Local newforms with global applications in the Jacobi theory

by RALF SCHMIDT

ABSTRACT

The study of spherical representations of the Jacobi group begun in [Schl] is continued. Using
certain index shifting operators, the notion of age of such a representation is introduced, as well as
the notion of a local newform. The precise structure of the space of spherical vectors, in particular its
dimension, is determined in terms of the age. The age of the spherical principal series representations
is computed, and the local newforms amongst these are determined. Restricting to the classical
situation, it is shown that the local index shifting operators essentially coincide with well-known
Hecke operators on classical modular forms. This leads to some global applications of the local
results.

Introduction

The Jacobi group G” is a semi-direct product of SL(2) with a three-dimensional Heisenberg group.
Although it is a non-reductive algebraic group, it exhibits several features which are familiar from the
theory of reductive groups, especially from the GL(2)-theory. For instance, there is a sort of classical
modular forms attached to the Jacobi group, the so-called Jacobi forms, for which one can develop a
Hecke theory and a theory of old- and newforms along the lines of the well-known theories for elliptic
modular forms; the book [EZ] is the standard reference for classical Jacobi forms.

Just as for GL(2), one can reformulate (parts of) the classical theory of Jacobi forms in terms of local
and global (automorphic) representations of the underlying group, which is G’. In particular, one can
associate to a classical Jacobi form f an automorphic representation 7 of the adelized Jacobi group
G’(A), a procedure which is explained in the last chapter of [BeS]. Now 7 can be decomposed into
local components m,,

7Tf:®ﬂ'p

p<oco

(restricted tensor product), and these 7, which are representations of the local Jacobi groups G7(Q,),
can be further analyzed using local methods.

For good reasons one usually only considers Jacobi forms which are invariant under the full modular
group, and not under some congruence subgroup. As a consequence, for every finite p the local
component 7, will be spherical, meaning it contains a non-zero vector invariant under G’ (Zp). This
explains the importance of spherical representations in the Jacobi theory. In [Schl], all the spherical
representations in the so-called good and almost good cases were classified. One purpose of this note
is to get insight into all the other cases, which are bad.

Our main tools are the index shifting operators U,, and V,, introduced in [Sch2]. These operators can
move a representation from a good to a bad case, or from a bad to an even worse case, and they are



invertible. Since a lot is known in the good and almost good case from [Schl], this will allow for some
sort of induction proofs to cover all cases.

Here is a summary of our main results. To every local spherical representation we shall associate a
non-negative integer called the age of the representation. A local newform is then defined to be a
spherical representation of age 0. We shall prove the following (Theorem 1.16):

d+2
If d is the age of 7, then the space of spherical vectors in 7 has dimension [ 5 } .

More precisely, if V(9 is the space of spherical vectors in 7, then there is a canonical filtration

d
VO Sv® 5 5 vH 5(0), k= {2} :

such that the quotient of two consecutive vector spaces is one-dimensional. If 7 is in particular a local
newform, then it contains an essentially unique spherical vector.

Having determined the structure of the space of spherical vectors in terms of the age of a representation,
we shall compute the age of the principal series representations W;’m. It turns out that this age only
depends on the conductor of the inducing character .

After the local theory we shall give some global applications. First of all, we will prove that the local
operators U, and V,,, when applied to a global object, essentially coincide with the classical operators
U, und V, defined in §4 of [EZ]. This shows that our theory of local old- and newforms is really the
local version of the classical theory of Jacobi old- and newforms in the sense of [EZ]. In particular, f
is a classical newform if and only if the local components of 7; at all finite places are local newforms.
Finally, our local results immediately lead to a direct sum decomposition for spaces of classical Jacobi
forms which is stated but not proved in [EZ], and which can otherwise only be obtained with the help
of a trace formula (Theorem 2.9).

1 Local Theory

1.1 Notations and basic representation theory of G’

We set the following notations, which are valid throughout the local part of this paper:

F: a p-adic field.

O: ring of integers of F.

p:  maximal ideal of O.

w: a generator of p.

q=#0/p.

v:  the normalized valuation of F, so v(w) = 1.

| - |: the absolute value on F, normalized so that |w| = ¢~ .
1:  a character of F' with conductor O.



We let H be the three-dimensional Heisenberg group, consisting of all triples (A, u, x) € F'3 with the
multiplication law

Ay R) N 5 = N+ N, p+ s 5+ &+ X = p)').
The group SL(2, F') acts on H from the right:

(x\uﬁ)-(iZ) = (aX + e, DA +dp, k),

and the corresponding semidirect product is called the Jacobi group G”:
G7 =SL(2) x H.
The center of G” coincides with the center of H, and consists of all elements
(0, 0, k), Kk € L.
We will often identify this center with F'. The character 1 is then considered a character of the center,

and every other such character is of the form ¢™, where m € F, and ™ (k) = ¢)(mk).

Every irreducible, admissible representation m of G has a central character. If this character is ™
for some m € F, then, having fixed 1 once and forever, we will say that 7 has index! m. We will
concentrate throughout on representations having non-trivial central character, i.e., with index in F™.

The Stone—von Neumann theorem states that for every m € F* there is only one equivalence class of
irreducible, admissible representations of G with central character ™, the Schrédinger representation
mo'. This representation can be extended to a projective representation of G’ which is then called
the Schrédinger—Weil representation wiy,. The standard model for 7%, is the Schwartz space S(F)

(locally constant functions on F with compact support) with G acting as follows:

(R (i R) ) (&) = 675+ (20 + M) (@ + ), m
(7 (51) ) @) = w7 0a)10), @

(72 (§ 22 ) 1) (@) = Bl ), )

(323 (0)1)(2) = (D) = (D2 [ 2may)(w) dy. (®)

F
Here ~,, is the Weil constant, taking values in the eigth roots of unity, and §,, is the Weil character,
which is built from ~,, and takes its values in the fourth roots of unity. Further we have w = _01 é) ,

and the measure on F' is normalized so that O gets volume 1; Fourier inversion then holds.

The Schrodinger—Weil representation is fundamental for the representation theory of the Jacobi group,
because the following theorem holds (see [BeS] 2.6): Every irreducible, admissible representation m of
G’ with index m is of the form

T=TQ Moy (5)

1This comes from the classical theory of Jacobi forms, where we have the underlying global field Q, a global standard
character ¢, and m € Z really is the index of a classical Jacobi form in the sense of [EZ].



with a uniquely determined irreducible, admissible representation of the metaplectic group Mp. Here
Mp is a non-trivial two-fold cover of SL(2). A representation of Mp can be considered as a projective
representation of SL(2); the cocycle of this representation cancels with the cocycle of 77, and the
result is a representation (not a projective one) of G.

1.2 Spherical vectors

Let (7, V) be an irreducible, admissible representation of Mp(F). Let 77, be the Schrodinger—Weil
representation with central character ¥™. We consider the irreducible, admissible representation of
G/(F)

T=7Q gy on the space V=V&S(F).
For every x € F', there is a linear map

Aot VOS(F) — V, (6)

& fr— flz)p.

By elementary linear algebra, we have

v=0 <= MN(v)=0forallzeF. (7)
A vector v € V is called spherical, if it is non-zero and invariant under

n(K7), where K/ = SL(2,0) x H(O).

If there exists a spherical vector v € V', then w is called spherical. For this to be the case, we must
have 9™ trivial on O. Since ¥ was chosen to have conductor O, this is equivalent to m € 0. We let

(m),
(2m) = v(2) + n.

S

(Y
(%

=il

These numbers measure the complexity of our situation: As was just seen, if n < 0, then there are no
spherical vectors. For n = 0 and n = 1, which are called the good resp. almost good cases, we have
classified all the spherical representations in [Schl]. It turns out that in these cases the subspace of
K7-invariant vectors is one-dimensional. This may no longer be true for n > 2, and the main purpose
of this note is to get inside into these bad cases. If the local field is an extension of Qs, i.e., if n > n,
then there are additional complications.

1.1 Lemma. A spherical vector v € V can be uniquely written as

v = Z Pu & luw*ﬁ+0a (8)
ueO/wm

where ¢, € V and 1,,-4,0 € S(F) is the characteristic function of the coset uw™" + O. A vector
v € V of the form (8) is spherical if and only if

i) 7?((1) Zl))gou = Y (—mbu*w™) @, for all u € O/w™ and all b € O,



i) 7(w)pu = Ym(1)"1g"/? 2w o wi P(—2mun/ w2,/ for all u € O/w™".
If this is the case, then we also have
iii) 7?(8 a91)<pu = m(a) e for all u € O/w™ and a € O*.

Proof: It is easily seen from (1) that a function f € S(F) is H(O)-invariant if and only if it is
O-invariant and its support is contained in w="O. In other words, the ¢" functions 1,7, ¢, where u
runs through O/w™, constitute a basis for the space of H(O)-invariant vectors. Since the Heisenberg
group acts trivially on the first factor in the tensor product V ®@ S (F), the first assertion follows.

Now we assume that a vector v € V of the form (8) is given. As we just saw, v is then automatically
H(O)-invariant. Thus v is spherical if and only if it is SL(2, O)-invariant, and this is the case if and
only if

1b 01
W(O 1)11_11 for all b € O, and m(w)v = v, where w = (_1 0)-

The first of these conditions is equivalent to i), and the second one is equivalent to ii). To see this, we
note that

m 1b —2n
Tsw <0 1>1uwﬁ+0 = 7/1(mbu2w 2 )1uu)*ﬁ+(97

as is easily checked using (2). Thus

1b (1b o (1
7T(01)”: > 7r(o1)‘”@”%(01)1"‘*1’”‘9

u€eO /wn

o (1]
= Z w(mbuzw 2 )ﬂ-(o 1><Pu®1uw’~‘+(’?'

u€eO/wn

Since the characteristic functions are linearly independent, this vector equals v if and only if condition
i) holds. A very similar argument applies to the other condition 7(w)v = v; here one uses the easily
proved identity

71-_TW (w)luw*ﬁ—&-(’) = 'Vm(l)qiﬁ/z Z 1/)(2muu’w72ﬁ)1u/w7ﬁ+o.
u' €O /wh

Finally, statement iii) is proved in the same manner, using (3). n

Since G” is not reductive, K7 is not a mazimal compact subgroup. More precisely, we have an
ascending chain of compact subgroups

Hy:={(\ur)€H: \pcw’0, rcw ?*0O} C H, k=0,1,2,... (9)
and

Kj :=SL(2,0) x Hy, k=0,1,2,... (10)



Thus Hy = H(O) and K§ = K’/. We define the spherical degree of a spherical vector v as the
non-negative integer k such that

v is K/-invariant, but not K, ,-invariant.

We denote by V®) := V(&L the space of K;-invariant vectors. Thus V*) consists of all spherical
vectors of degree k or higher, and V(©) is the space of all K”-invariant vectors; we have

vO Sy® 5 y@ 5

1.2 Lemma. The spherical degree of a spherical vector in m = T ® myy, can not be bigger than [g],

where n = v(m). In other words, V) =0 for k > [%] In particular, for n = 0 and n = 1, every
spherical vector has degree 0.

Proof: If v # 0 is invariant under K/, then it is in particular invariant under elements (0,0, kw=2¥),
k € O, in the Heisenberg group. But this central element acts by multiplication with ¥™ (kw~2), and
we must therefore have

Y(mrw= k) =1 for all k € O.

This condition is equivalent with 2k < n. [ ]

1.3 Lemma. Let v € V be a spherical vector. Then the following are equivalent:
i) vis K,‘c’—invariant, i.e., the spherical degree of v is at least k.
i) 1 (Aw™*,0,0)v = v for all A € O.
iii) (0, pw=k, 0)v = v for all p € O.
iv) If v is written in the form (8), then we have

©u =0 for all u € O/w™ with v(u) < k.

Proof: The group generated by SL(2,0) and the elements (Aw™",0,0) (resp. (0, uw=*,0)) is already
K, which shows the equivalence if i), ii) and iii). As for the last condition, we have

7(0, pw =", 0)v = Z ©u @70, pw ™ 0)1 540
ueO/wn

= Z w(Qmu/u’wiﬁik)gou & luw*ﬁ+(9' (11)
weD Jwit
If v(u) > k, then 9 (2muuw=""%) = 1, so iii) follows from iv).

Assume on the other hand that iii) is fulfilled. Then summing (11) over u € O/w* yields a factor
¢"® on the left side, while on the right side only the terms with v(u) > k survive. Thus the ¢, with
v(u) < k must be zero. m



1.3 Definition of the U and V operators

For an element s € F*, consider the automorphisms of G (F)

v (7)) = (40 s, 12
V(20 = () s 1

If (7, V) is a representation of G’ of index m as above, then we define new representations on the
same space V by

Ust :=7moUs,, Vim :=mo V. (14)

Obviously, U, has index ms? and V.7 has index ms; this is why we call U, and V, index shifting
operators. See [Sch2] for more motivation and explanation concerning these operators.

Here we are especially interested in the case s = w. Explicitly we have

o) ((47) ) = (45 o). (19
u@n)((ﬁg)(xuﬁg)::w(<ajléy>(xuwﬂwg). (16)

1.4 Lemma. Let 7 = 7 @ 77, on the space V =V ® S(F).

mw2

i) U, Is isomorphic to # @ mh, an isomorphism being given by

V=VaSF)—VeSF),
p®fr—9®f,

where f'(x) = f(wz).

ii) Let 7' be the conjugate representation

ﬁ'(g>ﬂ<(lw—1>9(lw>>

on the same space V. Then V,,r is identical with 7’ @ 7.

Proof: Easy exercise, or see [Sch2]. L]

Now that we have the operators U, and V,, on representations, we are going to define operators of the
same name defined on the space of spherical vectors in w. More precisely, we shall define linear maps

U, : YD) Ly Uem) (K7 and V., : yrE V(VMT)(K")7

beginning with U,,.



The operator U, on spherical vectors

Obviously, if v € V is a spherical vector for m, then it is also a spherical vector for U,m. Thus we
define

Uyv:i=w for a spherical vector v € V. (17)

However, if U, is transformed into the standard model for # ® 7}, with the isomorphism given in
Lemma 1.4 i), and if

U= Z Pu & luw*ﬁJrOa
ueQ/wh

then U,v becomes the vector

U,v= Z Pu ® 1uw—ﬁ,—1+w—1o = Z (p;/ &® lu/w—ﬁ,—2+o
ueO/wn uw €0 /wht2
with
;|0 , if v(u") =0,
Pur = w1, if v(u') > 1.

1.5 Lemma. For every k € Ny, U, induces an isomorphism

YD~y Uem) (K )
In particular, for v € V' a mw-spherical vector of spherical degree k, the spherical degree of U,v is k+ 1.
Proof: Clear from (15). L]

The Operator V,, on spherical vectors

In contrast to U,m, a spherical vector v € V for 7 is not necessarily spherical for V7. In fact, it is
invariant under H(Q) and under

(Vo) () for v € Ki N K.

Here
1 !
K= SL(2,0), Ky = (w )Kl<w ) = Vw*I(Kl)a
and

K10K2:{<zz>€K12 CEUJO}

is the Iwahori subgroup. The idea is to restore the full G”(O)-invariance by defining

Vv = Yoo w(Vu(w = > (). (18)

yeK:1/(K1NK2) YEVL(K1)/(Vu (K1)NK7)



This vector is clearly (V,7)(G7(O))-invariant. But the obvious question is: When is Vv non-zero?

Caution: This will not always be the case, as can be seen by the following example. Assume that ¢
is odd and consider the positive Weil representations

J+ _ _—mé+ m
J.f,m =Tw @ Ty

in the good case v(m) = 0, where £ € F*/F*2. By [Schl] this representation is spherical if and only if
v(€) is even. Since #0O*/O*? = 2, this gives exactly two spherical positive Weil representations in the
good case. It is easy to see that

J+N\ _ J+  _ _—mwé+ mw
Vw(og,m) - UE,mw = Ty ® Tsw -

By [Schl], this representation is spherical if and only if ¢ € F*2. Thus there is only one spherical
positive Weil representation in the almost good case. More precisely,
Vi(o,) is spherical, if £ € F*?,

Vw(aéfn) is not spherical, if v(¢) is even, but ¢ ¢ F*2,

However, we shall see in the next sections that positive Weil representations provide the only coun-
terexamples for V,v to be non-zero. But by a theorem of Waldspurger, these representations are
irrelevant for the global theory; see the section on global applications.

1.6 Lemma. Denote by My(w) the set of 2-by-2-matrices with coefficients in O and determinant w.
There is a bijection

V(K1) /(Vo(K1) N Ky) —  Ma(w)/Ky,
A — <1w>A.

Proof: The map is well-defined and obviously injective; the only question is surjectivity. A standard
set of representatives for the right hand side is

1 wb
(1) (1), seow
. 1
Instead of this set, use ( w) and
wb 1 —bw
(D)= (T7) veor
All these matrices lie in the image. ]

As a consequence of this lemma, we have the formula
w b
Vov=v+ Z w( w_1>v (19)

(see the defining equation (18)).



The relation between U, and V,

It is obvious that the automorphisms U, and V, of G/(F) commute with each other, see (12) and
(13). Therefore

v, Vom=V,U,m.

It is also easy to see that the operators U, and V,, on spherical vectors commute. More precisely, we
have the following lemma.

1.7 Lemma. For every k € Ny, there is a commutative diagram

D Ve | yUem(KL)

~

v| |v

VVem (KD _Ys | U Vem) (Kiyy)

~

Proof: Asmentioned above, it is easy to see that U,, and V,, commute. The only additional information
is that if v is w(Hy)-invariant, then Vv is (V,,7)(Hy)-invariant. This is a straightforward computation
(we will prove something stronger in Lemma 1.10). n

We also note that
2 w w™? J
Vw (g) = w—l Uw(g) w fOI‘ a‘H g € G (F)v (20)
and thus
Vig ~U,n.

However, it is definitely not true that V,2v = U,v for a spherical vector v; this will be seen in section
1.5.

1.4 Spherical representations in the good case

The methods used in the next section to prove our main results are not suitable for treating the good
case n = v(m) = 0. So this has to be done separately, which is the purpose of the present section.

We recall from [BeS] 5.8 the classification of the irreducible, admissible representations of G7 with
index m. There are

J

|:l:1
X,m? ’

e The principal series representations m where y : F'* — C* is a character such that y? # |
e The special representations O"ém with £ € F*/F*2.
e The positive Weil representations aé T with ¢ € F*/F*2.

e The negative Weil representations aé o, with & € F*/F 2,

10



e The strongly supercuspidal representations.

Here the positive and negative Weil representations are given by

JE _ __—mé&x
O =T

® 7T,

where 75F is the irreducible subrepresentation of the Weil representation 73, consisting of even (+)
resp. odd (—) functions in S(F) (we have 75, = 75t @ 757). The principal series representations are
induced from a subgroup of G (something analogous to a parabolic subgroup). The same induced
representation is not irreducible if Y2 = | |*!; in this case it has a unique irreducible quotient, which
is either a special representation, or a positive Weil representation.

1.8 Theorem. Assume we are in the good case n = v(m) = 0. Then the following is a complete list
of all spherical representations 7 of G’ with index m.

J

i) The principal series representations Tx.m |i1-

with an unramified character x and x? # |

ii) If F' is not an extension of Qq: The positive Weil representations
(Té]jn with £ € O* JO*2.
If F = Q2: The positive Weil representations

T with € € (1+4Z2) /252 = (1 + 4Z2) /(1 + 8L).

This theorem was proved in [Sch1]. We briefly recall the arguments. To begin with, it is straightforward
to write down a spherical vector in the induced model for the principal series representations, showing
that the representations mentioned in i) are indeed spherical. One can also write down a spherical
vector for the representations in ii). So all the representations mentioned in Theorem 1.8 are indeed
spherical. To show that there are no further spherical representations, one can utilize the spherical
Hecke algebra of G, which in the good case is just a polynomial ring in the standard Hecke operator
T7(w). For general reasons, the characters of the Hecke algebra are in one-one correspondence with
the spherical representations. After computing the Hecke eigenvalues of the spherical representations
already found (see [Schl] 4.2), it turns out that every Hecke algebra character is associated with one
of these representations. Thus there can be no further spherical representations, because there are
simply no characters left.

1.9 Lemma. If we are in the good case n = 0, and 7 is one of the spherical principal series represen-
tations mentioned in Theorem 1.8 i), then

Vv #0 for a spherical vector v in .

Proof: We note that there is up to scalars only one spherical vector v in 7, since the Hecke algebra
is commutative (see [BeS] 6.2). The induced model is given by functions ® : G — C such that

o ((*,0)00) = x(@em (000 e

11



for all @ € F*, z,u,k € F, and g € G’. The action of G’ on this space is by right translation. Now
if such a ® is spherical, meaning right K”-invariant, then it is obviously determined by its values on
elements (A,0,0), A € F. It is not hard to see, and we will prove it in section 1.6, that the spherical
vector is given by

(o it A ¢ O,
®(2,0,0) = { L iteo, (22)
Now by formula (19), we have
w b
(Vo®)(A,0,0) = ®(X,0,0)+ > @ ((A,o,m( w))
beO/w
— w b 2
=®(1,0,0)0+ Y @ <( w_1>(0,>\b,/\ bw)(Aw,0,0))
beO/w
=®(},0,0) +X(W)w3/2< > ¢m()\2bW)>‘1>(>\w,070)~
beO/w
This expression is zero if A ¢ O. But for A € O we get
(Vu®)(X,0,0) =1 + x(w)|w|*?q = 1+ x(w)g /2.
If this were zero, then we would have y(w) = —¢'/2, and thus x> = | |~'. This is not the case by
hypothesis. [

1.5 The main results

In Theorem 1.8 a restriction was made on the field F: If F' has even residue characteristic, then only
F = Q, is allowed. Since our results in this section build upon Theorem 1.8, we have to impose this
restriction throughout this section. Fortunately, this will not affect any of the global applications later
on.

We fix a representation 7 of index m, a positive integer d, and look at all representations of index mw?

that can be obtained by repeatedly applying U, and V,,. That is, we consider the representations
Urvim, r,s >0, 2r+s=d.

By the earlier observation V2r ~ U, (see (20)), all these representations are isomorphic (namely,
isomorphic to V471). We choose some fixed model W for all these representations.

Now let v be a spherical vector for . Then the vectors
UZViv, r,s >0, 2r+s=d,

can all be considered elements of W, and our goal is to show that they are linearly independent. The
idea is that U, increases the spherical degree, while V,, does not.

12



1.10 Lemma. Assume that 7 is not a positive Weil representation. If v has spherical degree k, then
Vi v has also. In particular, Vv # 0.

Proof: First we consider the good case n = 0. By Theorem 1.8, m must be a principal series
representation. Then, by Lemma 1.9, we have V_,v # 0. Lemma 1.2 now shows that both v and Vv
have spherical degree 0.

Now let n > 1. It is easy to see that Vv is (V,m)(Hy)-invariant if v is w(Hy)-invariant. Thus the
spherical degree k of v can at most increase. We show by induction on %k that it does not. Using the
commutative diagram from Lemma 1.7, one shows easily that the assertion for k + 1 follows from the
assertion for k. Thus we need only consider the case k = 0.

Let

v = Z Pu & luw—ﬁ—i-(?
u€O /wh

as in Lemma 1.1. Since v has spherical degree 0, we have
oy #0 for at least one u € O/w™ with v(u) = 0 (23)
by Lemma 1.3 (in fact ¢, # 0 for all such u, by Lemma 1.1 iii)). A straightforward computation shows
m [w b - )2, 27—
TrSW( w1>1uwﬁ+0 = dm(w)q 12 Z Y(mbw(u + cw )2“) ? 2)1(u+cwﬁ)w*ﬁ*1+0a
ceO/w

and thus, by the formula (19),

Vov = Z Yu @ 1yy-ato + 5m(w)q71/2 Z Z Z

u€O/wh beO/w ueO/w™ ceO/w
Y(mbw(u + Cwﬁ>2w_2ﬁ_2)7~r (w wlil ) Pu ® Lyt cwn)w-n-140- (24)
Now we apply the operator A, (see (6)) with z = (u+cw™)w="~! for some ¢ € O and some u € O with

v(u) = 0. Assuming in contrast to the assertion that Vv has spherical degree at least 1, by Lemma
1.3 we get

7 A—2 ~ b
> v+ e (4 2 Y=
beO/w
(now b runs over a fized system of representatives for O/w). Now
b+ ™)) = (b 2mbucs )

(here we used n > 1), and if b is a unit, then 2mbuw=""1 ¢ O. Hence after summation over ¢ € O/w

only the term with b = 0 survives. This yields ¢, = 0, in contradiction to (23). L]
1.11 Lemma. Let vy,...,v; be (non-zero) spherical vectors for m, pairwise of different spherical de-
gree. Then vy,...,v; are linearly independent.

13



Proof: Let > a;v; = 0 be a linear combination. Assume that v; has the lowest spherical degree.
Using Lemma 1.3, one easily sees that a; must be zero. One continues in this manner, proving that
all a; are zero. n

1.12 Theorem. Assume that mw is not a positive Weil representation. Let v be a spherical vector for
7, and d € N. Then the vectors

USViv, r,s >0, 2r+s=d,
are linearly independent.

Proof: As explained at the beginning of this section, these vectors are spherical vectors in some model
W for the representation V.97 (of index mw?). By Lemma 1.10, the operater V,, leaves the spherical
degree unchanged, while U,, increases the spherical degree by one. Thus the vectors in question all
have different spherical degrees. By the previous lemma, they are linearly independent. [

1.13 Definition. Let 7 be a spherical representation of G’ (F).

i) m is called a (local) newform if it is not of the form Vn' for some d > 1 and some spherical

.

ii) m is called an almost-newform if it is of the form V,x' for some newform ’.

iii) If 7 = V7' for a newform 7', then 7 is said to have age d.

Our goal is to determine the dimension of the space of spherical vectors for a spherical representation
of age d.

1.14 Lemma. Let (7,V) be a spherical representation such that the space V() of spherical vectors
has at least dimension 2. Then 7 is of the form U,n’" for some spherical 7'.

Proof: Let v; and vs be linearly independent spherical vectors. A suitable linear combination of vy
and vy yields a spherical vector

v = Z 0u® 1y, 0 such that ¢, = 0 for some u € O/w™ with v(u) = 0.
ueO /wh

By Lemma 1.1 iii), we then have ¢, = 0 for all v € O/w™ with v(u) = 0. But by Lemma 1.3, this
means that v has spherical degree at least one, and so the representation «’ := U, -1 7 is spherical. =

1.15 Proposition. If 7 is a newform or an almost-newform, then the dimension of its space of spher-
ical vectors is 1.

Proof: Immediate from Lemma 1.14 (recall that U,r = V27). L]
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1.16 Theorem. Let (m, V') be a spherical representation of age d, and V() ¢V its space of spherical
vectors. Then

d+2

dlm(‘/ (O)) [ 727 11 d 1S even
T 11 dl'()(l(l
2 S

More precisely, if V(¥) denotes the space of K ,;] -invariant vectors, then we have
VOS5 y® 5 5y 5
and the quotient of two consecutive vector spaces in this filtration is one-dimensional.

Proof: First we proof the dimension formula. We know that “>” holds by Theorem 1.12. For the
other direction we do induction on d. The cases d = 0 and d = 1 are taken care of by Proposition
1.15. Thus let d > 2.

Let k = (d+2)/2if d is even, and k = (d+1)/2 if d is odd. Suppose we had k+ 1 linearly independent
vectors in V(©. By forming suitable linear combinations, we can arrange that at least k of these
vectors have spherical degree greater than one (see the reasoning in the proof of 1.14). But then the
representation U,-17, which has age d—2, would have at least k linearly independent spherical vectors,
in contradiction to the induction hypothesis.

Let 7’ be a newform such that Vujiﬂ’ = 7, and let v be a spherical vector for n’. We now know that
the vectors

UrVie, 2k +1=d,

form a basis for V(©). We further know that the spherical degree of U*V!v is k. From these facts the
last assertion follows. (]

Our results can also be summarized in the following table, which is self-explanatory.

representation | index | age | spherical vectors of degree | dim V(©)

0 1 2

Vi mwt | 4 | Vi V2U,v UZv 3
Vim mw? | 3 | V3v VoUuv 2
V2m mw? | 2 | V2 U,v 2
Vo mw 1 | Vv 1
7 (newform) m 0 v 1
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1.6 Principal series representations

Now we determine the age of the principal series representations W;m In particular, we determine all

the newforms amongst these, and the dimension of the spaces of spherical vectors.
J

X,m
representation, its space Bim consisting of smooth functions ® : G’ — C such that

So let x be a character of F*. By [BeS] 5.5, the principal series representation is an induced

o ((*2)00) = x(@em ()00 25)

foralla € F*, x,u,k € F, and g € G’. The action of G’ on this space is by right translation. Now if
such a ® is a spherical vector, it is determined by its values on

AN = {(aa“Tl)()\,u,/{): acF*, a:,/\,,u,/@EF}.

Conversely, a function on this group can be uniquely extended to a K”-rightinvarant function on G
if and only if it is right-invariant under

AN NnK' = {(aax1>()\,u,ﬂ) cae O )\ k€ (’)}. (26)
1.17 Lemma. Let ® be a function on A’ N’ transforming as in (25). Then ® is right-invariant under
A’NY N K7 if and only if the following holds:
i) ®(A,0,0) =®(N,0,0) if \ =N €O.
i) x(a)®(aX,0,0) = ®(A,0,0) for alla € O* and A € F.
iii) If ®(X,0,0) # 0, then

() > { —n/2, if n is even,

—(n—1)/2, if n is odd.
(Here n = v(m) as usual.)

Proof: @ is obviously determined by the values ®(\,0,0), A € F'. Writing down the condition
®((A,0,0)k) = ®(),0,0) forall \e F, ke AN’ nK’,

one quickly arrives at i), as well as at the condition
x (@)™ (2 ap + Naz)®(aX, 0,0) = ®(,0,0) forall \ € F, a € O*, z,pu € O. (27)

For = = 0 one obtains the condition ii). For @ = 1 and p = 0 one obtains condition iii), because
¥ has conductor O. Conversely, (27) follows from i), ii) and iii), as is easy to see. L]

Let x have conductor w'O, [ > 0. For I = 0 this means that y is unramified, whereas for [ > 1 it
means that x is trivial on 1 + 'O, but not on (1 + w!~10) N O*.
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1.18 Lemma. Let ® be a function on A’ N’ as in the previous Lemma, i.e., ® transforms as in (25),
and is right-invariant under A’ N’ N K7. Let x have conductor w'O with | > 1. Then, for all A € F,

B(N,0,0)£0 = v()) < L.

Proof: If a € 1 + A71O, then A — a\ € O, and so
®(aX,0,0) = ®(A,0,0)

by condition i) of the previous lemma. Thus
x(a) =1 for all (a € 1+ AX7'0) N O*.

by condition ii). It follows that w!O > A~10O, which is equivalent to v(\) < —I. ]

1.19 Proposition. Let w'O be the conductor of x.

i) Let n be even. If | = %, then 7, is spherical, and the dimension of its space of K”-invariant

vectors is 1.

ii) If n is even and | > %, then 7 is not spherical.

J
xom
iii) If n is odd and | > 241, then m; , is not spherical.

Proof: i) First we treat the case n = 0. Then y is unramified, and it follows from Lemma 1.17 that
there is (up to scalars) a unique spherical vector, determined by

0, if A ¢ O,

1 itheo. (28)

®(X,0,0) = {

(This was already used in the proof of Lemma 1.9.)

Now assume that n > 2, and that & is a spherical vector in the induced model. By the previous

lemmas, we can have ®(\,0,0) # 0 only for v(\) = —%. Then condition ii) in Lemma 1.17 forces ® to
be the function determined by
[0, if v(A) # -3,
@()\,0,0) - { CX(G)_l, if A = aw—n/Q, ac O*, (29)

where ¢ = <I>(cu_"/27 0,0). Thus, up to scalar multiples, there can be at most one spherical vector. On
the other hand, one checks easily that ® as in (29) (say with ¢ = 1) has the three properties listed in
Lemma 1.17. It can thus be extended to a function on A’ N right-invariant under A N’ N K7, and
can then be further extended to a spherical vector in the induced model.

ii) and iii) In these cases, Lemma 1.17 iii) and Lemma 1.18 show that there can be no spherical vectors.m

1.20 Theorem. The newforms amongst the principal series representations are exactly the represen-
tations

J

T mo» where n, = v(m) is even, and the conductor of x is w™?O.
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J

X,m
must have y trivial on 1+ w(™~1/20. But then by i) in the same proposition, W;’mw,l is spherical.
Thus

Proof: Let n be odd, and assume 7 is a spherical representation. By iii) in Proposition 1.19, we

J  _ J
Txm = VoTy mow—1
is not a newform. So newforms can only occur for even n.

Let n > 2 be even, and consider m = w;{vm, where y has conductor w™20. By i) in the Proposition, 7

has an essentially unique spherical vector. Thus 7 can not have age d > 2, because then it would have
more spherical vectors by Theorem 1.16. But 7 can also not have age 1, because then we would have
a newform in the odd case, which we just saw is not possible. The conclusion is that 7 must itself be
a newform.

J
X,m

Finally assume that n is even and m = 7r>{7m is spherical with x being trivial on (1 + w”/z’lo) NO* =
(1 +w™=2/20) N O*. Then

If n is even and the conductor is w!'O with [ > 5, then m is not spherical by Proposition 1.19 ii).

1 J
s _ﬂ-x,mw*2

is spherical by the proposition, and thus 7 = U, 7’ is not a newform. ]

1.21 Corollary. Let m = 7/ and w'O the conductor of x. Then 7 is spherical if and only if | < 5.

X,m
In this case the age of 7 is n — 2l. In particular, if V(©) is the space of K”-invariant vectors of 7, then

E—&-1—1 if n is even,
dim(V©@) ={ 2
1
"; 1 i n is odd.

Proof: Let n be even. By the theorem,

/. J
= lefn/2 ™= ﬂ-X’mWQLfn

is a newform. Thus 7 = V"2 7’ has age n — 21.

Let n be odd. Then 7 is not a newform by the theorem. Thus 7’ := V_,—17 is spherical, and of age
n — 1 — 2] by what we just saw. Consequently = = V7’ is of age n — 2I.

The dimension formula follows from Theorem 1.16. [ ]

2 Global applications

2.1 The U and V operators on classical Jacobi forms

For positive integers k, m let Jj, ,, be the space of classical Jacobi forms of weight k and index m in the
sense of [EZ]. Any f € Ji  is then a function H x C — C, where H is the upper complex half-plane,
and we denote by J;°P the subspace of cusp forms.
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The real Jacobi group G”(R) acts on H x C by

(7, 2) at+b z4+ AT+ p
(7, 2) =
g7 ct+d  er+d ’

where

g= (ZZ)()\,M,/@)GG‘](R), and (r,2) e Hx C.

The automorphic factor of weight k and index m is

c(z 4+ A1+ p)?

) B —k . B
Jem (g, (1,2)) = (e +d) " exp (27mm ( g

+)\QT+2)\z+)\,u+n>>,

with g and (7, z) as above.

We consider the adelized Jacobi group G7(A), where A is the adele ring of Q. To f € Ji.n, there is
associated a function ¢y on G7(A) in the following way. Every element of G7(A) can be written (in a
non-unique way) as

9 = 79scko with v € G7(Q), goo € G'(R), ko € [ G7(Zp).

p<oo

Then ¢ is well-defined by

?£(9) = Jkm(goo, (,0)) f (90 (4,0)) with g = ygoscko as above.

From [BeS] 4.1.2 and 7.4.5 we get the following result.

cusp

2.1 Proposition. The map f — ¢+ establishes an isomorphism between J;:l;p and the space Ay

of functions ¢ : G’(A) — C sharing the following properties.
i) ¢(vg) = d(g) for all g € G7(A), v € G'(Q).
ii) 9(9(0,0, K)) = V™ (R)(g) for all g € GV (A), K € A.

iii) ¢(gr(9)) = e™?¢(g) for all g € G'(A), r(0) = <_Czlsr(l?z) iﬁf;%?) >

iv) ¢(gko) = ¢(g) for all g € G7(A), ko € [, G7(Zy).

v) ¢ is smooth as a function on G”(R), and as such is annihilated by the differential operators Lx _
and Ly .

vi) ¢ is bounded.

Some comments are in order. First of all, the function 1 : A — C* appearing in ii) is the “standard
character” described in [BeS] 2.2; it is a character of A/Q with the property that its infinite component
coincides with the character x — 2™ of R.
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Second, the differential operators in v) come from elements X_ and Y_ in the complexified Lie algebra
of G’ (R). Specifically, X_ involves only the s[(2)-part of the Lie-algebra, and is the usual “annihilation
operator”; see [BeS] 1.4 for more details. The element Y_ is in the complexified Lie algebra of the
Heisenberg group and equals %(P —1Q), where

P =(1,0,0) and Q = (1,0,0)
are elements of the Heisenberg Lie algebra. For later use note that

exp(tP) = (¢,0,0) and exp(t@Q) = (0,¢,0). (30)

qusp

If we start with an eigenform f € Jy 7,

then it turns out that ¢ generates an irreducible subrepresen-
tation 7 of a canonically defined space L?(G”/(Q)\G”(A)),,. This is the automorphic representation
of G7(A) associated to f. It is clear from ii) in Proposition 2.1 that m; has central character ¢™; this
now explains the notion of index we introduced in 1.1 for local representations.

As any global representation 7y may be decomposed into local components:

Tf = ® Tp, T, a representation of G”(Q,) (31)
p<oo

(restricted tensor product). Here at the archimedean component we have 7y, = 7r;{fk, a discrete series
representation of G’ (R) (see [BeS] 3.1).

In the GL(2)-theory, our index m corresponds to the level of a classical modular form, and only those
mp where p { m would be spherical. However, in the Jacobi theory, the index m manifestes itself
differently (namely as the central character of m¢), and all the local components , for p < co in (31)
turn out to be spherical. This explains the importance of spherical representations in the theory of
Jacobi forms.

In (14) we introduced local index shifting operators on representations of the Jacobi group. Now we
define the analogous global index shifting operators by the same formula, where s is now an idele. It
is clear that if s = (sp)p, then

™= Qmp i Ust = ®Us,mp and Ve = RV,

spTp-

It is further clear that if s € Q*, then U, and V; take automorphic representations to automorphic
representations. We will be interested in the operators U, and V, for a prime number p € Q*. For
some more information on local and global index shifting see [Sch2].

Now we start with an eigenform f € J.'PP and let V be the space of 7. For a fixed prime p we

consider the representation U,7y, which is again automorphic. Its space is again V, but G7(A) no
longer acts by right translation. But it is obvious how to obtain a model for U,m; where G7(A) acts
by right translation; in this model, ¢ becomes the function

(Upos)(9) = 05 (Up(9)), g € G (A). (32)

We check that U,¢y is again a Jacobi form:
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2.2 Lemma. The function Up¢s has the properties i) through vi) from Proposition 2.1, with m
replaced by mp?. It thus corresponds to a classical Jacobi form of index mp?.

Proof: Everything is clear except maybe v). As mentioned above, X_ is an element in the complexi-
fication of the Lie-algebra of SL(2). Since the automorphism U, leaves the SL(2)-part unaffected, we
have

Lx (Uppy) = Up(Lx_¢y) = 0.

As for Y_, we compute

Lr(Upos)(9) = 2| (Tper)gexp(tP)) ]¢>f (9(2,0.0)))

-
- a’#’f(Up( )(tp. 0,0)) \ 65 (Up(9)(t,0,0)),

and thus Lp(Upés) = pUp(Lpoy). Similarly, Lo(Upds) = pUp(Lg¢y), and therefore

Ly (Upgps) =pUp(Ly_¢5) =0.

Now we try a similar construction with the operator V,. Consider the automorphic representation
V,m; with index mp on the same space V. We move the vector ¢; to another model where G”(A) acts
by right translation, obtaining the function

P1(9) = ¢(Vp(9)).

In contrast to the situation with Uy, this function does not necessarily fulfill condition iv) in Proposition
2.1. For every finite ¢ # p, the invariance is clear, but for p we only have invariance under H(Z,) and
under

SL(2,Z,) N V,-1(SL(2,Z,)) = {<Z Z) € SL(2,Z,) : p|c} =: Ko(p).
We can however make this function right G7(Z,)-invariant by defining

P2(9) = > $1(97)-

YESL(2,Zp)/ Ko (p)

This function now has property iv), but is still not the one we are heading for. Instead we go to yet
another model and define

o =o (o 1)) = 2 er(wen (VP ). )

YESL(2,Zp)/ Ko(p)
where (ﬁ _1> is of course an element of G”(R).

VP
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2.3 Lemma. The function V,¢¢ has the properties i) through vi) from Proposition 2.1, with m
replaced by mp. It thus corresponds to a classical Jacobi form of index mp.

Proof: Again everything is obvious except v). The arguments for this are similar as in Lemma 2.2; in
doing the computation it becomes clear why we introduced the matrix <\/]3 \/ﬁ_l> in the definition
of Vp¢f. L

For the next Lemma recall our definitions (17) and (18) of the operators U, and V,, on spherical
vectors of a local representation.

2.4 Lemma. Let 7y = ®m,, and V, some model for the local component m,. Let ¢f = Y . ®@qv;q
via an isomorphism V = ®V,, where at the archimedean place the v; o, are lowest weight vectors in
Moo = 7r;€]+ . Then we have

Upoy = Z ®q(Upvi,g)

and

Vooy = Z ®q(Vpviyg)

where Upv; o is a lowest weight vector in Upmoe = 7/t e and Vpv; o is a lowest weight vector in

mp
J+

‘/Pﬂ—oo = 71—mp,k,'

Proof: The claim about the finite places is obvious by construction. At the archimedean place,

: : : . J+ _ _J+ J+ _ _J+
since we can work with square roots, there are isomorphisms Upﬂ'm’ k= Tonp2 k and ‘/;)ﬂ'm’ k= Topk

(see [Sch2] Proposition 2.2; introducing the matrix diag(,/p, \/ﬁfl) in (33) has precisely the effect of
establishing this second isomorphism). To be a lowest weight vector means having the property v)
from Proposition 2.1, which we already saw. [

We finally identify our global operators U, and V,, with well-known operators of the same name from
the classical theory of Jacobi forms.

2.5 Proposition. The operators U, and V), defined by (32) resp. (33) coincide with the classical
operators Uy, and V,, defined in §4 of [EZ]. More precisely, for f € J,'77 we have

Updy =du,s and Voos =p 2y .

Proof: We begin with Up¢s. Let F' € J.'P, be the classical Jacobi form corresponding to this
function. Let (7,2) € H x C, and

g:(lf)(ﬂﬂl)muvo)ecﬂm
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be such that g.(¢,0) = (7, 2). Then by definition we have
F(7,2) = Jimp2 (9, (4, O))_l(Up¢f)(g)

_ Timp2 (N2 4 1
= yk/2e2mimpt (Wi A (( f) (\/ﬂ \/y_1>(/\p,up70))
= yk/2e2mm(O D) (0 (U (g), (i, 0)) F(Uy(g) (5, 0))

= f(7,p2).
But this is exactly the definition of U, f on page 41 of [EZ].

Now let I" € J;'"F be the classical Jacobi form corresponding to V,¢;. Using Lemma 2.6 below, we
have

F(7,2) = jkmp(9, (,0)) 7 (Voo s) (g )

— —2mim 24 p
-y k/2 = 2mimp(A?i+Ap) ¢(Vp (‘f 1)7)
YEV, Fp/(V Ipnly) P
- —2mim 24 p 1
_ yk/2em2mimp(\itAw) ( <\f\/7>( p_1>’y) (34)
’YEMQ(P)/F
_ yfk/26727rimp()\2i+/\,u) Z ( (1p)vp <\/ﬁ\/71)) (35)
YEM2(p)/T
— —2mim 2 p
— R 2em2mimp (it An) Z ( ( 1)Vp (f _1>>. (36)
YET\M2(p)

In line (34), the element (1 p_1>'y lies in Gép. Then we have used the left-invariance of ¢ under
rational matrices. The element 7_1<1 p) in line (35) lies in Gf. Now for an arbitrary element

v = <CCL Z) € M>(p) one can compute

00 ()

() ) ) w0 (7 )
()0 w7 5 )) 07 e )omio)

(D7 ) )(%1)<Wvﬂﬂvo>>

g'(1,0) = (z Z) <JF JF) (1. 2Vp) = (Z;is Cij d)
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and

et 00 = e (50) (V7 =) i)
(") ) om0 o)

_ k/2 d —k_mp —cz k/2 27rimp(k2i+ku).
pr(er +d) e (CT—I—d yoe

It follows that
¢(gl) = jk,m(glﬂ (i, 0))f(g/(i7 0))

2
= pt/? d) " kemp TCE N\ k/2 2mimp(AZi+Ap) atr+b pz
prlrrae (CT+d>y ‘ f cr+d er+d)’

Plugging all that into (36), one obtains

ko [ —C22 ar+b  pz
F(r,2) = Z P (er +d) e p(c¢+d>f<07'+d707+d).
Y\ M2 (p)

1-k/2

Up to a factor p , the function on the right is exactly the function V,, f defined on page 41 of [EZ].m

2.6 Lemma. Let My(p) = {A € SL(2,Z) : det(A) = p} and My ,(p) = {A € SL(2,Z,) : det(A4) =
pt. WithT' = SL(2,Z) and I',, = SL(2,Z,,) there are bijections

Vpr/(V;,Fp N F;D) o M2,p(p)/rp o M (p)/T.

The first bijection is induced by the map A +— ((1) 2) A.

Proof: The second bijection is induced by the inclusion Ms(p) — Mo ,(p). It is easy to see that this
inclusion induces an injective map on the cosets. To see that it is a bijection, it is enough to show
that both coset spaces have the same number of elements. But a standard set of representatives for
both coset spaces is provided by

(ag)) a,b,d € Z, ad = p, b (mod a). (37)
As for the first map, see Lemma 1.6. n

2.2 Consequences

To apply our local theory to the global situation, we need an additional global ingredient. In our
main result Theorem 1.16 we had to exclude the positive Weil representations of the Jacobi group,
because for these it may happen that the operator V,, on spherical vectors is zero. Luckily, positive
Weil representations do not appear as local components of cuspidal automorphic representations of the
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Jacobi group. This follows from the corresponding result for a cuspidal automorphic representation 7
of the metaplectic group (see [Wa] Proposition 23), and the fundamental relation

T=TQ Mgy,
which also holds globally (cp. with (5)). Thus, in the cuspidal situation, our local results apply to
every spherical local component. We mention that the fact that m = ®m, does not contain a positive

Weil representation at the archimedean place is responsible for there being no Jacobi cusp forms of
weight 1; see [BeS] 7.5.7.

Let 7 = ®m, be a cuspidal automorphic representation of G”(A) such that 7, is spherical for every
finite p. A global spherical vector in 7 is a linear combination of tensors ®v,, such that v, is a spherical
vector in m, for every finite p. Due to the non-commutativity of the local Jacobi Hecke algebras, the
space of global spherical vectors may be quite big. However, in view of Theorem 1.16, we immediately
get the following.

2.7 Proposition. The cuspidal automorphic representation m = ®m, as above contains a unique
Jacobi form (up to scalars) if and only if 7, is a newform or an almost-newform for every finite p.

We recall the Definition of Jacobi new- and oldforms in the classical context (see [EZ] §4). An oldform
in Jj  is one which is obtained as a linear combination of elements of the form V), f' and U, f”, where
f"and f” are Jacobi forms of smaller index (and p varies). The newforms in Ji ,,, are those which are
orthogonal to the space of oldforms with respect to the Petersson scalar product.

2.8 Proposition. Let f € J;7 be an eigenform, and let 7y = ®@m, be the associated automorphic
representation of G’ (A). Then the following are equivalent:

i) f is a newform in the sense of [EZ].

ii) For every finite p, the component m, is a local newform in the sense of Definition 1.13.

Proof: We saw in the previous section that if f € ®,my, then

Vof € ®4Vpmq and Upf € ®;Upmy.
So if all the m, are newforms, then f must be a newform.
Now assume that there is a p such that 7, is not a newform. Then 7’ := V,,-1m, is spherical, and
if m, is not even an almost-newform, then 7" := U,-1m, is also spherical. It follows that the global
representations

n':=V,-my  and, if necessary, 7" := U,y

each contain classical Jacobi forms (meaning adelic functions with the properties from Proposition
2.1). We further know from the local theory that every spherical vector in 7, can be obtained as a
linear combination of vectors of the form V,v’ and U,v”, where v' and v” are spherical vectors in 7’
and 7, resp. It follows that ¢ is a linear combination of vectors of the form V,¢’ and U,¢"”, where
¢' and ¢" are Jacobi forms in 7’ resp. 7. By Proposition 2.5, f must be an oldform. n
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As a consequence of the last two propositions we can state that if 7 = ®m, is a cuspidal automorphic
representation, and if m, is a local newform for every finite p, then 7 contains a unique classical
Jacobi-newform.

We finally note that from Theorems 1.12 and 1.16 (together with the formulas in [EZ] Theorem 4.2)

one immediately gets the following.

2.9 Theorem.

cusp __ cusp,new
Jk,m = @ Ulv"]k,m/m"
Ik
12l'lm

We have thus proved this result using essentially local methods, whereas the usual proof utilizes a
trace formula; see [EZ] p. 49.
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