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1. Find the determinants of the following matrices. State clearly any theorems or properties that you use.
1 2 3 64 42

1 1 1 11 21 ‘01;3(1’
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2. Let V be a vector space over K and let A: V — V be a linear map. Suppose that the characteristic
polynomial of A factors as

Pa(t) = (t—aa)---(t—an)

where ai, ..., a, are distinct numbers in K (i.e. o; # «; for i # j). Show that V has a basis consisting of
eigenvectors for A. [You may quote theorems from the course.]
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3. A matrix A € M,,x»(K) is symmetric if ‘A = A, and is skew-symmetric if A = —A.

(o0/

(b

(a) What is the dimension of My4(K)?

(b) Determine the dimension of the subspace MY, (K) of symmetric matrices.

(c¢) Determine the dimension of the subspace M3%%"(K) of skew-symmetric matrices.

(d) Given any A € M,x»(K), show that A + *A is symmetric and A — *A is skew-symmetric.

(e) Show that M,,xn(K) is the direct sum of M. %% (K) and MS¥(K).

(f) Find a linear map f: Mpxn(K) — Myxn(K) whose image is Mo (K) and whose kernel is MX¥ (K).
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(3 continued)
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4. Using the characteristic polynomial, prove that the matrix A = (Z?Sz —Czlsnea) has no real eigenvalues
unless A = £1.
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5. Let Vo, V4, ..., Vi, be vector spaces over a field K. A sequence of linear maps
Vo Ihowy L gy Iy

is called exact if ker(f;) = Im(f;—1) foralli =1,..., n—1.

(a) Show that
0y L v Ly

is exact if and only if f is injective.

(b) Show that
v & w % {0}

is exact if and only if g is surjective.

(c) Suppose
o >vLv Lw2 0

is exact. Show that dimV = dimU + dim W.
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DN =N
N = O

6. Consider the linear map F': R® — R3 given by the matrix A = (

B
S———

(a) Write down a basis for the row space of F.

(b) Write down a basis for the column sp#ce of F.
(c) Write down a basis for the kernel of F.

(d) Write down a basis for the image of F'.

(e) What is the rank of F?
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7. True or False. Indicate your answer clearly on the left side. You do not need to show your work.

Every function from a basis of V to W defines a linear map V — W.

Every function from a generating éet of V to W defines a linear map V — W.
Every multilinear, alternating map K™ x --- X K™ — K is equal to the determinant.
The intersection of two subspaces is a subspace.

cosf sind

The matrix (sin0 cos @

) has a real eigenvalue for any value of 6.

A linear map takes a basis to a basis.

The dot product on K™ is a positive definite scalar product, for any field K.
. 1
The permutation

If A € Mpxn(C) then there is a non-singular matrix B such that B~1AB is upper triangular.

AR R R

IfdimV =n > 1 and V has a positive definite scalar product, then V has an orthonormal basis.



