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1. (5) Transform the following equation into an equivalent first order system of differential equa-
tions: .
8z — 12z + 32" + z = cos ¢

X =

X'L:Kl’
XB:XZ/
%xptlx{Jerz R Cogf

2. (7) Use the method of elimination to transform the following system into a single differential
equation involving ¢, z, z’, 2, etc. (with no y). Do not solve the equation, but write it in the
usual way, without operators.

22" =y 44z —y + cost

z+y =3y
(2o V% + (> -y = cost
X + (D'S\Y = 0

(O-NEY -x + (D’%>(D~(>L/ = (D-3)(cest)
(5-1) x + (D= (VD)y (O-1)(0 )
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(‘D;SyzD“LOx ~-(>-x = (b-”ﬂ[cog{> -

(ZDL"lOD *‘\7-/\>< —(>-)x = “gc\f\'é "EC"S{’

CZ/X” — Il x! +‘/3>< = —st *5(05?)
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3a. (4) Find the operational determinant of the following system:
Dz + Dz + D' =0

Dz +D* + Dy =0
(B> x 4 b7y =0
Dx +(D° +D)7:O
| 7 Sentintiny -
Op-det. = O +d\(D*+d) - DDT = D rD D+ D
=/ bt e

3b. (1) How many parameters will a general solution to the system above have?

(: dﬂﬂr‘e? e o P d@(\>

4. (5) The function f(t) pictured on the left has Laplace transform % tanh($) + 1. Find the
Laplace transform of g(t), pictured on the right.

g(t)
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5. (4,4,4,4) Find the following Laplace transforms and inverse Laplace transforms:

(a) £ {t3/26—4t}

reeny = O mloa)_ opooiw

—

S szL - 5577—

e "‘/é 2
[O\Z { é ? (54+L_’>7/7,

(b) L{g(t)}, where g'(t) = t3/2¢~%

6 5 = f e YT, we have

Y S (AN
Eﬁ‘ﬁs" S Fepay
Or  wore gm[lj) Z 1 3’3 :5G1€33 - a(?)
go H—E = SOZ{3$ - ﬁ(o)

(5t4)7*
_ L AT . 4@
oos Lia5 = S ¢ sv)”™ S
(e) £ {(3—3)2+4} -

= L‘{ S =3 2
(5;&)1 + c (5-3)' +4 ;

= {;3 COS[Z;LL) - %@/’365(«/\(?,{'%
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(s*+0)(S) ST+ ¥ S

S el = (AstB)s v C(5t+1)
O

S=¢ 2, = “A “fBL‘) => 4=3, B=O
Ji"’i £5

s

6. (5) Using the definition, find the Laplace transform of the function f(t) shown below.

56 j‘ Handt = [er e = [y

I
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7. (8) Use the Laplace transform to solve the following initial value problem:

z" + 8z + 15z =0, z(0)=2, z'(0)=-3
01{7“25 = Xrs)
Lix'3= sX5) =2

Lix" = s Ks)-2¢ + 3
(51X - 25 +3)+ 8 (s X9 -2) +/S (o = O

(s* + 8s prs ) = Qs+ 13

() = 2¢ +13 B 2s + (3
S*+9s +S (st 3)/S+5)
st A p
C5+35)5tS) S+3 S5

Qe 1% = ACSHSD + BOS+D)

= - ) —_ " = —‘77_,

-~ -5 — = -3

S=-5 2 = LB \ A /-
Koo C543) [5vs)
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8. (4) Derive the formula for £{f"(¢)} by applying the formula for £{f'(¢)} twice.

Lo L{ETS = s L{€5-8

M

28675 = J{6)S
= SZ_{'GIS ~_§//0)
(s Zif3-Fr) = £7¢)

1

=S¥ L1553 - sl —$e

Bonus. (3) Let uq(t) be the step function at a. That is, u,(t) is 0 for £ < a and 1 for ¢ > a. Draw
(e,

the graph of the function f(¢) = Z (=)™ up(t).

n=0

p ~‘(

: : { L
( -

— o— o—

* 3 4 g




Page 7

Function Transform
f®) F(s)
af(t) +bg(t) aF(s) + bG(s)
f(t) sF(s) — f(0)
£ () s"F(s) = s"71f(0) - — f*~1)(0)
t
flr)ar e
0 s
e f(t) F(s - a)
!
tn s:ﬁ
10 I'(a+1)
3n+1
eat 1
s—a
cos(kt) 82_*_;]92
. k
sin(kt) TR
cosh(kt) 2 j 2
. k
sinh(kt) Tz
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