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Math 5863 homework

(4/14) Suppose that f: (X, z9) — (Y,y) and g: (X,29) — (Y,y1) are maps, and
H: f ~ g. Define a path v: I — Y by v(t) = H(xg,t). Show informally that
f# = hyogy. Deduce that if yo = 1, then f4 and gy differ by an inner automorphism.

The “loops” {zo} x [0, s]*xa x {s}*{zo} x [0,s] in X x I are loops based at (¢, 0)
representing a path homotopy from a x {0} to {zo} x [0, 1]*xa x {1}« {xe} x [0, 1].
Under the homotopy H, the first of these becomes f o a and the second becomes
v * go«a*7, and under H the intermediate loops become a path homotopy
between these two. Therefore fu((a)) = (foa)=(y*xgoax7) = h,ogs((a)),

S0 fy = hyogyg. When yo = y1, v is a loop and h, = p((7)), so fz = pn((7)) 0 gx.

(4/14) Prove that a space X is contractible if and only if X is homotopy equivalent to
a space with one point.

Suppose X is contractible and let H: idx ~ c,, for some constant map c,,: X —
X carrying every x to a point zy. Regard c,, as the constant map c¢ from X
to {zo} followed by the inclusion i: {xo} — X. Then ioc = ¢, ~ idy and
coi = idg,,, so ¢ is a homotopy equivalence with homotopy inverse i.

Conversely, suppose that X ~ {z} for a one-point space. The only map from X
to {z} is the constant map ¢, and its homotopy inverse ¢ must include z to some
point xy. So we have idx ~ i o ¢ = ¢,,, showing that X is contractible.

(4/14) Let X = S' x D? let py = (1,0) € S*. Let C; be the circle consisting of
all (0,po), and let Cy be the circle consisting of all (pg, ). Prove that the inclusion
C7 — X is a homotopy equivalence, but the inclusion Co, — X is not a homotopy
equivalence.

The constant map c: D? — {py} is a deformation retraction; a homotopy H: idp2 ~
ioc (rel py) is defined by H(x,t) = (1 —t)z +tpy. Then, idgr x H: S' x D* x I is
a deformation retraction from S x D? to (1, so the inclusion of C; is a homotopy
equivalence.

Let D = {po} x D* C S' x D%. The inclusion J: C; — X factors as a composition
joi: Co C D C S'x D? Now D =~ D?so mi(D) = {1}. So iy takes all of 71(C),
and therefore Jy = jyoiy: Z = m(Cy) — m (ST x D?) is not injective. Since Jy
is not an isomorphism, J cannot be a homotopy equivalence.

Let p: E — B be a covering map, with B path-connected.

1. Prove that if by,b; € B, then p~'(by) and p~'(b;) have the same cardinality.
Hint: For a path a in B, define ®,: p~'(a(0)) — p~'(a(1)) as follows. For
e € p~'(a(0)), let & be the lift of a starting at e, and put ®(e) = a(1). Prove
that @4 o @, is the identity on p~*(a(0)). Deduce that ®, is a bijection.



For a path a in B, define ®,: p~!(a(0)) — p~(a(1)) as follows. For e €
p~H((0)), let & be the lift of o starting at e, and put ®(e) = a(1).

Observe that if o ~~, 3, then ®, = ®3. For a path homotopy between « and 3
lifts to a path homotopy between & and 3, so ®,(e) = a(1) = 3(1) = Ps(e).

We further observe that ®,.3 = ®3 0 ®,. For we have m = Q% B, where

3 is the lift of 3 starting at & (1), and therefore D.5(e) = 07;/6(1) = B(1) =
Dy(a(l)) = p(Pa(e)). Also, @, (e) = e for all e € p~'(b), since ¢y, = ce.
Combining the previous observations, we have &5 o0 &, = ¢4 = CID% =
idp-1(py) and similarly @, o @g = id,-13,), 50 P, is a bijection.

2. Prove that if E is compact, then p is ﬁmte—to—one.

Let b € B and choose an evenly covered neighborhood U, of b, so that
p H(Uh) = UyerV, with each ply, : V, — U, a homeomorphism. In partic-
ular, each V., contains exactly one point of p~*(b). Now, p~*(b) is closed,
since {b} is a closed subset of B (which is assumed Hausdorff) and p is con-
tinuous. So p~!(b) is compact, and therefore there is a finite subcollection
Vo, ..., Vs, whose union contains p~*(b). Since each V., contains only one
point of p~1(b), p~1(b) must be finite.

44. Let p: G — G be a covering map, where G and G are compact 2-manifolds. It is a fact
that that x(G) = kx(G), where p is k-fold. Here is the idea: Start with a triangulation
of G. If necessary, it may be repeatedly subdivided so that each vertex, edge, and face
is small enough that it lies in some evenly covered neighborhood. Using the evenly
covered property, the preimage of each vertex then consists of exactly %k vertices of
G, and similarly for edges and faces. So when we use the preimage triangulation to
compute V — E 4+ F for GG, we obtain exactly k times the corresponding sum for G.
Use the fact to:

1. Show that S? is a covering space only of S? and RP?.

If S? — B is a covering map, then since S? is compact, it must be finite-to-
one, say k-fold. So x(B) = x(S%)/k > 0. The only surfaces with positive
Euler characteristic are S?, RPP?, and D?; S? is a covering space of S? (by the
identity map) and of RP?, from homework problem #36, but is not a covering
space of D? since D? has nonempty boundary.

2. Show that the Mobius band is a covering space only of itself.

Since homeomorphisms carry boundary points of manifolds to boundary points,
one may check that a covering map between manifolds restricts to a covering
map of their boundaries. If M — B is a covering map, then x(B) = kx(M) =
0, so B is the annulus, Mobius band, torus, or Klein bottle. The torus and
Klein bottle are impossible, since they have no boundary, and the annulus is
impossible since it has two boundary circles and M has only one.

3. Show that the annulus is a covering space only of itself and of the Mobius band.



As in the previous case, the Euler characteristic shows that the annulus can
cover only the annulus or the Mobius band. The annulus does cover the
Mobius band, for example by the quotient map of S* x I — S' x I/ ~ where
(x,t) ~ (x +7,1—1).

. Show that the torus is a covering space only of the torus and the Klein bottle.

As in the previous case, the Euler characteristic shows that the torus can
cover only the torus or the Klein bottle. The torus does cover the Klein
bottle, for example, regard the torus as S' x I/ ~ where (z,0) ~ (2,1) and
the Klein bottle as S' x I/ ~ where (2,0) ~ (z,1), and let p: T — K be
p(z,t) = (2,2t) for 0 <t <1/2 and p(z,t) = (2,2t — 1) for 1/2 <t < 1.

. Show that each compact surface is a covering space of only finitely many other
surfaces.

Suppose that p: £ — B is a k-fold covering map. Then x(B) = x(E)/k
so |x(B)| < |x(E)|. Since there are only finitely many compact connected
surfaces of a given Euler characteristic, and there are only finitely many

integers less than or equal to |y(E)|, there are only finitely many possibilties
for B.

. Show that any covering map with £ = T#D, P#P#P, RP?, or D? is a homeo-
morphism.

For all of these surfaces |x(E)| = 1. Since |x(B)| = |x(E)|/k for a k-fold
covering map E — B, and x(B) is an integer, the only possibility for & is
1. Since p is then a continuous bijection from a compact space to a Haus-
dorff space, it is a homeomorphism. (Remark: any 1-fold covering map is a
homeomorphism, whether E is compact or not.)



