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1. Let V be the R—vector space of polynomial functions f : R — R of degree at most 10, i.e. functions of
the form

f(z) = a102'® + agx® + - - + a1z + ao, a; €R
(2) Determine a basis of V' and the dimension of V

(b) Consider the map L: V — R given by

[ /01 f(z) dz.

Show that L is linear and determine the dimension of the kernel of L.
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2. Let F: R? — R* be the linear map such that f(0,1) = (4,3,7,3) and f(1,1) = (6,7,7,7). Find the
matrix for F), i.e. the matrix A such that F = L4.
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3. If A = (ai;) is an n x n matrix, define the trace of A to be tr(4) = Y, ai. You may assume that this
defines a linear map tr: Mat, x,(K) — K.

(a) Show that tr(AB) = tr(BA) for A, B € Mat,x.(K).
(b) If B is invertible, show that tr(B~1AB) = tr(A).
(c) Prove that there are no matrices A, B such that AB — BA = I,,.
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4. Recall that the rank of a linear map L is the dimension of the image of L, and the nullity is the dimension
of the kernel of L. Suppose F: R® — R? and G: R? — R? are linear maps.

(a) What are the possible ranks and nullities of F' and G?
(b) Prove that G o F is not invertible.
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5. True or False. Indicate your answer clearly on the left side. You do not need to show your work.

If F: V — W is linear and surjective, and dimV = dim W, then F is invertible.
ker F =303 99 raak - '/’V‘//"‘/7
If F: V — W is linear then V is the direct sum of Ker F and Im F.
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Every linear map f: R — R is of the form f(z) = az.
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