Qualifying Examination Real Analysis Aug 19, 2009

Name:

Problem 1. [34+3+3+3+3+3 points]
Let u be a finite measure on R, and the function F' : R — R be defined by

F(z) = p((—o0,7]) .
In your answers of (a) and (b), please specify explicitly which properties of p you have used.

(a) Prove that F'is non-decreasing (i.e., that z < y implies that F(z) < F(y)).

(b) Show that F is right-continuous.



(c) If the measure y is such that p({3}) = 5 and p({8}) = 4, and the measure of any set that
does not contain 3 and 8 is zero, sketch the function F', indicating all important points on
your graph.

(d) The measure p defined in part (c) defines a distribution. Express this distribution in terms
of Dirac delta-distirbutions.

(e) If f: R — R : z + 22 and y is the measure defined in part (c), find the value of/ f(z) du(x).
R



Problem 2. [5 points]
Let f € L. _(R) and let f be continuous at x. Prove that z belongs to the Lebesgue set of f.

loc



Problem 3. [243+42+3 points]
Let X = [0,00), m be the Lebesgue measure on [0,00), and let du := f dm, where

f:]0,00) = C: g e HT

(a) Is p absolutely continuous with respect to m? Why?

(1+e™/2) and

(b) Compute ([0, 5]). You may use the definite intergrals fJ/Q e @coszdr =3

foﬁﬂ e Tsinzdr = (1 — e ™2).

(c) What is d|p|? (Just write it down without explanations.)

(d) Compute [a|([0, 5))-



Problem 4. [5 points]
Consider the function F': [-1,1] — R defined by

rsint if x €[-1,0)U(0,1],
F(:”)_{o ifz=0.

Demonstrate that F' is not a function of bounded variation on [—1,1].



Problem 5. [44+442 points]

Let (X, M,u) be a measure space. Suppose that {f,}>2, is a sequence of functions such that
fn € LY (X, p) for any n € N, and f,, — f uniformly on X.

(a) [4 points] Assume that u(X) < oo, and show that f € L'(X, ).



(b) [4 points] Again, assume that p(X) < co, and show that [ f, dp — [ fdu by using some
of the famous convergence theorems.

(c) [4 points] Construct an explicit example (using R and the Lebesgue measure m on it) of a
sequence { f,}2, of L'(R,m) functions such that f, — f uniformly on R, but [ f, dm does
not converge to [ fdm.



Problem 6. [242+2+2+2 points]
Consider the sequence of functions {f,}nen defined by f, = /n X[0,1]- Let m is the Lebesgue
measure on [0, 1]. Does this function sequence converge (and if yes, then to what limit)

(a) pointwise m-almost everywhere on R?

(b) in L' (R)?

(c) in L2(R)?

(d) in measure?

(e) in D'(R)? (Recall that a sequence of distributions {F, }nen C D'(R) converges to F' € D'(R)
if (F,, ¢y — (F, ¢) for any test function ¢ € D(R).)



Problem 7. [34+2+44 points]

Let {E,}5°, be a sequence of measurable sets in the measure space (X, M, u), and define
E :={zx € X :x € E, for infinitely many n € N} .

(a) [3 points] Show that F = ﬂ U E,.
keNn>k

(b) 3 points] Prove that £ € M.

(b) [4 points] Use the representation from (a) to prove that if Z w(Ey) < oo, then p(E) = 0.
neN



Problem 8. [5 points]
Demonstrate that the condition that the measure be finite in Egoroff’s Theorem is indeed necessary.

T

Hint: Consider the function sequence {f,} defined by f, : [0,00) = R:z~— Z.
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Problem 9. [5 points]

Let f: R — R be a function satisfying [ (1+ lz))™" | f(z)|dz < C for some N € N and some
positive constant C. Prove that f determines a tempered distribution, i.e., that |[(f,$)| < oo for
any ¢ € S.

Hint: You have to prove that |(f,¢)| < const - ||¢|/ar, for some M and k, where the seminorms

| |z < oo are defined as ||¢||arr = sup(l + |x|)M]¢(k)(x)|.
zeR
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Problem 10. [34+3+44 points]

(a) Give an example of a function in L!([0, 1],m) that does not belong to L?([0,1],m) (where m
is the Lebesgue measure on [0, 1]).

(b) Give an example of a function in L?([0,c0),m) that does not belong to L'([0,00), m) (where
m is the Lebesgue measure on [0, 00)).

Hint: The function must be supported on a set of infinite measure — see part (c).

c) Prove that, if the measure u of a set E is finite, then if f € L?(E, i), then f € L'(E, ).
]
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Problem 11. [345 points]
(a) Jensen’s inequality holds for probability measures, i.e., positive measures such the measure

of the whole space is 1. Generalize Jensen’s inequality to any finite measure space (Y, A4, v)
(i.e., such that v(Y) < 00).

(b) Assume that (X, M, u) is a measure space (not necessarily finite), and the function f €
LY (X, M, p) satisfies || f|l1 = [ |f(z)|du(x) = 1. Prove that

/E log | ()] du(x) < —u(E) log u(E)

for all subsets E' € M such that 0 < p(E) < oco.

Hint: The function —logt is convex on (0, 00).
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Problem 12. [34+3+46 points]

1
Let {f}nen be a sequence of functions in L'(R) such that ||f, — faril1 < on

(a) Show that {f,}nen is a Cauchy sequence in L(R).

(b) Does {f,}nen converge in the L' norm? Why?

14



(c) Prove that f, — f m-a.e.

Hint: First write f,,(z) — f(x) as a telescoping series and use the triangle inequality to find an
upper bound on |f,(z) — f(x)] in terms of a sum of terms of the form |fj(x) — fj+1(x)|. Then
assume that f, does not converge m-a.e. to f, i.e., there exists a set of a positive measure
on which |f,(z) — f(z)| does not tend to 0 as n — oco. Use this and the upper bound on
| fn(z) — f(x)| to come to a contradiction.
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