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la. (5) Find £~ {S(s +1)} by using the convolution formula a.nd calculating the convolution.
l—‘z" 7—+1§ = [ *5" _f [ 'm/{ Z>Q/Z—'
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1b. (5) Find £7! {$21+—1)} by using a different formula involving an integral.
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1c. (5) Find the Laplace transform of the function shown here:
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2. This problem concerns the differential equation y” + 4y’ + 3y = 2e7<.
(a) (3) Use the characteristic equation to find a general solution to the associated homogeneous
equation. (’t— _\’L{ -+ 3 =

(c+3) v ) =0
v, -3

c= -
F/C = A& + Be

(b) (5) Use the method of undetermined coefficients to obtain a trial solution, and put it in the
equation to determine a particular solution. Refer to the back page to determine your trial solution.

Tey Yo * Axe ™  (Hae rs op /1'@“&.'0,\3

Vo = Axe” + AL

Yo' = Axc™ — A" A"

Lo \ o N Pe

LAt A 248" —HAge +4Ae” +3AxeT = L
;2Aé$ :26—»L 97/4:"1 (JP fol Xe’j

(c) (5) Use the solutions found above to write down a general solution of y” + 4y’ + 3y = 2e~%,
and find the solution that satisfies the initial conditions y(0) = 0, ¥'(0) = —3.
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3a. (3) Find the operational determinant of the following system:
D%z + Dz + D% =0
Dz + D% —Dy=0
<b7'.|,b)x + DZ\/ - 5
DLX + (Dﬁs'\b\) >/ O

v - S 3
Op Aok, = (HO)D*)"DD = D D D D

3b. (1) How many parameters will a general solution to the system above have?

| —C-,\J‘-{ (: AQSPCE e<p a()« dot, 3

4. (8) Use an integrating factor to solve the linear differential equation zy’ — 3y = z3.
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w3 B—

P () QRO -3 _
- -S/MX /V\ /K ) 3
= e - X

/ £ -3

£y -X'xy = XX

A -3 _ !
Tx (% “/) = F | .
<y = g-;/ax = nIx/*

] y - ><3//m/ﬁ/+63]




Page 4

5. (4) The function g(t) pictured on the right has Laplace transform 1 ta.nh(%) Using the derivative
rule, find the Laplace transform of f(t), pictured on the left.
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6. (8) Use the substitution v = y/z to solve the differential equation 222 = zy + z2¥/".
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7. (7) A mass on a spring has position function z(¢) satisfying the differential equation z” + 4z =
f(t), where f(t) is the external force. The initial conditions for the motion are z(0) = 0 and
z'(0) = 2. For the external force, the mass is struck by a hammer at time ¢t = 7 with strength
8. Using the Laplace transform, find the position function z(t). Write your answer without step

functions (i.e. use cases if necessary) and simplify.
X//yLL/X - gcg_”(f) N x[o) ;_0/ )(/[03:'02

Apply oL -
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" Lot (42 » 50 00%)

s~ (2€) +4 et
) = S sn (2¢)  AuT

8. (4,4,4,4) Find the following Laplace and inverse Laplace transforms.

a) L{3t* — t3/2}, using the fact that I'(1) = /7.
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(b) L{f(t)} where f(t) = { SOSt z ; gz (Hint: write f(¢) using a step function.)

,C'd—) - (/— (/L[-l‘—er)) COS'Z'
:COS{' - (/{_/{\'ZVPF>60%~ZL
—cosd - €= Cfg/{\zv‘\

, | S s S
@fﬁm% = 4\ - ez SSJ

(¢) L{te % sinht}. (Hint: find L{tsinht} first.)
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f@)
af(t) +bg(t)
(@)
7 ()
/ ' f(r)dr

0
e™ f(t)
u(t—a)f(t —a)
@) *g(t)
tf(t)
" f(t)
Fio)

t

f(t), period p

tn

F(s)

aF(s) + bG(s)

sF(s) — f(0)

snF(s) _ Sn_lf(O) — e — Sf(n-—z)(o) _ f(n_l)(o)

F(s)

F(s—a)
e % F(s)

F(s)G(s) where f(t)*g(t)= /Ot f(r)g(t —7)dr
—F'(s)
(—1)rF)(s)

/ > F(o)do

L]

1 P —st
=7 /[; e " f(t)dt

!
sn+1

[ %ﬁ—llz where I'(z) = /0 = e 't Ldt

o0t L

cos(kt) Py

sin(kt) e

cosh(kt) o

sinh(kt) ;rf,;g

u(t —a) ¢”  where u(t —a)is O whent < a, and 1 whent >a
o(t—a) e %  where §(t — a) is a unit impulse at time t = a

f(z) Yo

Pp=by+biz+bz?+ -+ bpz™ z5(Ap + A1z + A2z + -+ + Appz™)
acoskz + bsinkz z*(Acoskz + Bsinkz)

e (acoskz + bsin kz) z°e"(Acos kx + Bsinkz)

Pp(z)e™ z5(Ap + A1z + A2z® + -+ + Apz™)e™
Pp(z)(acos kz + bsin kx) z°[(4o + A1z + - -+ + Apmx™) coskz

+(Bo + B1z + -+ - + Bpa™)sin kz]



