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Abstract

The exterior square L-function attached to an automorphic cuspidal
representation of GL(2n) has a pole if and only if a certain period integral
does not vanish on the space of the representation. We conjecture, in the
“if” direction, a similar result is true for representations of GL(2, D),
where D is a division algebra. We prove a partial result which provides
evidence for the conjecture. The proof is based on a relative trace formula.
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1 Introduction

Let F be a number field, A its ring of adeles, and D a division algebra of
rank m? over F. We regard D*, GL,,, G = GLy(D), and G’ = GLs,, as
algebraic groups defined over F. The multiplicative group F'* of F' is identified
with the center Z of each one of these groups. For an algebraic group H over
F and a place v of F', we will denote the group of its F,-points by H,. By
an automorphic representation of H(A), we will mean a subrepresentation of
LA(Z(A)H(F)\H(A)).

The Jacquet-Langlands correspondence associates to each automorphic rep-
resentation 7 of D*(A) an automorphic representation 7’ of GL,,(A) such that
7, ~ 7, at all places where D¢ ~ GL,,(F,) [HT]. Tt is conjectured that there is
a similar Jacquet-Langlands correspondence between representations m of G(A)
and 7’ of G'(A) (or more generally between any inner forms of GL,,) such that
7, ~ 7, when G, ~ G. A consequence of this conjecture is that multiplicity
one and strong multiplicity one theorems should hold for G. Such a correspon-
dence has been established when D is split at each infinite place [Ba].

Suppose m and 7’ are cuspidal representations of G(A) and G’(A), respec-
tively, which satisfy the Jacquet-Langlands correspondence. Assume that w
satisfies multiplicity one and strong multiplicity one, i.e. if 7° is an automor-
phic representation of G(A) with 7, ~ 70 for almost all v, then 7 = 7°. The
purpose of this note is to illustrate how the relative trace formula may be used
to compare Shalika periods on 7 with those on 7’.

Let S (resp. S’) be the subgroup of G (resp. G’) of elements of the form:

A X\l _J(A 0\ /I X\ _J(I X\[(A O
0 A B 0 A/J\0 I o 0 I 0 A
where A € D* (resp. GLy,) and X € D (resp. My,xm). This is called the

Shalika subgroup of G (resp. G’). Let ¢ be a non-trivial additive character of
A/F. Define a character 6§ on S(A) (resp. on S’(A)) by

(8 )

where tr denotes the reduced trace of D (resp. the trace on M,,xm). The

Shalika subgroup is unimodular, and a Haar measure on S(A) (resp. on S’'(A))

is given by a product dAdX where dA and dX are both Haar measures on the

appropriate spaces.

We say that an automorphic representation m of D(A) is distinguished (by
0), if it has trivial central character and the period integral

Ao = [ H(5)0 7 (s)ds

Z(A)S(F)\S(A)



is non-zero for some smooth function ¢ in the space of w. Note that the quotient
Z(A)S(F)\S(A) is compact, so the integral converges. Conjugating by a matrix

of the form
(a1 0 %
7_( O I)’OéEF’

we see that if the condition of distinction is satisfied for , it is also satisfied
with ¢ replaced by the character z — 1 (ax). Thus the condition is independent
of the choice of .

We make the same definitions for S” mutatis mutandis. We define a character

6 on S'(A) by
(4 2) D)o

Thus a cuspidal automorphic representation 7’ is distinguished if and only if its
central character is trivial and the period integral

V@) = [ #5167 ()ds
Z(A)S"(F\S" (A)

is non-zero for at least one smooth element ¢ in the space of 7’. Note that the
quotient Z(A)S’(F)\S’(A) has finite volume— it is the product of the volumes
of Z(A)GLy (F)\GL (A) and My, xm (F)\Mpmxm(A). Since the cusp form ¢ is
bounded, the integral converges.

We conjecture that if 7 is distinguished, then 7’ also is. The significance of
this is as follows. Recall that 7’ is distinguished if and only if the exterior square
L—function L(s,7’; A?) attached to 7’ has a pole at s = 1 ([BF], [JS], [Ji]). This
is proved using an integral representation of L(s,n’; A2). On the other hand,
there is no integral representation for the exterior square L—function L(s, 7; A?)
attached to m. Nonetheless, according to the conjecture, the non-vanishing of
the period integral A should imply the existence of a pole for L(s,; A?).

Here we use a relative trace formula to establish the following partial result
in the case m = 2.

Theorem 1. Let D be a quaternion algebra which ramifies at at least one
infinite place. Suppose T, is supercuspidal for some finite place vy where D
splits. If 7 is distinguished by 0, then the automorphic cuspidal representation
7' of G' corresponding to w is distinguished by 0'.

The assumptions on D at infinity and m,, are purely technical assumptions
made to keep the trace formulas as simple as possible; specifically, we avoid the
need for truncation, whose details are presently unclear in this setting.

Subsequently, our conjecture has been proven for m = 2 by Gan and Takeda
using the theta correspondence [GT]. The authors remark, however, that their
method will not apply to higher rank. On the other hand, it is expected that
the trace formula approach we use here can be made completely general (with
considerable work). Separately, Jiang, Nien and Qin have proved our conjecture
(under some restrictions) for general n by a still different method [JNQ].



It is natural to also ask if the converse direction to the conjecture is true,
for this would make equivalent the nonvanishing of a Shalika period on 7 with
the existence of a pole for L(s,m; A?). For now we will not discuss this question
but refer the reader to the paper of Gan and Takeda (loc. cit.).

We introduce some more notations. We write a matrix g of G or G’ in the

form
(A B
=(& 5)-

Then we denote by P the parabolic subgroup of matrices for which C' = 0, by
U the subgroup of those for which C = 0, A = B = I, by M the subgroup
of those for which C = 0, B = 0 and by H the subgroup of those for which
C=B=0and A= D. Thus S (resp. S’) is the semi-direct product of H
and U. Henceforth, we restrict ourselves to the situtation m = 2, i.e., D is a
quaternion algebra, G = GL2(D) and G’ = GL4.

Acknowledgements. We would like to thank Wee Teck Gan for explaining to
us his results with Shuichiro Takeda. The first author was partially supported
by NSF grant DMS-02-45310. The second author was partially supported by
NSF grant DMS-0402698.

2 Local Orbital Integrals for GL,

2.1 Relevant Double Cosets

Let F be any field, and S be the Shalika subgroup of G = GL4 over F. The
group S(F) x S(F) operates on G(F) by g — s1gs; *. Denote by o the algebraic
additive character o : S — F' defined by

"((g 2)(6 {;))—tr(X).

We say that an element £ is relevant if the algebraic character of S x .5,
(u1,u2) — o(uy) — o(uz),
is trivial on the stabilizer of £. It amounts to the same to require that
o(€se™t) = o(s)

on the group S¢ := SNE-LSE.
Let us write the elements of GL4 in the form

=2 p)

Recall P is the parabolic subgroup of G of matrices for which C = 0. Any
double coset of S is contained in a double coset of P. There are 3 double cosets



of P. The rank of C determines the double coset PgP. If C = 0 then g is in P.
If C is invertible then g lies in the double coset of

w::(g g)

Finally, if C has rank 1 then ¢ is in the double coset of

[l )
o= O O
_— o O O
o O O

Now we come back to the double S-coset of an element g. If C' = 0 then the
double coset of g contains an element of the form

()

Then S¢ is the group of matrices of the form

A X

0 A)°
The element ¢ is relevant if and only if tr(X) = tr(X~~1) for all X. This is
so only if ¥ = 1. Thus the only relevant double coset of S contained in P is S

itself.
If C is invertible then the double coset of g contains an element of the form

o= 3)

Then S% is the group of matrices of the form

g 0
<O g)5g€T’Yv

where T, is the centralizer of v in GLy(F'). Such &, is relevant. Two elements
&y &y, are in the same double coset if and only if v; and ~» are conjugate in
GL2(F).

Next, we make the preliminary observation that in order for g = (g g)

to be relevant it is necessary that for Y7,Ys € Mayo(F') the relations
YiC =0, CYy, =0, Y1 D = AY,

imply trY; = trYs.



If C has rank 1, then simple computations show that the double coset of g
always contains either an element of the form

0 0 a b
1 0 0 O
01 0 O
0 0 ¢ d
or an element of the form
1 0 0 0
0 0 a b
0 1 0 O
0 0 ¢ d
with
a b
c d
invertible.

In the first case, the preliminary observation implies that if g is relevant
then ¢ = 1. Further computations show that the double coset contains a unique
element of the form

000 r
_]l1 0 0 0
=10 1 0 0
00 1 0
with 7 # 0. The intersection S = S N, 1Sy, is the group of matrices of the
form
a 0 0 O 1 0 =z O
0 b 00 01 00
0 0 a O 0 010
0 0 0 b 0 0 0 1

and 7, is relevant.

In the second case, the preliminary observation implies that if ¢ is relevant
then ¢ = 0. Further computations show that the double coset contains a unique
element of the form

S O =
o= O O
S 3 O

0
0
0
0 1
with r» # 0. The group 5S¢ is the group of elements of the form

1 =z ru y
ZOlOu

00 1 x|’

0 0 0 1



with z in Z. It is easily checked that such an element is relevant if and only if

r = —1. Thus we have another relevant double coset, namely, the double coset
of
10 0 O
100 -1 0
““lo1 0o of
00 0 1

with S€ the group of matrices of the form

1 2 —u vy
201 0 wu
00 1 =
0 0 0 1

An important observation is that the anti-automorphism

0 0 01

g watgws, ws = 0 010
’ 01 0 0’

1 0 0 0

leaves invariant P, its unipotent radical U, the subgroup S, the character o of
S and fixes any relevant double coset. Indeed, this anti-automorphism sends &,

to §w2t’7w27 with
(01
W = 1 0/

Since v is conjugate to 'y the elements &, and §wstyw, are in the same double
coset. For the other double cosets the given representative is actually invariant
under the anti-automorphism. The observation follows. We summarize our
calculations below.

Lemma 1. The relevant S-double cosets for GL4(F') are S, S&,S (where 7y is
determined up to GLao(F)-conjugacy), Sn,.S with r # 0, and SeS.

2.2 Local Orbital Integrals for GL,(F')

Let F be a local field. By abuse of notations, we often write G = GL4(F). Let
S denote the Shalika subgroup of G. Let @ be a non-trivial additive character
of F. We endow the vector space May2(F') with the self-dual Haar measure for
the character v o tr. On the other hand, we choose a Haar measure on GLay(F)
and T, (F'), the centralizer of v in GLy(F), in the usual way (as in the ordinary
trace formula computations). We use the isomorphisms

12 X g 0
o (5 5= 60)

to transport these measures to U and H respectively. The product of these
measures is then a Haar measure on S.



As in the global case, we define a character 6 : S(F) — C* by

(8 G )0

To say that an element g is relevant amounts to saying that the character
(ur, uz) = 6(u1)f(uz) "
is trivial on the stabilizer of G in S(F') x S(F), i.e.,
0(gsg™") = 0(g), Vg € S*(F) := S(F) g~ S(F)g.

Assuming g is relevant we study the orbital integrals of a function f € C°(G),
that is, the integrals

=(f,9) = / F(s1g531)0(51)0(s2) dsrdsz

The integral is over the quotient of S(F) x S(F') by the stabilizer of g in S(F') x
S(F). We can also write this integral as

E(f,9) = /SQ(F)\S(F) </S(F)f(81982)9(81)d81> 0(s2)dss . (1)

If g =1, then
=0 = [ Fs)(s)ds
S

and convergence is evident for smooth f of compact support.
If g = &,, then computing formally at first we define

rw= 15 )6 00 6) (0 T s raxaa.

Then
E(f,&) = O(Fy,) (2)

where, for any smooth function of compact support ¢ on GLa(F'), we denote by
O(¢,~) the orbital integral of ¢ on v, i.e.,

0(¢,7) = ¢(hyh™")dh.

/GL2(F)/T’Y(F)
To justify our computation we prove a lemma.

Lemma 2. The integral defining Fy converges. If ¢ is any smooth function of
compact support on F* then the function Fy(h)o(det h) is a smooth function of
compact support on GLy(F).



Proof. Indeed

I X\ [0 gh\ (I X\ _ (Xg gh+XgY
0 I)\g O 0 I) \g gy

has determinant equal to det g? det h. If this matrix belongs to a compact set
and det h is also in a compact set, then det g is in a compact set of F'*. By
inspection, ¢ is in a compact set of Mayo(F'), and thus in fact in a compact
set of G(F). Now Xg and ¢gY are in compact sets of Mayo(F'). Therefore X
and Y, in fact, lie in compact sets of Mayxo(F). Next gh is in a compact set of
Msy«o(F). Hence h is in a compact set of May2(F'). Since det h is in a compact
set of F'*, we have finally that h in a compact set of G(F). O

For a given v we have det hyh™! = dety. Thus our computation (2) is
justified, the orbital integral converges. More precisely, for a given 7 it is equal
to the orbital integral of a smooth function of compact support on G(F') (which
depends on 7).

In particular, assume F' is non-Archimedean, v is unramified, that is, the
largest ideal of F' on which v is trivial is O, and f is the characteristic function
of GL4(O). Let ¢ be the characteristic function of O*. Then F(h)¢o(det h)
is the characteristic function ®g of GL2(O). In other words, for |detvy| = 1,
E(f,&y) is the orbital integral of ®g at 7.

We briefly discuss the convergence of the other orbital integrals. For 7, it
suffices to prove that if the product

a u T Yy 1 wp 0 wn
0 b =z t 0 1 Z1 tl
00 a u|l[o 0 1 w
0 0 0 b 0O 0 0 1
U uu+r y+xzr o ar+tir 4wy 4+ uyr
b bur+z t4zz; tuy + by + t12
1o a U+ az ati + uuq
0 0 b bu1

belongs to a compact set of GLg4, then a and b lie in compact sets of F'* and
the other variables in a compact set of F'. This is immediate.
For the element ¢, it suffices to prove that if the product

a u T Yy ail 0 zp1 O
0 b 2z t 0 1 2z O
00 a u|lfl 0o 0 a o0
0 0 0 b 0 0 0 1
aac; r —autaxy+xz; 0

B 0 =z —a1b+ zz1 t
0 a azy u

0 O 0 b

belongs to a compact set of GLy4 then a, b, a; are in compact sets of F'* and the
other variables in a compact set of F'. Again, this is immediate.



3 Local orbital integrals for GLy(D)

3.1 Local orbital integrals

Let F' be any field and D a quaternion (or even any division) algebra of center
F. Again, let S be the Shalika subgroup of G = GLy(D) of matrices of the form

A B
0 A
and o the algebraic character

A 0\ (I X
(0 A) (0 1> — tr(X)
where tr is the reduced trace. We say that an element & is relevant if the

algebraic character
(u1,u2) = o(u1) — o(uz)

is trivial on the stabilizer of £ in S x S, or, what amounts to the same,

o(&s€7") = a(s)

on the group S¢ := SN ¢1S¢. The description of the relevant elements is
similar to the previous case but simpler. The only relevant elements (up to
double cosets) are the identity and the elements of the form

0
5’)’:: (I 8/) a'YeDX-

The subgroup S% is the group of matrices of the form

A 0
0 A
with A € T’,, the centralizer of v in D*.
Let P be the parabolic subgroup of matrices of the form

(0 )

M the subgroup of matrices of the form

(8 )

and U the unipotent radical of P, that is, the group of matrices of the form

b 7)

10



Let also H the subgroup of matrices of the form

A 0
0 A~
Let us denote by g — *g an anti-automorphism of D such that g+‘g = tr(g)I

and ¢g'g = det gI. Then g and ‘g have the same characteristic polynomial and
are thus conjugate in D*. We set then

(@ B)] =l D)l a):

Again, this is an anti-automorphism which leaves the relevant double cosets
invariant.

Now suppose F is a local field and G = GLy(D). Let ¢ be a non-trivial
additive character of F. We endow the vector space D with self-dual Haar
measure for the character i o tr, where tr is the reduced trace. Let ¥ be a
non-trivial additive character of F. We endow the vector space Mayo(F') with
the self-dual Haar measure for the character 1 otr, where tr is the reduced trace.
On the other hand, we choose a Haar measure on D* and T, in the usual way
(as in the ordinary trace formula computations). We use the isomorphisms

I X
XH<O I>

g O
- (0 9)
to transport these measures to U and H respectively. The product of these

measures is then a Haar measure on S.
Define 6 : S(F) — C* by

(4 9 )-sem

We consider the orbital integral of a relevant element g,

E(f,9) = /SH(F)\S(F) </S(F)f(81982)9(51)d81> 0(s2)dsz .

Then
=(f.1) = /S £(5)0(s)ds

If g = ¢&,, then we define
Fy(h) := /f Ké )I() (2 goh) (é ?)} Y(tr(X 4+ Y))dXdYdg

11



and
E(f7 gV) = O(Ffv'wv
where

O = [ Byt .
D /T,

The product Fy(h)¢(det h), for ¢ smooth of compact support on F'*, is a func-

tion of compact support on D* and Z(f, &) is the orbital integral of a smooth

function of compact support on D* (depending on det ).

3.2 Matching orbital integrals

Now let F' be alocal field. Let f be a function on GLg (D) with support contained
in the set Qp of elements
A B
(@ o)

such that det C' # 0. Then, on the support of f, det C' remains in a compact set
of F*. In the formula for the computation of Fy(h),

Fm = [ £ (2 ) wtex + vaxavag,

we see that det g2 det h and det g remain in compact set of F*. Thus det h is
in a compact set of F* and the function F} is a smooth function of compact
support on D*. Any smooth function of compact support can be obtained this
way.

The same discussion applies to the group G’ = GL4(F). We let 4 be the

set of elements
A B
C D

of G’ such that det C' # 0. Then for any smooth function of compact support f’
with support contained in €4 the function F: is a smooth function of compact
support.

Recall the notion of matching orbital integrals for smooth functions of com-
pact support on G and G’. If v and ' are semi-simple non-central elements
of G and G’ with the same characteristic polynomials, we write 7 ~ 7. We
say ¢ and ¢', functions on D* and GLy(F) respectively, have matching orbital
integrals if

O(,7) =0(¢',7"),

whenever v and ' are semi-simple non-central elements such that v ~ «/, and

O(¢7 ’71) =0 P

when ' is an element of G’ with distinct eigenvalues in F'*. Recall that for
every ¢ there is a function ¢’ with matching orbital integrals (see, e.g., Section
2 of [Ro)).

12



Thus for any f with support contained in Qp there is a function f’ with
support contained in €4 such that

E(f.&) =E(f, &),
whenever v and ' are semi-simple non-central elements with v ~ +/, and
2(f,&)=0

each time ~' is a an element with distinct eigenvalues in F'*.
In the Archimedean case we will denote by Qp . the set of matrices of the

form
I X\ (0 gh\ /(I Y %
0 1)@ )@ 1) perr -z

and we will assume that the support of f is contained in Qp .. Similarly we will
denote by 24 . the set of matrices of the form

b6 WG T

where h is elliptic regular, that is, has distinct eigenvalues not in F. We will
take the support of f’ contained in Q4 .. Any f with support contained in Qp
matches a function f’ with support contained in €y ..

4 A simple trace formula for GLy(D)

Let G = GL2(D) where D is a quaternion algebra over a number field F. An
element £ € G(F) is relevant if and only

Bleus™) = b(u)
for all u € S¢(A) = S(A) N ¢~1S(A)¢. We consider then the orbital integral
E(f,6) = / (/f(81582)9(81)d81> 0(s2)dsz
with s € S(A), s2 € SS(A)\S(A). Suppose & = &,. Computing formally we set

Ff(h):/f Ké )I() (2 goh) (é }I/ﬂdgw(tr(X+Y))dXdY.

Then
E(fvé.’y) = O(Ffvp)/)a
where O(¢,y) denotes the global orbital integral

0(6,7) = / o(hyh~)dh,
DX (A)/T, (4)

and Ty denotes the centralizer of v in D*. To justify our computations we prove
the following lemma.

13



Lemma 3. If the matriz

I X\ [0 gh\ (I Y\ (Xg gh+XgY
0 I)J\g O 0 I) \g gY

is in compact set of GLa(D(A)) and the reduced determinant deth is in F*,
then det h takes only finitely many values, g and h remain in a compact set of
D*(A), and X and Y lie in a compact set of D(A).

Proof. Indeed g is in a compact set of D(A) and det g?> det h in a compact set
of AX. A fortiori, det h~! remains in a compact set of A. Since it is in F*, it
remains in a finite set. Hence det g? remains in a compact set of AX. Thus det g
remains in a compact set of A*. Hence ¢ is in fact in a compact set of D*(A).
Now Xg and Yg are in compact sets of D(A), thus X and Y are in compact
sets of D(A). O

The lemma shows in particular that there is a smooth function of compact
support ¢ on D*(A) such that

when det h is in F'*. Then
E(f, &) = 0(¢,7) -

For each finite place v, let «;, 1 < i < 4 be an F,-basis of D,. In an obvious
way, it gives a basis «; ;, 1 <17 < 4,1 < j <4 of Maxa(D,). Let ay, and ag,
be the O,-modules generated respectively by {«;} and {a; ;}. Then for almost
all v, D, is split, «, is a maximal compact subring of D,, and a3, is a maximal
compact subring of May2(D,). The groups K}! := aX and K, = azxyv are
then maximal compact subgroups of D;¢ and GLza(D,) respectively. We choose
maximal compact subgroups K, at the remaining places. We set K =[] K.

We assume that f = [] f, where, for almost all v, the function f, is the
characteristic function of K,. Then, for a given +, for almost all v, if deth =
dety, then Fy, (hy) = ¢0,u(hy) where ¢q , is the characteristic function of «.
Furthermore, for a given -y, almost all orbital integrals are equal to 1, for a
suitable choice of the measures.

Consider the kernel function

K(z,y) = Kg(w,y) = Y flza™'€y)dz. (3)

Z(P\G(F)’Z(8)

We assume that at every place v where D is ramified the support of the
function f, is contained in the set Qp, . If furthermore v is Archimedean we
assume that the support of f, is contained in Qp, .. Then the intersection
suppf N S(A)ES(A) where £ € S(F) is empty unless € is in the double coset
of an element of the form ¢, with v in a finite union of conjugacy classes of
D* — F*. We now compute

/ / K(Sl,82)9(51)_1d519(82)d82.
Z(A)S(FIN\S(A) S Z(A)S(FI\S(A)

14



This can be computed as

f(51€52)0(s1)dsy | O(s2)dsy =

/Z(A)S(F)\S(A) ceS(FNG(F) Y 5(4)

Z / f(516y052)0(s1)ds1 | O(s2)ds2

v,0€S5Y (F)\S(F)

Z/ < f(51§782)9(51)d81> 0(s2)ds2
5 JZ(8)S% (F)\S(A) \/S(8)

where v runs over a set of representatives for the conjugacy classes in D* — Z.
We now use the fact that

/Z(A)S(F)\S(A)

S f(51€y52)0(s1)ds1 0(s2)
S(a)

is invariant on the left under S%v(A) to write this as

ol( 5” &y 518 s1)ds $2)ds
DVIEWST NS @) [ (/ [(s1852)0(s1)d 1>e< 2)dso

Recall that S& is the group of matrices of the form

g 0
(O g)ugET’Y7

where T, is the centralizer of v in D*. Thus the final expression for our integral
is
S Vol(F (A)T, (F)\T, (4)) Z(£, ).
¥

We will assume furthermore that there is a place vy where D is split, and
the function f,, is supercuspidal, that is,

/ fuo(w)du =0
U(Fuy)

each time U is the unipotent radical of a parabolic subgroup of G,,, defined over
F,,. We have then
= Z Kﬂ',f (Ia y)

where the sum is over all cuspidal representations 7 of G(A) with trivial central
character which have a supercuspidal component at vg. Here

K p(,y) =Y m(f)di(x)e,;(y)

15



where ¢ is an orthonormal basis of the space of 7. We set

Bx(f) = / / Ky ¢(s1,52)0 (51)0(s2)ds1ds> .
S(F)Z(A\S(A) JS(F)Z(A\S(A)

This is the global Bessel distribution attached to 7. At least, if each f, is K,
finite and we take the ¢; K —finite, then we can write

B(f) = ZA(w(fm)W.

In fact, one can show that the series converges absolutely. At any rate, we
denote by H, the Hilbert space of the representation m, by V, the space of
smooth vectors, by Vr its topological dual. Then

Ve C Hy CVE.

We still denote by 7 the natural representation of 7 on V; and VZ. The scalar
product (,) on H, X H, extends to Vi, x Vi or V! x V. Finally, for f smooth
of compact support and A € V¥ the vector 7w(f)A is in V. The period integral
Ais in V7. Then, at least under the assumption of K —finiteness,

Br(f) =Y _(m(F)(:): M6, A) = (r(HHNA).-

i

This expression is still valid for f smooth of compact support. Compare with
p. 184 of [Sh]. Then

/ / K (s1,52)07 " (s1)0(s2)ds1dsy = Y Br(f).
S(F)Z(A)\S(A) J S(F)Z(A)\S(4) =

Of course, 7 is distinguished if and only if the distribution B, is not identically
0.
Finally, we get

Y Balf) =Y Vol(F*(A)T, (F\T,(4)) E(f,7)-

5 A simple trace formula for GL,4

Now we consider the group G’ = GL4 with Shalika subgroup S’. We choose
maximal compact subgroups K, in the usual way. Thus K = GL4(O,) if v is
finite. We set K’ =[], K. We let f’ be a smooth function of compact support
on G'(A). We assume that f =[], f/, where f] is the characteristic function of
K/ for almost all v. We assume that, at each place v where D is ramified, the
support of f] is contained in the set Q4 ,. Furthermore if v is an Archimedean
place where D is ramified, we assume that the support of f] is contained in the
set €4.4.. Then there are only finitely many cosets S’(F)¢{S'(F), € € G'(F),
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such that the support of f’ intersects S'(A)£S’(A). Furthermore they are cosets
of the form S'(F)&,S'(F), where v € GLa(F) is elliptic at any Archimedean
place where D splits.

We introduce the kernel function

K@) = Kp(oy) = ) / F'(zaey)dz

Z(F)\G(F

We find, as before,
/ / K'(s1,52)0(s1)~0(s2)dsy dsy = ZVol T,(A)E(f',&,),

where ~y runs through a set of representatives for the conjugacy classes of elliptic
elements of GLo(F), in fact, the elements elliptic at each Archimedean place
where D is ramified. Next, we assume that f; is supercuspidal at a finite place
vp where D splits. We have then an identity

=Y Kuo.p(a,y)

where the sum is over all cuspidal representations 7’ of G'(A) with trivial central
character which have a supercuspidal component at vy. As before, we have set

r.) = 307 (F)01(2)0i 1)

where the sum is over an orthonormal basis ¢; of 7’. We set

')://Kﬂ/7f/(81,82)9(81)_19(32)d31d32'

This is the global Bessel distribution attached to 7’. The representation 7’ is
distinguished if and only if the distribution B, is not identically 0.

The sum over 7’ converges in the space of smooth rapidly decreasing func-
tions on G'(F)\G’(A). Now we can integrate over the space of finite volume

(Z(A)S"(F)\S'(A))? to get
//K/(Sl,SQ)o(Sl) 1 52 dSldSQ ZB

On the other hand, at least when f’ is K'—finite,

ZX "(f)pi)N (1) -

As before, we can think of A’ as a continuous linear form on the space of smooth
vectors and write

Br(f) = (" (fHN, X).
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6 Comparison

Now we compare the two expressions we have just obtained. We choose matching
f and f’. At a place v where D is ramified we demand that f, and f] match
in the sense given above. At a place v where D splits we have an isomorphism
D, ~ GLy(F,) and thus an isomorphism G, ~ G, which takes S, to S]. Then
the isomorphism is unique up to inner automorphisms defined by elements of S,
and S . Furthermore, at almost all places we may assume that the isomorphism
D, ~ Msya(F,) takes a, to Mayx2(O,). Then the isomorphism G, ~ G
takes the maximal compact subgroup K, to K. We then assume that f, and
f1 correspond to one another by this isomorphism. (Since G, ~ G, almost
everywhere, there is no issue of a fundamental lemma.) Then

E(f£.6) =0

unless there exists v € D* — F* with v ~ 4/, in which case

E(f,&) =E(f. &)

Moreover T, and T are then isomorphic. In particular, T, (A)/T,(F)F*(A)
and T (A)/T,(F)F*(A) have the same volume. We conclude that

> Vol(T,(A)/F*(ANE(f, &) = Y Vol(Ty (&) /F* (A)Z(f, &)

and thus
ZBTI'(f) = ZBW’(.]N)

If 7 is distinguished the distribution B, is non-zero. Our next task is to
prove that if B, is distinguished, then we can choose f as above such that
B (f) # 0. This requires local preliminaries.

7 Local periods: non-Archimedean case

Let F be a local non-Archimedean field and G = GL2(D) where D is a quater-
nion algebra over F'. Let m be an irreducible admissible unitary representation
of G with trivial central character. Let V' be the space of smooth vectors of .
Let V* be the dual space of V. We define the space of Shalika functionals of ™
to be
S(m) ={X e V| A(w(s)v) = 0(s)A\(v), v €V, s € S}.
We say that 7 is distinguished if S(m) # 0.
If A and p are in S(7) we can define a distribution

f) = ZA<w<¢>¢i>M

where ¢; is an orthonormal basis of smooth vectors in 7. As in the global case
we have inclusion

VCHCV?
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and we can write the distribution in the form
B(f) = (x(H)} n)-
For every s1,s2 € S we have
B(Ly, R, f) = 0(s155") B(f).
We first recall the following result.

Proposition 1. ([PR]) Let m be an irreducible, admissible, unitary representa-
tion of GLa(D). Then dimc S(7) is at most one.

We briefly give the argument here. The involution 7 introduced previously
leaves P, U, H and S invariant. In addition

0(7(s)) = 0(s)-

For any function f we set f7(z) = f(7(z)) and for any distribution T we define
T by T7(f) =T(f7). A standard argument shows that the above proposition
follows from the following.

Proposition 2. Let A be a distribution on G such that, for all s1,s2 € S(F)
and all functions f,

A(Rs, Ly, f) = 0(s1)0(s2) " A(f) -
Then A™ = A.

Proof. As we have observed the double cosets are invariant under 7. Thus the
orbital integrals satisfy the hypotheses of the proposition and the conclusion.
One concludes by using an argument of density. See [PR] for details. O

Now suppose that S(w) # 0. Choose A # 0 in S(7) and set

B(f) = ZA(w(fm)W.

This is the (local) Bessel distribution associated to 7 (and A). Recall the open
set Q = Qp of matrices of the form

(@ 5)

Proposition 3. The restriction of B, to the open set Q) is non-zero.

with C invertible.

Proof. Assume that this restriction is 0. Then B, is supported on P. Thus it
is in fact a distribution on P. We show that the restriction of B, to P — .S is 0.
To that end, we use the following lemma (Lemma 6.7 of [Ral).
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Lemma 4. If T is a distribution on P — S such that

T(LulRu2f) = o(ul’U’Q_l)T(f)
for any u1,up € U, then T = 0.
Proof. Since the author leaves the details to the reader there, we give a proof
here. Let M be the group of diagonal matrices and M, the open subset of
8 2 with @ # b. Thus P — S = MyU = UM,. The
property of invariance of T" on the right implies there is a distribution p on My
such that

matrices of the form

7(f) = [ asta,bdue.b)

af(a,b) == /f Kg 2) u] 0(u)du.

The function a is an arbitrary smooth function of compact support on My. The
property of invariance on the left implies that u satisfies the following property.
For every X € D,

where

Y(tr(a ' Xb — X))du(a,b) = du(a,b).
This can also be written as
G(tr((ba™" = I)X))dp(a,b) = dp(a,b).

Let ¢ be a smooth function of compact support on D. The above identity
implies R
¢(ba71 - I)du(a7 b) = d:u(aa b) )

where QAS is the Fourier transform of ¢. If « is any smooth function of compact
support on My, the difference ba*/l\— I remains in a compact set on the support
of a. We can choose ¢ so that ¢(ba=! — I) = 0 on the support of a. Thus

a(a,b)¢p(ba= —I) = 0 and [ a(a,b)du(a,b) = 0. So T = 0. O

At this point we are reduced to the case where B, is supported on S, hence
is a distribution on S. Thus

B.(f)=e /5 £(5)0(5)ds (4)

for some constant ¢ ([BZ] or Prop 4.3.2 of [Bu]).

Recall that a distribution p is said to be of positive type if u(f = f*) > 0
for all f, where f*(x) = f(z—!). Then the completion of (f1, f2) := u(f1 * f3)
modulo its kernel is a unitary representation of G which is said to be associated
with 7.

By definition, B, (f) is a distribution of positive type. Indeed,

B (f*+ f) = (x(HHA7(F)A) - (5)
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Because 7 is irreducible, the representation associated to the distribution B, is
m itself.

On the other hand [ f(s)60(s)ds is clearly of positive type. Thus ¢ > 0. The
representation associated to the distribution [ f(s)6(s) is the unitary represen-
tation o of G induced by the character 6. If ¢ > 0, o ~ « ([Di], p. 40). Thus o
is admissible. But this is a contradiction. Indeed let ¢ be a small enough open
subring of D. Denote by K the subgroup of matrices congruent to I modulo
U. Then

Ko = (KoN P).(UN Ky)

where U is the transpose of U. Consider the subspace V; of o of functions f
supported on PKj and invariant under Ky on the right. Such a function f is
uniquely determined by the function ¢ on D* determined by

o =1 (g 9)-

Now ¢ is any function such that ¢(kihks) = ¢(h) for ki, ke congruent to 1
modulo ¢. Thus Vj is infinite dimensional which contradicts the fact that o is
admissible. Thus ¢ =0 and B, = 0, a contradiction. o

8 An argument of Shalika

Before we proceed to the Archimedean case we review an argument of Shalika
([Sh]) on the transversal order of distributions supported by a manifold. Let G
be a real Lie group and G, G2 closed subgroups. We do not assume that the
groups are connected. Let g, g1, go be their Lie algebras, and U(g),U(g1),U(g2)
the enveloping algebras. For every X € g (resp. U(g)), let p(X) be the corre-
sponding left invariant vector field (resp. differential operator). Thus for X € g

pX)5(0) = | Flgespiax)).

We denote by X +— X the involution of (g) such that X = —X for X € g. If
T is a distribution and X € g we define p(X)T by by p(X)T(f) = T(p(X)f).

We assume that g = g1 @ g2. Then at any point = € G, T,(G) = p(g1) B
p(g2)z. Here T,,(G) is the tangent space at = and for a vector field L, L, is the
evaluation at z. In particular, if + € Gy then T,(G) = Tx(G1) ® p(g2)z. We
denote by U(g)n,U(gi)n the canonical filtration of the enveloping algebra. We
choose a basis of go and then use it to construct a basis of standard monomials
X, of U(g;). We let |g| be the degree of the monomial. Thus X, € U(g2)|q and
Xy &€ U(g2)|q—1- Let T be a distribution on G which is supported on G';. Then,
if x is a point of G, there is a relatively compact open neighborhood U of x in
G such that the restriction of T to U has the form

T|U = Zp(Xq)Tq )
q
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where the T, are uniquely determined distributions on U N G7 (almost all 0).
We say that T'|U has transversal order < n if |¢| < n for all ¢ with T, # 0; if, in
addition, there is at least one ¢ such that |¢| = n and T, # 0 we say that T" has
transversal order n on U N G1. This notion is independent of the choice of the
basis. Shalika observes that if X is in U(g;) and T has transversal order < n,
then p(X)T has transversal order < n. Similarly, if ¢ is a smooth function on
G and T has transversal order < n, then ¢7 has transversal order < n.

Often this can be used to show that if the distribution T satisfies a suitable
differential equation then, in fact, it is 0. For instance suppose G5 has dimension
3 and let X7, X9, X3 be a basis of go. Suppose that

p(XT + X5+ XHT = p(D)T + ¢T,

where D € U(g1) and ¢ is a smooth function on G. Suppose T is non-zero. Then
we can find U as above such that T|U # 0. Let then n > 0 be the transversal
order of T|U. The right hand side has transversal order < n. On the other
hand, we claim the transversal order of the left hand side is n + 2; this gives
a contradiction and proves our assertion. To check our claim, we can take for
basis of U(g;) the monomials X{ X5 X$ = X, ¢ = (a,b,¢), |gl =a+b+c. Let
us order lexicographically the multi-indices ¢ with |¢| = n. Let ¢ = (a,b,¢) be
the largest index with |¢|= n and T non-zero. Then (we write Xt for p(X)T),

T|U = Xa,b,cTa,b,c + Z Xa/,b’,c/Ta’,b/,c/ + Z Xq/Tq/ .

a’ +b' +c'=n lg’|<n
(@' b )< (a,b,c)

Then (X7 + X3 + X2)T|U equals
Xa+2,b,cTa,b,c + Xa,b+2,cTa,b,c + Xa,b,c+2Ta,b,c +

§ (Xa’+2,b/,c’Ta/,b’,c’ + Xa’,b’+2,c’Ta/,b’,c’ + Xa/,b’,c’+2Ta’,b/,c/) +

a’ +b'+c'=n
(a’,b",c¢")<(a;b,c)

> XgSy.

lg'|<n

Now (a + 2,b,¢) is larger than all the monomials ¢’ with |¢’| = n which appear
in this formula. Our claim follows.
Similarly, suppose that X € go, X # 0 and go has an arbitrary dimension.
Suppose further that
XT = p(D)T + ¢T

where D and ¢ are as above. Then again T' = 0. The proof is similar but
simpler.
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9 Local periods: Archimedean case

Let F =R and G = GLy(H) where H is the Hamilton quaternion algebra over
R. Let w be an irreducible admissible unitary representation of G. Let V be
the space of smooth vectors of m equipped with it usual topology. Let V* be
the topological dual space of V. We define the space of Shalika functionals of ™
to be

S(m) ={A e V¥ A(w(s)v) = 0(s)A\(v), v €V, s € S}.

If A and p are in S(m) we can define a corresponding distribution B by

B(f) = (m(f)A p) -
Our first goal in this section is to establish the following proposition.

Proposition 4. Let m be an irreducible, admissible, unitary representation of
GL2(H). Then dimc S(7) is at most one.

To state the Archimedean analogue of Proposition 2 we need to introduce
an element of the center Z(g) of the enveloping algebra of the Lie algebra g of
G = GLo(H). Let {1,4,7,k} denote the usual basis for H over R. Thus ij = k
and i2 = j2 = k? = —1. Also tri = trj = trk = 0 and we take ¢ to be the
involution which takes 4, j, k to —i, —j, —k respectively. Then the involution 7
of GL(2,H) is defined by

A B\ (‘A «C (0 I
\¢ p)=%Y\B D)"Y\ o)

We may identify g with May2(H). We let g be the subspace of X € g with
tr X = 0 and B the R-bilinear invariant form defined by B(X,Y) = tr(XY).
Thus go is a 15-dimensional Lie algebra over R with basis

I 0 a 0 0 b
EO - (0 _I> ) El,a - <O O> ) EQ,b - (0 0) )
0 0 0 0
EB,b = <b 0> P E4,a = <0 a) 5

where a € {i,j,k} and b € {1,4,5,k}. For an element FE, of the above basis,
let E* be the corresponding dual basis element with respect to B(X,Y), i.e,
B(E,,EP) = 0q,p for all i, § in the index set. One may compute

1 1 1 1
EO = ZE07 ELG = _§E1,a7 E2)1 = §E3,17 E2)a = _§E37a7

1 1 1

E3,1:_E E3,a:__E u E4,a:__ "
2 2,1, 2 2,a 2 4.a5
where a runs through {4, j, k}. We set
A = Y E.E*
1 1 1
= Z 2 _ 5 Z (E12711 + Eia) + 5 Z a? (EgyaEgya + EgyaEgya) .
{4.5.k} {1,i,5,k}
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This element is invariant under Ad(G) because tr is. In particular, it is in Z(g).
Thus the element A acts on V by a scalar. Also 7(A) = A and A = A.

Proposition 5. Suppose F' = R. Let A be a distribution on G such that, for
all s1,89 € S(F) and all functions f,

A(Ls, R, f) = 0(s153 )A(S).
Suppose furthermore that AN = kA for some k € C. Then A™ = A.

It is a standard argument that this implies the previous proposition ([GK],
[Sh]). The proof of Proposition 5 will follow from two subsequent propositions.

Let P be the subgroup of matrices of the form (61 g) , and U the subgroup

of matrices of the form (é ?) . Let M denote the subgroup of matrices of the

form , and let H be the subgroup of matrices of the form (A O).

0
0 D 0 A
We denote the Lie algebra of one of these groups by the corresponding lower

case gothic letter. Let 2 = Qg be the open subset of matrices (é g) with C

invertible.

Proposition 6. Suppose A is a distribution on 0 such that A(Ls, Rs, f) =
0(s155 ")A(f) for all s1,s2 € S and all f. Then A™ = A.

Proof. Given f € C°(Q), we have defined

Ff(h):/Ufo [Ul (g 2) (? g) ug | 0(uiug)duy duady.

Let A be a distribution on Q such that A(LsR(u)f) = 0(s)0(u)~1f There is a
unique distribution A* on H* such that A*(Fy) = A(f). In other words,

A(f)_/</f {ul <g g) <? g) uz] 9(u1)9(u2)du1du2dg) dA*(h).

Moreover, A satisfies A(R(m)f) = A(f) for all m € H if and only A* is an
invariant distribution. Assuming this is the case, we have

AT(f) = A7)

/ ( / f {ul (? é‘ ) (g 2) uz} 9(u1)9(u2)du1du2dg> dA* ()
/ (/ / {“1 (g 2) (? (? ) “2} 9(U1)9(uz)du1du2dg> dA*(R).

Hence (A7)* = (A*)". Now we appeal to a well known result.

Lemma 5. Let E be an invariant distribution on H*. Then E* = =.
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For the convenience of the reader we provide a proof.

Proof. Let T be a torus of H* which is stable under ¢, for instance we can take
T to be the stabilizer of . Then ¢ induces on T conjugation by an element of
the normalizer of T. Now any conjugacy class intersects T. Thus if f is an
invariant function then f* = f. Since E is invariant and H* /Z is compact we
have, for any function f,

E(f) = E(fo),

where fo(g) = [yx 5 f(hgh™")dh. Then Z(f) = E'(fo) = E(f5) = =(fo) =
Z(f). The lemma follows. O

Applying the above lemma to A* establishes Proposition 6. O

Coming back to the proof of Proposition 5, we see that the restriction of
A — A7 to Q vanishes. Thus A — A7 is supported on P. Since A(A — A7) = kA,
it will suffice to prove the following proposition.

Proposition 7. Suppose A is a distribution on G supported on P such that
AA = kA for some k € C and A(R,f) = 0(u) " A(f) for alluw € U and all f.
Then A = 0.

Proof. We can write the element A € U(g) in the form

A=D+ > d’Ezaba,
ac{l,i,j,k}

where D € U(m). First observe that, for a € {1,4,7,k},
E27aA = 2i7TtI’(@)A = 2i7T517aA.

Thus
2imEs 1A = AN — DA = kA — DA.

and E3; € U(U) where = 0 8 } is the Lie algebra of the subgroup U,
the transpose of U. Certainly g = p @ u. Thus by Shalika’s argument A = 0.
This finishes the proofs of all the above propositions. o

Now let A # 0 in S(7). We define the local Bessel distribution

B(f) = ZA(w(f)v» Avi) -

Let K be a maximal compact subgroup. As before, this is well defined, at least
if f is K—finite, and the ¢; a basis of the K —finite vectors. For general f we
may take Br(f) to be
Br(f) = (m(F)MA).-
Since 7 is irreducible, AB, = kB, for some k. We already know that the
restriction of B, to §2 is non-zero.
We want to show something more precise.

25



Proposition 8. The restriction of By to Qe is non-zero.

Proof. As before, the distribution B, descends to a distribution on H*. We use
a slightly different notation from before. For g € Q, let & € C*°(Q) be given

by
Ps(g) = /f [(é f) 9 (gl g) (é ?)] P(tr(X +Y))dAdXdY .

For any function ® on  denote by r® the function on H* defined by

rd(y) = ® <? g) .

There is a unique distribution 7" on H* such that
Br(f) =T(roy).

We have to show that T' is not supported on the center R* of H*.
To that end we show that T satisfies a certain partial differential equation.
Recall we took

L1 1
A=) EE=JEj—5 > (Bf,+Ei,)
{4,5,k}
1 2
+ 3 Z b (EapEsp + E3Fap)
{177‘)]7k}

in Z(g). We compute
E31E31 = FEy1E31 — Ey

and
B3 Fo o= Fa o34+ Ey

for a € {i,7,k}. Thus we may rewrite

1 1
A= ZES —5 Z (Efa + Eia) + Z EsyEop + 2E.
{i.5,k} (1,4,5,k}

Since A is Ad(G) invariant, we have
P(A)Ps = Ppin)y-

Since Br(p(A)f) = 6B (f), we see that T(rA®y) = kT (r®y). To understand
what this means, we need to know what is 7A® . By linearity, we may write

1 1
Ad; = 2p(EN®;— 5 D (p(EL)2 + p(EL,))) +
{7‘)]7k}
> p(Bsy)p(Bap) Py + 2p(Eo) @y (6)
{1)i7j)k}
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By definition p(Ey)®; <(} g) equals

L0066 G 26 D6 D)o
W —
AL )

= — r¢f(76_2t) = p(—2X0)r®y,
t=0

NO NO N~
3
S
N
~
7N
o
Qo
~_
7N
SN
P )
~__
N\
o~
~ =
~~_
~
<
—~
S~—

where the integrals on the first three lines are taken dAdXdY, ¢(—) is short for
$(tr(X +Y)), and Xo = I € H = Lie(H*). Similarly, p(E2)®; (? g) is the
value at t = 0,s = 0 of
i [ (0 D)6 )0 26 1)
dtds 0 I I 0 0 e 0 AJ\O0 I
= 7P p(ye2tF)
Thus

r(p(Eo)®yr) = p(—2Xo)rdy,
r(p(E)®s) = p(4X3)rdy.

Let a € {7, j,k}. Computing as above, we see p(E1,,)®f <(1) g) equals

TG 6 D6 D6 )
CATHE N6 E D6 G )

= 2| e = p(-Xa)rdy,
t=0

~

where X, = a € H = Lie(H*). Thus

r(p(Ef o) ®s) = p(X2)rdy .
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Similarly p(E4,q)®f <(I) E)Y> equals

il /(0 GG &) 656 T)vo
il S )66 A6 )

— rds(76") = p(X,) ;.
t=0

Thus
r(p(X2a)®f) = p(X3)r ;.
Now consider p(E2®5)(g), where b € {1,4, j, k}. This is given by

il /7 (0 7)o )6 3G 7)o
=il S0 )6 D6 )G )

d

= |, P e,

Note that trb = 0 if b = 4,j or k, so the above quantity will vanish. On the
other hand, if b = 1, then

e 8™t — _8min

t=0

if ¢(x) = 2imn. Hence

p(E2,b)q)f = —87T’L.’I761)b(1)f.

Thus we only need to compute p(Es31)® ((1) g

il /(0 )66 D6 5)o
=il S )6 DD )6 )

= (=t tr(y))res(y) = =2mintryres(y).
t=0

) which equals

Summing up, we have
rp(A)®y = p (X3 — X7 — X7 — XP — 4Xo) r®;(y) — 167°0° tryr® s (7).
Hence

#T(¢) = T(Dg)
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where D is the differential operator with variable coefficients given by

Do(v) = p (X§ — X7 — X7 — X} —4Xo) d(v) — 1677 tr(7) (7).

We want to show T is not supported on R*. We apply Shalika’s argument
to the groups G; = R* and Go = H; = {h : det h = 1}. The Lie algebra of G;
is RX( and the Lie algebra of G is Hy = {h : tr h = 0} with basis X;, X;, Xj.
If T is supported on R*, we get T' = 0, a contradiction. o

10 Local periods for GL4

Let 7 a unitary irreducible representation of G’ = GL4. As before, we define
S(rm). Then dim(S(7w)) < 1. This is established in [JR] in the non-Archimedean
case (in the context of GLg,) and in Lemma 5.4.2 of [AG] in the Archimedean
case. We remark that, at least in the non-Archimedean case, this would follow
from the fact that the relevant orbits are invariant under an involution of GLy4.

In addition, if F' is non-Archimedean, the character 1 is unramified and the
representation m admits a GLa(Op)-invariant vector vg # 0, then A(vg) # 0 for
any A # 0 in S(m). This follows from the discussion in [BF] or [JS]. If A # 0 is
in §(m) we define the Bessel distribution B, (f) as before.

11 Proof of Theorem 1

Let F' be a number field and G = GLg(D) where D is a quaternion algebra over
F'. Suppose 71 is an automorphic cuspidal representation of G(A) distinguished
by 6. Let A be the linear form

M) = #(5)0(s)ds .

/S(F)Z(A)\S(A)

As we have observed the quotient is compact so that the integral is absolutely
convergent and defines a continuous linear form on the space of smooth vectors
of m. Recall the Bessel distribution

B, (f) = (m(f)MA).-

It follows that every local component 71, of 71 is distinguished by 6,. Further-
more one can choose the local linear forms X\, € S(m1,) so that, if f =[], fo,

then
Br, (f) = H B, (fo)-

This factorization into local distributions follows from the uniqueness of local
distributions established in [PR] and Proposition 4 above. Of course, the local
Ay are so chosen that in this product almost all factors are 1. We assume D
ramifies at some infinite place v and my,, is supercuspidal for some finite place
vg which splits D. We choose the functions at a place v where D, ramifies as
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in the previous sections. Thus f, is supported on the open set Qp, if v is finite
and D ramifies at v and the set Qp, . is v is infinite and D ramifies at v. As
we have seen, if D ramifies at v, then we have B, (f,) # 0 for at least one
choice of f,. It is elementary that there is a choice of f,, supercuspidal such

that Br,, (fs,) #0
We choose a matching function f’ on G’(A) as explained above. Then we

have the identity
ZBW(f) = ZBﬂ"(f/) :

On the left, the sum is over all cuspidal automorphic representations 7 of G(A)
which are distinguished and supercuspidal at the place vg. On the right the
sum is over all cuspidal automorphic representations 7’ of G’(A) which are
distinguished and supercuspidal at the place vg.

Let U(my) (resp. U’(m)) be the set of all cuspidal representations m of G
(resp. G’) such that m, ~ 71, at almost all places where 71 is unramified and
Ty, 18 supercuspidal. By the assumption that m; has a Jacquet-Langlands lift
to GL4 and the strong multiplicity one for GL4, U’(71) contains precisely one
element, 7]. Then the principle of infinite linear independence of characters of
the Hecke algebra ([La], Section 11)

Y Bdf)= D Bulf)=Brg(f).

meU(m1) weU’ ()

By our strong multiplicity one assumption on 71, i.e., U(m) = {m1}, we see
Bz (f') = Br, (f) is not identically zero. Thus 7j is distinguished as claimed.
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