge that is not mobile is callednon-mobile. Note that mobility is a property of
geometric edges:e is mobile if and onlyē is.

Remark 3.13 By Proposition 3.10there is an algorithm to determine whether a given
edge e ∈ E(Γ) is mobile or not. Indeed, given an edge we can start making an
exhaustive search ofS(Γ, e). Either this space is finite or we find an stricte–integer
cycle or strictē–integer cycle. In the latter case,e is mobile. If the slide space is finite,
we can search these graphs to see ife is a strict ascending or strict virtual ascending
loop in any of the graphs. An affirmative answer implies thate is mobile, a negative
answer implies thate is non-mobile.

Let T denote the Bass–Serre tree coveringΓ.
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Lemma 3.14 An edge e ∈ E(Γ) is mobile if and only if Gt
ẽ ( Gẽ for some t ∈ G

and some lift ẽ∈ E(T) of e.

Proof It is clear that ife or ē is the last edge of a strict monotone cycle, or there
is strict e–integer cycle or strict̄e–integer cycle then there is a lift̃e and a t ∈ G
satisfying the conclusion of the lemma.

For the converse, givent and ẽ with Gt
ẽ ( Gẽ, we can replacet if needed to arrange

that there are noG–translates of̃e along the edge path connectingẽ to tẽ. Also we
can assume without loss of generality thato(ẽ) separates̃e from tẽ. Let α̃ be the path
in T from ẽ to tẽ, and letα be its image inΓ.

If ẽ and tẽ are coherently oriented, then (α, ē) is a strict monotone cycle. Otherwise,
α is a stricte–integer cycle.

Corollary 3.15 If Γ,Γ′ ∈ RLG(G) are related by slide moves and e∈ E(Γ) is mobile,
then e is mobile in Γ′ .

Proof This follows fromLemma 3.14since edge stabilizers are unchanged by slide
moves.

Example 3.7shows that both parts of the definition for mobility are needed. The edge
e is part of a strict monotone cycle (e1, e2, e3, e) in the labeled graph on the left and
hence is mobile. In the labeled graph on the right, as noted in the example, there are
no strict monotone cycles, but there is a strictē–integer cycle, soe is mobile.

Remark 3.16 The set of non-mobile edges is preserved by slides, inductions, and
A ±1–moves. To make sense of the third case, observe that even though anA ±1–
move changes the set of edges, the edges directly involved in the move are all mobile,
so each non-mobile edge is present before and after the move, and its status does
not change (byLemma 3.14). In the case of an induction move, the loop is mobile
before and after, and mobility of other edges is not affected, again byLemma 3.14.
Therefore, for any labeled graph space, we can compare non-mobile edges between
any two labeled graphs.

Lemma 3.17 In a labeled graph, a non-mobile edge cannot slide over a mobile edge.

Proof Suppose an edgef slides over a mobile edgee. Then there are lifts̃f and ẽ
in the covering treeT such that̃f slides overẽ, and soGf̃ ⊆ Gẽ. Let n = [Gẽ : Gf̃ ].
By Lemma 3.14there is at ∈ G such thatGt

ẽ ( Gẽ. Let m = [Gẽ : Gt
ẽ]. Then

Gt
f̃
⊆ Gt

ẽ ( Gẽ, andGt
f̃

is the unique subgroup ofGẽ of index mn. This implies that

Gt
f̃

is the subgroup ofGf̃ of index m, which is greater than 1, and sof is mobile.
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3.2 Slide relations

In this subsection we will work out some methods to rearrange sequences of slide
moves. In particular, we will show that any sequence of slides can be rewritten so that
non-mobile edges slide before mobile edges, and individual non-mobile edges can be
slid one at a time. To simplify the discussion, we will only consider positive labeled
graphs. All slides in this section are betweenreducedtrees (that is, the slides take
place “in RLG+(G)”).

Notation 3.18 If Γ ∈ RLG(G), e ∈ E(Γ) and A is an e–edge path, we will use the
notatione/A to denote the slide move ofe over A. When we write a composition of
slidese/A · f/B we will always assume thatf/B is a valid slide move after slidinge
over A. We have some obvious relations:e/A · e/A′ = e/AA′ ande/Ā is the inverse
of e/A (hereĀ is the reverse of the pathA).

Throughout the rest of the section,A denotes ane or ē–edge path andB denotes anf
or f̄ –edge path. Likewise forA′ , B′ , etc. We will useα to denote ane or ē–edge path
not containingf or f̄ , andβ an f or f̄ –edge path not containinge or ē.

The following proposition is our current goal.

Proposition 3.19 Suppose Γ ∈ RLG+(G) and e, f ∈ E(Γ) (e 6= f , f̄ ) where f is
non-mobile. Suppose e/A · f/B is valid slide sequence in RLG+(G). Then:

e/A · f/B = f/B′ · f̄/B′′ · e/A′ · ē/A′′

for some appropriate edge paths B′, B′′, A′ and A′′ .

We will establish this proposition by a careful analysis of how to commute individual
slide moves past one another. We begin by listing several basic relations.

Definition 3.20 In some of the slide relations below,renamingoccurs. This does
not mean that the edges themselves are renamed. Rather, when the relation is used to
substitute some slide moves for others inside a larger sequence of moves, the moves in
the larger sequence occurringafter the newly substituted moves need to be renamed, so
that they still refer to the same edges as before. For example, the instruction “rename
e 7→ f , f 7→ ē ” means that moves such ase/α, f/ē, e/f̄ occurring later in the sequence
should now be written asf/α, ē/f̄ , f/e. The reason for this should become clear in
the proof of the next lemma.

Lemma 3.21 Suppose that f is non-mobile. Then the following relations are valid:
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(a) e/α · f/β = f/β · e/α

(b) e/α · f/e = f/ᾱe · e/α

(c) e/α · f/ē = f/ēα · e/α

(d) e/f · f/β = f/β · e/βf

(e) e/f · f/e = f/e

(f) e/f · f/ē = e/f · ē/f , then rename e 7→ f̄ , f 7→ ē

(g) e/f̄ · f/β = f/β · e/f̄ β̄

(h) e/f̄ · f/e = f̄/e, then rename e 7→ f , f 7→ ē

(i) e/f̄ · f/ē = e/f̄

where f , f̄ /∈ α and e, ē /∈ β . Furthermore, after substituting and renaming moves, f
still refers to a non-mobile edge.

Proof In the diagrams below, the heavy edge isf and the light edge ise. Note that in
cases (f) and (h), later references to these edges will be renamed. Sincef slides over
e or ē in these cases,e must be non-mobile byLemma 3.17. So it remains true thatf
is non-mobile in later moves, after the renaming step.

Now consider the individual cases, recalling thatα andβ do not containe, ē, f , or f̄ .
Case (a) is obvious. Case (b) is clear after noting thato(e) = o(α) andt(α) = o(f ). In
case (c) we haveo(α) = o(e) and t(e) = o(f ) and the relation is clear. In case (d) we
haveo(e) = o(f ) = o(β) and the relation is clear.

For (e), shown below,f is a loop ato(e). The labelsλ(e), λ(f ) are of the formca, a
since e slides overf . Then, sincef slides overe, we must havecb | a (where
b = λ(f̄ )), henceb | a. Sincef is non-mobile, we then haveb = a. Hence the first
slide may simply be omitted.

ca

a b

cb

a b
cb

b

For (f), shown below,e is a loop ato(f ) and we haveλ(e), λ(f ) of the form ca, a as
before. Sincef slides overē, we haveb | a (whereb = λ(ē)) and the new label of
f becomesacd/b (whered = λ(f̄ )). This integer is divisible byd, and sof is now
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virtually ascending. Sincef is non-mobile, we conclude thatacd/b = d, so ac = b.
Sinceb | a, we now havec = 1 anda = b. The result of the two moves can now be
achieved by slidinge and ē over f . After this move,f̄ is in the position previously
occupied bye, so later references toe should be renamed as̄f . Similarly, references
to f should be renamed tōe (e would work equally well in this case).

a d a d
d dca b b cd

b cd

In case (g) we haveo(e) = t(f ) ando(f ) = o(β) and the relation is clear. For (h) we
haveo(e) = t(f ), andλ(e), λ(f̄ ) of the formba, a. After the first slideλ(e) becomes
bc wherec = λ(f ), and since the second slide occurs we have thatbc | c. Hence
b = 1 and we originally haveλ(e) = λ(f̄ ). Now the same labeled graph results by
sliding f̄ over e. In later moves,e should be renamed asf , and f as ē, sincef and ē
now occupy the previous positions ofe and f .

Case (i) is shown below:

a b
ca d

a b

cb d

a b

The labelsλ(e), λ(f̄ ) are of the formca, a and λ(e) becomescb after the first slide
(whereb = λ(f )). From the second slide we deduce thatd = λ(ē) dividesb. Now e
is virtually ascending, and it is non-mobile sincef can slide over it. Socb = d and
the second slide may be omitted.

The next result is a straightforward application of the relations (a)–(d) of Lemma 3.21.
It will be used to establish a special case ofProposition 3.19, when eitherf , f̄ /∈ A or
e, ē /∈ B.

Lemma 3.22 Suppose that f is non-mobile. Then the following relations are valid:

(a) e/αfα′ · f/β = f/β · e/αβfα′
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(b) e/αf̄α′ · f/β = f/β · e/αf̄ β̄α′

(c) e/α · f/βeβ′ = f/βᾱeβ′ · e/α

(d) e/α · f/βēβ′ = f/βēαβ′ · e/α

Proof For (a) we write

e/αfα′ · f/β = e/αf · f/β · e/α′By 3.21(a):

= e/α · f/β · e/βfα′3.21(d):

= f/β · e/αβfα′.3.21(a):

The other relations are similar.

The next relations will form the basis of the proof ofProposition 3.19.

Lemma 3.23 Suppose that f is non-mobile. Then the following relations are valid:

(a) e/αfα′ · f/βeβ′ = f/ᾱeβ′ · e/αβ

(b) e/αfα′ · f/βēβ′ = f/β · f̄/α′ · e/αβf ᾱ′ · ē/fβ′, rename e 7→ f̄ , f 7→ ē

(c) e/αf̄α′ · f/βēβ′ = f/α′β′ · e/αf̄ β̄′

(d) e/αf̄α′ · f/βeβ′ = f/α′ · f̄/ᾱe · e/α · ē/β′, rename e 7→ f , f 7→ ē

Proof The first three of these follow from straightforward computations, similar to
Lemma 3.22.

e/αfα′ · f/βeβ′ = e/α · f/β · e/βf · f/ᾱ′e · e/α′ · f/β′By 3.21(a,d,b):

= f/β · e/αβ · f/ᾱ′ · e/ᾱ′f · f/eβ′ · e/α′3.21(a,d):

= f/βᾱ′ · e/αβ · f/α′e · e/ᾱ′ · f/β′ · e/α′3.21(a,e,b):

= f/β · e/αβ · f/eβ′3.21(a) and cancellation:

= f/ᾱeβ′ · e/αβ.3.21(b,a):

This proves (a). For (b) we have:

e/αfα′ · f/βēβ′ = e/αf · f/β · e/α′ · f/ēβ′

= f/β · e/αβf · f/ēα′β′ · e/α′3.21(d,c,a):

= f/β · e/αβf · ē/f · ē/α′β′ · f̄/α′, renamee 7→ f̄ , f 7→ ē3.21(f):

= f/β · e/αβf · ē/f · f̄/α′ · ē/α′β′, renamee 7→ f̄ , f 7→ ē3.21(a):

= f/β · e/αβf · f̄/α′ · ē/fβ′, renamee 7→ f̄ , f 7→ ē3.21(g) and cancellation:

= f/β · f̄/α′ · e/αβf ᾱ′ · ē/fβ′, renamee 7→ f̄ , f 7→ ē.3.21(g,a):
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Note that part of the third line has undergone renaming. The renaming instruction is
still needed for any subsequent moves. Next consider (c):

e/αf̄α′ · f/βēβ′ = e/αf̄ · f/β · e/α′ · f/ēβ′

= f/β · e/αf̄ β̄α′ · f/ēβ′3.21(g,a):

= f/β · e/αf̄ β̄ · f/ēα′β′ · e/α′3.21(c,a):

= f/β · e/αf̄ · f/ēβ̄α′β′ · e/β̄α′3.21(c,a):

= f/β · e/α · f/β̄ · e/f̄β · f/α′β′ · e/β̄α′3.21(i,g):

= e/αf̄ · f/α′β′ · e/α3.21(a) and cancellation:

= f/α′β′ · e/αf̄ β̄′.3.21(g,a) and cancellation:

Finally we prove (d). Notice that asαf̄α′ is an e–edge patho(α′) = o(f ) and after
sliding e we have thato(e) = t(α′). Also, sinceβeβ′ is anf –edge path after slidinge,
o(β) = o(f ) = o(α′) and t(β) = o(e) = t(α′) Therefore, as neitherα′ nor β contain
e, ē, βᾱ′ is a cycle before slidinge. Since after slidinge overαf̄α′ we can slidef over
βe we have thatλΓ(e)qΓ(α, f̄ , α′) divides λΓ(f )qΓ(β). (HereΓ is the labeled graph
just before the slide moves under discussion.) In particular, after slidingf alongβ , we
can slide it back along ¯α′ . Finally, sinceλΓ(f ) divides λΓ(e)qΓ(α, f̄ ) which divides
λΓ(f )qΓ(βᾱ′), we have thatqΓ(βᾱ′) is an integer. Asf is non-mobile, this integer
must be 1 (recall that we are assuming that all labels are positive). Hencef/β = f/α′ .
Now it is easy to verify that (d) is a valid relation:

e/αf̄α′ · f/α′eβ′ = e/αf̄ · f/α′ · e/α′ · f/eβ′

= f/α′ · e/αf̄ · f/eβ′3.21(g,a) and cancellation:

= f/α′ · e/α · f̄/e · ē/β′, renamee 7→ f , f 7→ ē3.21(h):

= f/α′ · f̄/ᾱe · e/α · ē/β′, renamee 7→ f , f 7→ ē.3.21(b):

This completes the proof.

We are now in a position to proveProposition 3.19.

Proof of Proposition 3.19 To simplify the discussion we introduce a shorthand for
slide sequences. Slides of the forme/α or ē/α are denoted byE, and those of the
form e/αfα′ , e/αf̄α′ , ē/αfα′ or ē/αf̄α′ by EF . Likewise define the symbolsF and
FE . Given a slide sequence, letm denote the number of slides of the formEF or FE .
Let n denote the number of transitions of the formEFFE after omitting the symbols
E, F . Thecomplexityof the sequence is the pair (m, n), ordered lexicographically.
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We are given the sequencee/A·f/B, which decomposes into a slide sequence consisting
of E’s and EF ’s, followed by F ’s and FE ’s. Our strategy is to apply slide relations
to reduce complexity, untiln = 0. If n = 0 then we have a sequence in which no
EF appears before anFE . To complete the argument in this case,Lemma 3.21(a)
will transform anyEF to FE; Lemma 3.22(a,b) transforms anyEFF to FEF ; and
Lemma 3.22(c,d) transforms anyEFE to FEE. Using these relations, the sequence can
be transformed to one consisting ofF ’s and FE ’s followed by E’s and EF ’s. Lastly,
since slides ofe and ē (respectively,f and f̄ ) commute, the sequence can be put into
the desired formf/B′ · f̄/B′′ · e/A′ · ē/A′′ .

Next we show how to reduce complexity ifn > 0. We will be applying the relations
of Lemma 3.23, some of which involve renaming. When this occurs, the symbolsEF

andFE , and the symbolsE andF , will be exchanged throughout part of the sequence.
Notice that this in itself does not changem. Notice also that the relations in3.23(a),
3.23(c) and3.23(d) all reducem.

There is one additional rewriting move which has not yet been discussed. The moves
EEF may be rewritten either asEF or asEFE, depending on whether the edgee appears
with the same orientation in the two moves. Similarly,FEF can be rewritten asFE or
FFE .

The procedure is first to push allF ’s to the beginning of the sequence and allE’s
to the end, using this last observation and Lemmas3.21(a) and3.22. This does not
change complexity. Then apply relation3.23(a), 3.23(c) or 3.23(d), if possible, to one
of the EFFE pairs, to reduce complexity. If none of these apply, then everyEFFE pair
matches the left hand side of relation3.23(b). Using this relation does not obviously
reduce complexity, but we can proceed as follows.

Starting with the rightmostEFFE pair, the slide sequence has the form

· · · (EFFE)(FE)∗(EF)∗(E)∗

where∗ denotes zero or more copies of the symbol. Applying3.23(b) to this pair, the
sequence becomes

· · · (FFEFEF)(EF)∗(FE)∗(F)∗,

with no change to the symbols that are not shown. If the (EF)∗ term in the original
sequence is empty thenn decreases andm stays the same, and complexity has been
reduced. Otherwise the new sequence has the same complexity. If this occurs, apply
Lemma 3.23to the newly created rightmostEFFE pair. If case (a), (c) or (d) applies,
complexity is reduced as before. If case (b) applies then we are in the situation just
discussed, with empty (EF)∗ term, andn decreases. Thus, in all cases, complexity has
been reduced.
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The corollary below follows directly, by repeated application ofProposition 3.19.

Corollary 3.24 Suppose Γ,Γ′ are related by a sequence of slides in RLG+(G) and
f ∈ E(Γ) is non-mobile. Then there is a labeled graph Γf ∈ S(Γ, f ) and a sequence of
slides Γf → Γ′ in RLG+(G) during which the edges f , f̄ remain stationary. Moreover,
if a geometric edge e, ē∈ E(Γ) was stationary in the original slide sequence, then the
sequence Γf → Γ′ may be chosen to leave e, ē stationary as well.

3.3 Finiteness ofRLG(G)

We can now proveTheorem 1.1, along with some applications. Here is a restatement
of the theorem.

Theorem 3.25 Let Γ ∈ RLG(G), where G 6= BS(1, n). Then |RLG(G)| = ∞ if and
only if Γ has a mobile edge.

Proof Let G+ be the GBS group represented by the labeled graph (Γ, |λ|). Changing
the signs of a labeling has no effect on divisibility relations, and hence has no effect
on slide moves or mobility of edges. Moreover, the absolute value mapRLG(G) →
RLG+(G+) is finite-to-one, so|RLG(G)| is finite if and only if |RLG+(G+)| is. Thus,
without loss of generality, we may assume thatΓ is a positive labeled graph, and we
may work inRLG+(G), whereCorollary 3.24is valid.

SupposeΓ has a mobile edgee. If there is a strict monotone cycle thenG is ascending,
and sinceG 6= BS(1, n), it follows that |RLG(G)| = ∞. Otherwise|S(Γ, e)| = ∞,
which implies that|RLG(G)| = ∞.

Next suppose thatΓ has no mobile edges. In particular,G is non-ascending. By
Corollary 2.6, RLG+(G) is connected by slide moves. Lete1, e2, . . . , ek be the geo-
metric edges ofΓ. Given anyΓ′ ∈ RLG+(G), Corollary 3.24implies that there is a
sequence of labeled graphsΓ = Γ0,Γ1, . . . ,Γk = Γ′ such thatΓi is in the slide space
S(Γi−1, ei) for eachi . Since noΓi has a mobile edge, these slide spaces are all finite,
and thereforeRLG+(G) is finite.

Remark 3.26 Since we have an algorithm to determine whether a given labeled
graph has a mobile edge (Remark 3.13), the finiteness criterion above can be checked
algorithmically.
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Example 3.27 Figure 2shows a labeled graph with modulus a nontrivial integer. For
this reason, the finiteness theorem of Forester [7] does not apply. There is only one
possible slide move, and the only slide afterwards is its reverse. It follows that there
are no mobile edges, byRemark 3.13. Hence this GBS group has only finitely many
reduced labeled graphs representing it.

2
4

18
24

18

24

Figure 2: A GBS group with finite labeled graph space and integral modulus.

As a consequence ofTheorem 1.1, we have the following theorem about the finiteness
properties of the group of outer automorphisms of a GBS group. The proof is exactly
as in Clay [3, Theorem 75] or Levitt [14, Theorem 1.5]. Recall that a group isof type
F∞ if it is the fundamental group of an aspherical cell complex having finitely many
cells in each dimension.

Theorem 3.28 If a GBS group G is represented by a labeled graph that does not have
any mobile edges, then Out(G) is of type F∞ .

Another application concerns the isomorphism problem for GBS groups.

Theorem 3.29 There is an algorithm which, given two labeled graphs, one of which
does not have any mobile edges, determines whether the corresponding GBS groups
are isomorphic.

Proof Let Γ,Γ′ be reduced labeled graphs with corresponding GBS groupsG, G′ ,
where Γ has no mobile edges.Remark 3.16implies that the deformation space
of Γ is non-ascending. Hence, byCorollary 2.6, reduced trees in this deformation
space are connected by slide moves (between reduced trees). SinceRLG(G) is finite
(Theorem 1.1), it can be enumerated effectively, by performing all possible slide
sequences, exactly as in the proof of [7, Corollary 8.3]. ThenG andG′ are isomorphic
if and only if the labeled graphΓ′ is found.
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4 Betti number one graphs

Given a non-elementary GBS groupG, all labeled graphsΓ ∈ RLG(G) have the same
first Betti numberb(Γ), since this is simply the rank of the quotient ofG by the
subgroup generated by the elliptic elements. Alternatively, collapse and expansion
moves induce homotopy equivalences of the underlying graph. Thus we also denote
this numberb(G). In this section we will only consider GBS groupsG such that
b(G) = 1. As before, all GBS groups in this section are assumed to be non-elementary.

Remark 4.1 SupposeΓ ∈ RLG(G) with b(Γ) = 1. If there is a strict monotone cycle
in Γ, then there is one which is embedded. To see this, note first that there is one which
is immersed (byLemma 3.6). Sinceb(Γ) = 1, the cycle is a covering of an embedded
cycle. Then since the final edge in a monotone cycle appears only once, the cycle itself
must be embedded.

Hence, we can determine algorithmically whether a given labeled graphΓ with b(Γ) =
1 contains a strict monotone cycle.

Proposition 4.2 Suppose Γ ∈ RLG(G) and b(Γ) = 1. If Γ has a strict monotone
cycle and Γ′ ∈ RLG(G) then Γ′ also has a strict monotone cycle.

Proof By Theorem 2.5we only need to consider the case whenΓ andΓ′ are related
by a slide, induction orA ±1–move. If Γ and Γ′ are related by an induction move,
then both contain strict ascending loops and hence both contain strict monotone cycles.
Also, if Γ andΓ′ are related by anA ±1–move, then one of the labeled graphs contains
a strict ascending loop and the other contains a strict virtual ascending loop, hence both
contain a strict monotone cycle.

Now assume thatΓ has an embedded strict monotone cycle (e0, . . . , en, e) and thatΓ′

is obtained by sliding an edgef over an edgef ′ in Γ. Since we can assume that the
strict monotone cycle is embedded,ei 6= ej , ēj for any i 6= j . We have several cases
to consider depending on the configuration off , f ′ with respect to the monotone cycle.
In all cases, it suffices to find an edge that can be slid into a loop, since it will have the
same (integral) modulus as (e0, . . . , en, e) (becauseb(Γ) = 1).

Clearly if f , f̄ /∈ (e0, . . . , en, e), then this strict monotone cycle is also a strict monotone
cycle in Γ′ .

If f = ei and f ′ 6= ē, then (e0, . . . , ei−1, f ′, ei , . . . , en, e) is a strict monotone cycle
in Γ′ . Likewise, if f = ēi and f ′ 6= e then (e0, . . . , ei , f̄ ′, ei+1, . . . , en, e) is a strict
monotone cycle inΓ′ .
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Since the strict monotone cycle is embedded, the only possible configurations off , f ′

where f ∈ {ei , ēi} and f ′ ∈ {e, ē} are whenf = e0 and f ′ = ē or f = ēn and
f ′ = e. In the first case (e1, . . . , en, e0) is a strict monotone cycle inΓ′ . To see
this note thate0 can slide over̄e and ē can slide overe0, and hence appropriately
chosen lifts to the Bass–Serre tree carry the same stabilizer. Then sinceē can slide
over the path (e0, . . . , en), we have that̄e0 can slide over (e1, . . . , en), after which it
becomes a virtual ascending loop. In the second case, withf = ēn andf ′ = e, the path
(e0, . . . , en) is a strict monotone cycle inΓ′ for similar reasons.

The remaining cases of interest are whenf ∈ {e, ē}. If f = e, then (e0, . . . , en, f ′, e)
is a strict monotone cycle inΓ′ , by the following reasoning. For any strict monotone
cycle (e0, . . . , en, e) we have thatλ(ē)q(e0, . . . , en) is an integer, since this is the label
on ē after sliding over (e0, . . . , en). Also, λ(e) divides this integer since the modulus
of the cycle is (λ(ē)/λ(e))q(e0, . . . , en). In our situationλ(f ) dividesλ(e), and hence
alsoλ(ē)q(e0, . . . , en). So inΓ′ the edgēe can slide over (e0, . . . , en) and then overf .

If f = ē, then (̄f ′, e0, . . . , en, e) is a strict monotone cycle inΓ′ , sinceē can slide back
over f̄ ′ and then over (e0, . . . , en).

In the caseb(Γ) = 1, we now have a converse to the first statement ofLemma 3.6.

Corollary 4.3 If Γ ∈ RLG(G) satisfies b(Γ) = 1 then G is ascending if and only if Γ
has an embedded strict monotone cycle.

Proof If G is ascending, then there is a labeled graphΓ′ ∈ RLG(G) that contains a
strict ascending loop (which is a strict monotone cycle). ByProposition 4.2, Γ also
contains a strict monotone cycle. The converse is given byLemma 3.6.

Remark 4.4 Note that the latter condition can be checked effectively byRemark 4.1.
Thus, whenb(Γ) = 1, we can check algorithmically whetherG is ascending. There is
no known condition for checking whether a GBS group is ascending in general.

Definition 4.5 A mobile edge that is not an ascending loop or the reverse of an
ascending loop is called ans–mobile edge(s stands for “slide”). Note that ifb(Γ) = 1
and e is an ascending loop, then slidinge or ē over another edge always results in a
graph that is not reduced. Hences–mobile edges are the only mobile edges that can
slide over another edge while staying insideRLG(G). GivenΓ ∈ RLG(G), let s(Γ) be
number of geometrics–mobile edges. By the following lemma, this number may also
be denoteds(G).
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Lemma 4.6 If Γ,Γ′ ∈ RLG(G) and b(Γ) = 1 then s(Γ) = s(Γ′).

Proof As before, we just need to verify this whenΓ and Γ′ are related by a slide,
induction orA ±1–move. For slide moves, the number of mobile edges is invariant
(by Corollary 3.15) and so is the number of ascending loops.

For the other moves, note that at least one ofΓ or Γ′ must be a single strict ascending
loop with trees attached. Thes–mobile edges are exactly those which can be slid to
and around the loop. The result can be verified easily from this description.

4.1 The non-mobile subgraph

Since we are assuming thatb(Γ) = 1 for anyΓ ∈ RLG(G), the imageq(G) ⊂ Q× is
generated by a single rational numberq = q(γ), whereγ is an (oriented) embedded
cycle in Γ. We may assume that|q| > 1.

Let Γnon ⊂ Γ be thenon-mobile subgraph, obtained fromΓ by discarding the mobile
edges and any vertices incident to a strict ascending loop. Note thatΓnon may be
disconnected, and may have isolated vertices. LetΓ1, . . . ,Γk be the simply connected
components ofΓnon. There is at most one component ofΓnon not in this list, and this
only happens whenG is non-ascending.

In both of the examples ofFigure 3, the non-mobile subgraph consists of the two
vertices of valence one; all edges are mobile, and the middle vertex is deleted.

EachΓi carries a subgroupGi of G, well defined up to conjugacy. These subgroups
and their conjugates will be callednon-mobile subgroups.

For each geometric mobile edge{e, ē}, one of its orientations will be designated as
preferred. If e∈ γ thene is preferred. Otherwise, ife, ē 6∈ γ , we saye is preferred if
e separateso(e) from γ . Sinceb(Γ) = 1, exactly one ofe, ē will have this property.

Lemma 4.7 For each simply connected component Γi ⊆ Γnon, there is a unique
preferred mobile edge ei such that o(ei) ∈ Γi . Furthermore, every s–mobile edge is ei

or ēi for some i . Hence Γnon has exactly s(G) simply connected components.

Proof There are two cases depending on whetherΓi intersectsγ . If Γi intersectsγ
(which can happen ifγ contains ans–mobile edge), then sinceΓi is simply connected,
there is a (preferred) mobile edgeei ∈ γ such thato(ei) ∈ Γi . There is at most one
other geometric mobile edge inγ that is incident toΓi . Its preferred orientation must
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meetΓi in its terminal vertex, since the edges inγ are oriented coherently. For any
other preferred mobile edgee′ incident toΓi , we have thatΓi separatese′ from γ , and
so Γi containst(e′), not o(e′).

If Γi does not intersectγ , then sinceb(Γ) = 1, there is a unique preferred mobile edge
incident toΓi , separatingΓi from γ .

For the second statement, lete be a preferreds–mobile edge. Theno(e) is not the
vertex of an ascending loop, and soo(e) ∈ Γnon. If o(e) 6∈ γ theno(e) ∈ Γi for some
i . If o(e) ∈ γ then e ∈ γ , and hence all components ofΓnon are simply connected.
Thus o(e) ∈ Γi for somei . In either case, sinceo(e) ∈ Γi , it follows that e = ei by
uniqueness.

We will be looking carefully at the subgraphsΓi and how they sit insideΓ. For this
we need the following definitions.

Definition 4.8 A pointed labeled graphis a triple Γ̂ = (Γ, v̂, λ̂) whereΓ is a labeled
graph, v̂ ∈ V(Γ), and λ̂ is a non-zero integer. It isreducedif Γ is reduced and
λ̂ 6= ±1. Let R̂LG(G) be the set of reduced pointed labeled graphs (Γ, v̂, λ̂) such that
Γ ∈ RLG(G).

We define an equivalence relation on̂RLG(G) via the following procedure. Given
(Γ, v̂, λ̂), adjoin a new distinguished edgee to Γ with o(e) = v̂ and labelλ(e) = λ̂ (the
labelλ(ē) is irrelevant). Perform any elementary deformation of this graph in whiche
is never collapsed. In particular, no edge slides overe. Now let v̂′ = o(e), λ̂′ = λ(e),
and deletee to obtain the labeled graphΓ′ . If Γ′ is reduced and̂λ′ 6= ±1, we declare
the pointed labeled graphs (Γ, v̂, λ̂) and (Γ′, v̂′, λ̂′) to be equivalent.

As always, labeled graphs are considered modulo admissible sign changes, and this
applies to pointed labeled graphs as well. In particular, an admissible sign change
may be performed on the distinguished edge, and so (Γ, v̂, λ̂) is always equivalent to
(Γ, v̂,−λ̂). Alternatively, this equivalence can be seen by performing an admissible
sign change on every vertex and edge ofΓ.

Given Γ̂ ∈ R̂LG(G) let R̂LG(Γ̂) ⊂ R̂LG(G) be the equivalence class containingΓ̂. It
is called thepointed labeled graph space ofΓ̂.

Remark 4.9 It is interesting to comparêRLG(Γ̂) with RLG(Γ). For example, let
Γ̂ = (Γ, v̂, λ̂) whereΓ is the labeled graph ofFigure 2, v̂ is the upper left vertex, and
λ̂ = 8. Then|R̂LG(Γ̂)| = ∞ even though|RLG(Γ)| < ∞, because the distinguished
edge can slide around the cycle in the counterclockwise direction, increasingλ̂. Indeed,
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for any labeled graphΓ with a non-trivial integral modulus, there will be pointed labeled
graphsΓ̂ with |R̂LG(Γ̂)| = ∞, by similar reasoning. However, ifΓ has no non-trivial
integral moduli, then we have the following result.

Proposition 4.10 Suppose G has no non-trivial integral moduli. Then

(a) |R̂LG(Γ̂)| < ∞ for every Γ̂ ∈ R̂LG(G), and

(b) there is an algorithm which, given Γ̂, Γ̂′ ∈ R̂LG(G), determines whether they
are in the same pointed labeled graph space.

Proof Given Γ̂ = (Γ, v̂, λ̂) let Γ0 be the reduced labeled graph obtained fromΓ by
adjoining a new edgee and a new vertext(e), with o(e) = v̂, λ(e) = λ̂, andλ(ē) = 2.
Let G0 be the new GBS group. This operation does not change the image of the modular
homomorphism, soG0 has no non-trivial integral moduli. Now observe that̂RLG(Γ̂)
embeds intoRLG(G0), by identifying the distinguished edge withe. Conclusion (a)
follows becauseRLG(G0) is finite, by [7, Theorem 8.2].

For (b) one considers elementary deformations ofΓ0 in which e is never collapsed.
By Corollary 2.6, if Γ′0 is related toΓ0 by such a deformation, then there is a sequence
of slide moves fromΓ0 to Γ′0 in which no edge ever slides overe. Now, givenΓ̂ and
Γ̂′ , start withΓ0 and perform all possible sequences of slide moves, never sliding an
edge overe. All labeled graphs thus obtained yield pointed labeled graphs in̂RLG(Γ̂)
(by recordingo(e) andλ(e) and deletinge). Moreover every pointed labeled graph in
R̂LG(Γ̂) will be found, since these slides take place inRLG(G0), which is finite.

Definition 4.11 Recall that givenΓ ∈ RLG(G) with b(Γ) = 1, each simply connected
componentΓi of Γnon has a preferred mobile edgeei associated to it, witho(ei) ∈ Γi .
Define Γ̂i to be the pointed labeled graph (Γi , o(ei), λ(ei)). This data will also be
denoted (Γi , v̂i , λ̂i). Note thatΓ̂i is reduced, becauseΓ is, and soΓ̂i ∈ R̂LG(Gi) for
eachi .

Theorem 4.12 Suppose Γ,Γ′ ∈ RLG(G) and b(Γ) = 1. Then

(a) Γ and Γ′ define the same non-mobile subgroups of G, and

(b) for each non-mobile subgroup Gi , the corresponding pointed labeled graphs Γ̂i

and Γ̂′i are equivalent in R̂LG(Gi).

Proof We may assume thatΓ andΓ′ are related by a slide, induction, orA –move.

First consider an induction move. Both labeled graphs have ascending loops, where
the move takes place, and note that every edge incident to an ascending loop is mobile.



Generalized Baumslag–Solitar groups 27

Hence the non-mobile subgraphs and subgroups do not change, nor do the labelsλ(ei)
(sinceo(ei) is not the vertex of the ascending loop).

Next suppose thatΓ′ is obtained fromΓ by an A –move, exactly as pictured in
Definition 2.3. The virtually ascending loop inΓ with labels (k, k`m) is ei for some
i . Then the vertex of the loop iŝvi and λ̂i = k. After theA –move, the newly created
edge with labels (k, `) becomesei , and the subgraphΓi is unchanged. It is still the
case that̂λi = k, and v̂i has not moved. All other subgraphsΓj are also unchanged.
HenceGi = G′i and Γ̂i = Γ̂′i for all i .

Now suppose thatΓ′ is obtained fromΓ by sliding e over e′ . To prove (a) it suffices
to show that the simply connected components ofΓnon contain the same edges and
vertices before and after the slide move. Ife is mobile thenΓnon does not change
at all, and (a) holds. So assume thate is non-mobile, which implies thate′ is also
non-mobile, byLemma 3.17. Now the slide move takes place entirely withinΓnon, and
induces a homotopy equivalenceΓnon ' Γ′non of underlying graphs. Thus the simply
connected components are preserved and (a) holds.

Now consider part (b). If e ande′ are non-mobile then the preferred mobile edgesei

do not change, nor doo(ei) andλ(ei). Thus Γ̂i and Γ̂′i are equivalent inR̂LG(Gi). If
e is mobile then it must be ans–mobile edge (cf.Definition 4.5) and soe is ei or ēi

for somei . If e = ēi theno(ei) andλ(ei) do not change, and̂Γi = Γ̂′i for all i . Now
suppose thate = ei . If e′ is non-mobile and is inΓi for somei then Γ̂i and Γ̂′i are
equivalent inR̂LG(Gi). If e′ is non-mobile and not in anyΓi then Γ̂i = Γ̂′i for eachi .

Lastly, suppose thate = ei and e′ is mobile. Note thato(e) is not the vertex of an
ascending loop, sincee is s–mobile and preferred. Hencee′ is also ans–mobile
edge. It is not preferred because no two preferred mobile edges have a common initial
vertex. Thuse′ = ēj for somej 6= i . Note that before the slide,o(e) = o(e′) ∈ Γi

and t(e′) ∈ Γj , and after the slide,o(e) = t(e′) ∈ Γj and o(e′) ∈ Γi . Thus, by the
uniqueness property ofLemma 4.7, ei becomesej and ej becomes̄ei . We also have
v̂i = v̂′i and Γ̂i = Γ̂′i for all i .

The only remaining issue is the labelsλ̂i , λ̂j and λ̂′i , λ̂
′
j . We will show thatλ(e) =

±λ(e′), which implies thatλ̂i = ±λ̂′i and λ̂j = ±λ̂′j , completing the proof. There are
two cases.

If e′, ē′ 6∈ γ , then since this is a mobile edge, the geometric edge{e′, ē′} can slide to
and aroundγ in the positive direction. Sincee′ separatest(e′) from γ , the endpoint
t(e′) can never meetγ after sliding{e′, ē′}. Hence it ise′ , and notē′ , which slides to
and aroundγ . Such a slide sequence includes a slide ofe′ over e (whethere ∈ γ or
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e 6∈ γ ). Also, just before this particular slide, the labelλ(e′) has not changed, since
o(e′) has remained within a subtree ofΓ until this point. Henceλ(e) divides λ(e′).
On the other hand, sincee can slide overe′ , we have thatλ(e′) dividesλ(e).

If ē′ = ej ∈ γ then writeγ as (ei , γ0, ej). Note that|S(Γ, e′)| < ∞ sinceΓ−{e′, ē′} is
a tree. Hencee′ is part of a strict monotone cycle, which we may take to be embedded,
and must then be either (ei , γ0, ej) or (γ̄0, ēi , ēj). The second case does not occur since
this cycle has modulus 1/q, which is not inZ − {±1}. So ēj = e′ can slide over
ei = e, andλ(e) dividesλ(e′). But e can slide overe′ , and soλ(e′) dividesλ(e).

Remark 4.13 It can be shown that conclusion (a) holds even without the assumption
that b(Γ) = 1. More specifically, all three types of moves preserve the connected
components of the non-mobile subgraph. (Recall fromRemark 3.16that the set of
non-mobile edges is preserved by the three moves.)

Definition 4.14 We may now define an invariant for non-elementary GBS groupsG
with b(G) = 1. ChooseΓ ∈ RLG(G) and letP(G) be the collection of pointed labeled
graph spaces{R̂LG(Γ̂i)} indexed by the conjugacy classes of non-mobile subgroups
of G. By Theorem 4.12, P(G) is independent of the choice ofΓ.

Moreover P(G) is computable: given labeled graphs representingG and G′ , one
may write down representatives for the collectionsP(G) and P(G′), and determine
algorithmically whetherP(G) = P(G′), by Proposition 4.10.

4.2 Ascending Betti number one GBS groups

Let G be an ascending GBS group withb(G) = 1. Recall thatq(G) ⊂ Q× is generated
by q = q(γ) whereγ is an (oriented) embedded cycle. SinceG is ascending,q ∈ Z
and |q| > 1. Let F(q) ⊂ Q× be the subgroup generated by the integral factors ofq.
We will define an invariantξ(G) ∈ (Q×/〈q〉)s/F(q), wheres = s(G) and F(q) acts
diagonally on the group (Q×/〈q〉)s.

Given a labeled graph inΓ ∈ RLG(G), let Γi and Gi be defined as inSection 4.1,
and lete1, . . . , es be the preferred mobile edges defined byLemma 4.7. Also choose a
mobile edgee∈ γ , called thereference edge. This edge may or may not be among the
edgesei , depending on whether the strict monotone cycle is an ascending loop. Based
on e, we will define an elementξi ∈ Q×/〈q〉 for eachGi , and the resultings–tuple
will represent the invariantξ(G).

First we claim that there are lifts̃e, ẽ1, . . . , ẽs in the Bass–Serre tree ofΓ such that
Gẽi ⊆ Gẽ for eachi . Note that we are free to perform slide moves without affecting
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this claim. If e is a strict virtually ascending loop, then all mobile edges inΓ can be
slid to be adjacent toe. Then lifts can be chosen so thatt(ẽi) = o(ẽ) for eachi , which
implies thatGẽi ⊆ Gẽ. Otherwise, ife is not a virtually ascending loop, then it is part
of a strict monotone cycle, and it can be made into a virtually ascending loop by slide
moves. Now choose lifts as before.

We defineξi = [Gẽ : Gẽi ]. Note that a different choice of̃ei defines the same element
of Q×/〈q〉, because the two lifts are related by an element ofG with modulus a power
of q. A different choice of̃e also makes no difference, by transport of structure. Now
defineξ(Γ) ∈ (Q×/〈q〉)s/F(q) to be the element represented by (ξ1, . . . , ξs).

Lemma 4.15 The element ξ(Γ) ∈ (Q×/〈q〉)s/F(q) is independent of the choice of
reference edge.

Proof Considerξ′(Γ) defined using a reference edgee′ ∈ γ instead ofe. We will
show that there are lifts̃e, ẽ′ such thatGẽ′ ⊆ Gẽ and [Gẽ : Gẽ′ ] is a factor of q.
Then thes–tuples (ξ1, . . . , ξs), (ξ′1, . . . , ξ

′
s) ∈ (Q×/〈q〉)s differ by this factor, and are

equivalent in (Q×/〈q〉)s/F(q).

Reversing orientations ofe, e′ if necessary, the cycleγ can be written as (α, e, β, e′).
Both (α, e, β, e′) and (β, e′, α, e) are strict monotone cycles, becausee and e′ are
mobile. Nowλ(e) dividesq(α)λ(ē′), as (α, e, β) is an ē′–edge path. Similarlyλ(e′)
dividesq(β)λ(ē). Hence the modulusq can be written as the product of two integers:

q =
q(α)λ(ē′)

λ(e)
q(β)λ(ē)

λ(e′)
.

Lifting the path (e′, α, e) to (ẽ′, α̃, ẽ) we obtainẽ and ẽ′ with Gẽ′ ⊆ Gẽ. Sincee′ can

slide over (α, e), we have [Gẽ : Gẽ′ ] =
∣∣∣q(α)λ(ē′)

λ(e)

∣∣∣. Hence this index dividesq.

Next we show thatξ(Γ) is an invariant ofG, and hence may be denotedξ(G).

Proposition 4.16 For any two graphs Γ,Γ′ ∈ RLG(G) we have ξ(Γ) = ξ(Γ′).

Proof By Theorem 2.5, we may assume thatΓ′ is obtained fromΓ by a slide,
induction, orA ±1–move. We consider the case of a slide move first.

Sinceb(Γ) = 1, the slide move does not create or remove strict ascending loops, and
so the set ofs–mobile edges is unchanged. We may also choose a reference edge
e ∈ Γ that remains on the embedded circuit inΓ′ . Thus, the collection of edges
e, e1, . . . , es and their lifts, used to defineξ , can be chosen to agree forΓ andΓ′ . The
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only change to be accounted for in passing fromΓ to Γ′ is that the correspondence
betweens–mobile edges and conjugacy classes of non-mobile subgroups may change.
That is, the indexing of the entries ofξ(Γ) may change.

Recall from the proof ofTheorem 4.12that if ones–mobile edge slides over another,
then their indices and preferred orientations may be exchanged. However, it was shown
that whenever this occurs, the labels of the two edges at their common vertex are the
same, up to sign. Thus, choosing adjacent liftsẽi and ẽj , we haveGẽi = Gẽj , and
thereforeξi = ξj . It follows thatξ(Γ) = ξ(Γ′).

If Γ andΓ′ differ by an induction move, then there are strict ascending loopse ∈ Γ
ande′ ∈ Γ′ along which the move occurs. These edges will be the reference edges for
ξ . The s–mobile edges forΓ andΓ′ will be the same, with the same indexing, since
the move does not affect the non-mobile subgraph. Thus we may choose the same
lifts ẽi for Γ and forΓ′ . We may also choose the lifts̃e and ẽ′ so thatGẽ ⊆ Gẽ′ and
[Gẽ′ : Gẽ] is a factorm of q. (Even though̃e and ẽ′ are in different trees, this can be
arranged.) Thenξi(Γ′) = mξi(Γ) for all i , and soξ(Γ′) = ξ(Γ).

Now suppose thatΓ′ is obtained fromΓ by an A −1–move, exactly as pictured in
Definition 2.3. In Γ, the edge with labels̀ andk is an s–mobile edge, saye1, with
initial vertex v on the right. The loop is the reference edgee. Choose a liftẽ1 and
let ṽ be its initial vertex. TheA −1–move does not affect̃v, and the loope′1 ∈ Γ′ has
a lift ẽ′1 with initial vertex ṽ, with the same stabilizer as̃e1. Note thate′1 is indeed
the s–mobile edge inΓ′ corresponding toG1. The other non-mobile subgraphs and
s–mobile edges are unchanged. Thus, the stabilizers of lifts ofs–mobile edges may be
chosen to agree forΓ andΓ′ . What has changed, however, is the reference edge. The
reference edge forΓ′ is e′1, whose lift ẽ′1 has stabilizerGẽ1 . The reference edge forΓ
is the loope, which has a liftẽ adjacent toẽ1, with Gẽ1 ⊆ Gẽ and [Gẽ : Gẽ1] = `.
Now ξi(Γ′) = `ξi(Γ) for all i , andξ(Γ′) = ξ(Γ), since` dividesq.

Next we define normal forms for the labeled graphs under discussion.

Definition 4.17 SupposeΓ is a reduced labeled graph with first Betti number one,
in an ascending deformation space. We say thatΓ is in normal formif it has a strict
ascending loop, every mobile edge is adjacent to this loop, and every label (except
possibly the labelq on the loop) is positive. Note that ifΓ is in normal form, then the
s–mobile edges are exactly the edges adjacent to the loop, andξ(G) is represented by
the s–tuple (λ(ē1), . . . , λ(ēs)).

Every Γ with b(Γ) = 1 in an ascending deformation space can be put into normal
form, as follows. First, there is a strict monotone cycle, which can be made into a strict
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virtually ascending loop by slide moves. If necessary, this can be made into a strict
ascending loop by anA –move. Then alls–mobile edges can be slid to be adjacent
to the loop. Lastly, sinceb(Γ) = 1, the labels (other thanq) can be made positive by
admissible sign changes.

Example 4.18 Figure 3shows two reduced labeled graphs in normal form representing
groups G, G′ . In both cases the invariantξ is the equivalence class of the pair
(1, 1) ∈ (Q×/〈2〉)2. The invariantP(G) is represented by a pair of pointed labeled
graphs, each consisting of a single vertex, with distinguished labels 2 and 2. On
the other hand,P(G′) is represented by two vertices with distinguished labels 2 and
4. Thus, we conclude thatG and G′ are not isomorphic. Note that, simple as they
are, these two groups are not covered by any of the previously known results on the
isomorphism problem (includingTheorem 3.29).

2

1

2

2

2

2

2

1

2

2

2

4

Figure 3: Two non-isomorphic GBS groups.

Theorem 4.19 Let G, G′ be ascending Betti number one GBS groups such that
s(G) = s(G′) and q(G) = q(G′). Then G and G′ are isomorphic if and only if
their non-mobile subgroups are isomorphic, and under this correspondence between
conjugacy classes of non-mobile subgroups, we have ξ(G) = ξ(G′) and P(G) = P(G′).

Proof Let (Γ, λ) and (Γ′, λ′) be reduced labeled graphs in normal form representing
G and G′ respectively. The “only if” direction was proved inTheorem 4.12and
Proposition 4.16. For the other direction we will show thatΓ andΓ′ are related by a
deformation (considered as unmarked labeled graphs), which implies thatG∼= G′ .

Let G1, . . . , Gs be the common non-mobile subgroups ofG andG′ , and letΓi andΓ′i
be the corresponding components ofΓnon and Γ′non. Then sinceP(G) = P(G′), the
pointed labeled graphŝΓi and Γ̂′i are equivalent in̂RLG(Gi). Hence, using the mobile
edgeei as the distinguished edge forΓ̂i , there is a deformation ofΓ, supported in
Γ̂i ∪ ei , making Γ̂i isomorphic toΓ̂′i as pointed labeled graphs. Thus, we may now
assume that̂Γi and Γ̂′i agree for alli .

Since the graphs are in normal form, the only possible difference betweenΓ and Γ′

is in the labelsλ(ēi) andλ′(ēi). Sinceξ(G) = ξ(G′), the s–tuples (λ(ē1), . . . , λ(ēs))
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and (λ′(ē1), . . . , λ′(ēs)) are equivalent in (Q×/〈q〉)s/F(q). By performing induction
moves, thes–tuples can be made equivalent in (Q×/〈q〉)s. Now λ(ēi) andλ′(ēi) differ
by a factor of a power ofq. By slide moves of̄ei over the ascending loop or its reverse,
these labels can be made to agree for alli .

4.3 Non-ascending Betti number one GBS groups

Let G be a non-ascending GBS group withb(G) = 1. Suppose also thatG is not
unimodular, and that the modular groupq(G) is generated by an integerq. (Otherwise,
we are in the situation covered by [7], or alternatively,Theorem 3.29.) For now, we
will also assume thatq is positive. Let the unique embedded cycleγ ⊆ Γ be oriented
so thatq(γ) = q > 1.

An edge has infinite slide space if and only if it can slide toγ and around it at least
once in the positive direction. If it can slide once all the way around, then it can do so
infinitely many times, since its label is multiplied byq each time. No edge can slide
infinitely many times around in the negative direction, since no integer is infinitely
divisible by q.

Since there are no strict monotone cycles,γ does not contain any mobile edges, and
hence is contained in a componentΓ0 of Γnon. This is the unique component ofΓnon

that is not simply connected.

Definition 4.20 Let Γ be a reduced labeled graph withb(Γ) = 1 in a non-ascending,
non-unimodular deformation space, with modulus a positive integer. Letγ ⊆ Γ be the
unique embedded cycle, oriented so thatq(γ) > 1. We say thatΓ is in normal formif
its labeling is positive and every mobile edge is adjacent toγ , and cannot slide along
γ in the negative direction. Clearly, anyΓ can be put into normal form, by sliding the
mobile edges to and along ¯γ as far as they will go.

Theorem 4.21 Let G be a non-ascending, non-unimodular GBS group with b(G) = 1
and q(G) generated by q ∈ Z>0 . Then RLG(G) contains only finitely many labeled
graphs in normal form, and these can be enumerated effectively from any Γ ∈ RLG(G).

Proof SupposeΓ′ ∈ RLG(G) is in normal form. Letf1, . . . , fk represent the geometric
non-mobile edges ofΓ. By Corollary 3.24there are sequences of slide moves

Γ = Γ0 → Γ1 → · · · → Γk → Γ′
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such that the movesΓi−1 → Γi are slides offi , f̄i only, and the movesΓk → Γ′ are
slides of mobile edges only. Thus we haveΓi ∈ S(Γi−1, fi) for each i , and since
each slide spaceS(Γi−1, fi) is finite, there are only finitely many possibilities for the
labeled graphΓk . These graphs can be found effectively by searching the slide spaces
S(Γi−1, fi). It now suffices to consider the case whenΓ = Γk , i.e. whenΓ andΓ′ are
related by slide moves of mobile edges only.

The only ambiguity now in determiningΓ′ is in the positioning and labels of the
mobile edges, since the non-mobile subgraphs ofΓ and Γ′ agree. Note that every
mobile edge joinsΓ0 to another componentΓi (sinceΓ is in normal form). LetGi be
the non-mobile subgroup corresponding toΓi .

Fix a vertexv ∈ γ and a lift ṽ in the Bass–Serre tree forΓ. Every mobile edgēei

may be slid (in the positive direction) alongγ to v, after which the label on̄ei is
ni = [Gṽ : Gṽ ∩ (Gi)g] for someg ∈ G. Modulo q, this index is independent ofg, so
[ni ] ∈ Q×/〈q〉 depends only onΓ and the choice ofv.

We claim that in fact,ni itself depends only on the choice ofv. Namely, no other
representativeqmni of [ni ] (m ∈ Z) has the property that an edgee′ at v with label
qmni can slide aroundγ in the positive direction but not in the negative direction. To
see this, slide the edge with smaller label|m| times forward, so the two labels will
agree. But then the other edge could have been slid aroundγ in the negative direction.

Now, onceni is known, the edgēei can be slid back to its original position in normal
form. This position and the resulting label on̄ei are determined byni . Hence, for any
labeled graph in normal form obtained fromΓ by sliding mobile edges only, the labels
and initial endpoints of̄ei are uniquely determined.

It remains to determine the initial verticeso(ei) and labelsλ′(ei) in Γ′ . The pointed
labeled graphŝΓi and Γ̂′i have the same underlying labeled graphs, and are equivalent
in P(Gi). Thus, all possible initial verticeŝv′i = o(ei) and labelsλ̂′i = λ′(ei) are
obtained by sliding the initial endpoint ofei within Γi , by Corollary 2.6. SinceΓi

is simply connected, this slide space is finite and can be searched effectively (cf.
Proposition 4.10).

We can now proveTheorem 1.2. Recall that this theorem solves the isomorphism
problem in the case where one of the labeled graphs has first Betti number at most one.

Proof of Theorem 1.2 Let Γ andΓ′ be labeled graphs defining GBS groupsG and
G′ , whereb(Γ) 6 1. If q(G) is not generated by an integer then the algorithm of [7,
Corollary 8.3] determines whetherG∼= G′ . Hence we may assume thatb(Γ) = 1 and
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q(G) is generated byq ∈ Z with |q| > 1. We may also assume thatb(Γ′) = 1 and
q(G′) = q(G), since otherwiseG 6∼= G′ . Moveover, we may assume thatq is positive,
by Lemma 2.7, since the orientation homomorphisms ofΓ andΓ′ agree.

Now make both graphs reduced by performing collapse moves, and check whetherΓ
and Γ′ are ascending (cf.Remark 4.4). If one is ascending and the other is not, the
groups are not isomorphic. If both are ascending, then put both into normal form and
verify that s(Γ) = s(Γ′) (if not, then G 6∼= G′ ). Then identify the subgraphsΓi , Γ′i
and consider permutationsσ ∈ Ss. For each permutation, check whetherGi

∼= G′σ(i)
for all i (these GBS groups are unimodular, so they can be compared). If so, callσ

anadmissible permutationand then re-index the components ofΓ′non usingσ , so that
Gi

∼= G′i for all i . Evaluate and compare the invariantsξ(G), ξ(G′) andP(G),P(G′),
usingProposition 4.10. By Theorem 4.19, G andG′ are isomorphic if these invariants
agree. If the invariants disagree for every admissible permutation, thenG 6∼= G′ , again
by Theorem 4.19.

If both graphs are non-ascending, then put them into normal form. UsingTheorem 4.21,
enumerate fromΓ all labeled graphs inRLG(G) in normal form. ThenG∼= G′ if and
only if Γ′ is on this list.
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