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ABSTRACT. We establish a simple relative trace formula for GSp(4) and inner
forms with respect to Bessel subgroups to obtain a certain Bessel identity.
From such an identity, one can hope to prove a formula relating central values
of degree four spinor L-functions to squares of Bessel periods as conjectured
by Bocherer. Under some local assumptions, we obtain nonvanishing results,
i.e., a global Gross—Prasad conjecture for (SO(5),SO(2)).

1. INTRODUCTION

Let E/F be a quadratic extension of number fields, 7 a cuspidal automorphic
representation of GLo(Ap) with trivial central character, and x an idele class char-
acter of E. Let L(s,m x x) denote the GL(2) x GL(2) Rankin-Selberg L-function
associated to m times the theta lift 6, of x to an automorphic representation of
GL2(Ap). In particular, if x is the trivial character 15 of AJ, then

L(1/2,7 x 1p) = L(1/2,7)L(1/2, 7 ® k),

where k is the quadratic idele class character of F associated to E/F.

In [36], Waldspurger proved a celebrated formula for the twisted central value
L(1/2,m x x) in terms of compact toric periods on a certain representation 7p
which is a functorial lift of w. Namely, there is a unique quaternion algebra D/F
determined by e-factors such that £ C D, 7 has a Jacquet-Langlands transfer mp
to D*(Ar), and the local Hom spaces Hompx (7p v, Xv) # 0 for all v.

Fix 7mp as above and consider the global periods

Pp:mp —C
given by
Po@) = [ et
Ag/Ag
Note Pp lies in the nonzero (in fact, one-dimensional) global Hom space Hom A (mDy X)s

though Pp may be zero or not. Then Waldspurger’s formula is an expression of
the form

[Pp(o)” «
(1.1) <¢¢ = Hav ¢, ™, X)L(1/2,7 % ),

where ¢ € mp, (-, ) is an invariant scalar product on 7p, and the factors a, (¢, 7, x),
which are 1 for almost all v, are given by certain local integrals. In particular, one
immediately gets that Pp # 0 implies L(1/2,7 x x) # 0.
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Shortly thereafter, Jacquet also studied these L-values and periods using relative
trace formulas, first for y trivial in [19], then for arbitrary x with a technically more
involved trace formula in [20]. Specifically, Jacquet’s trace formula—to be specific,
the one in [19]—gives identities of the form

(12) Jﬂ'(f) :JTI'D(fD)

where f € C°(GL2(Ap)) and fp € C(D*(Ar)) are “matching functions,” and
Jry Jrp are certain spectral distributions related to L(1/2,7)L(1/2,7 ® ) and
products of periods of the form Pp(¢1)Pp(¢2). These kinds of spectral distribu-
tions are now often called Bessel distributions, and equations of the form (1.2)
Bessel identities. In particular, from this Bessel identity, Jacquet deduces that
L(1/2,7)L(1/2,7 ® k) # 0 if and only if Pp # 0. Subsequently, Jacquet and Chen
[21] use the Bessel identity from [20] to obtain a formula of the form

(1.3) Jrep (fD) = c(fp)L(1/2,7 X X).

For suitable test functions fp, Jy,(fp) is just |Pp(¢)|> and one can realize (1.3)
in the form of Waldspurger’s formula (1.1). Indeed, in [27], the second author and
Whitehouse used (1.3) to get explicit versions of Waldspurger’s formula.

On the other hand, Waldspurger [35] had previously shown that L-values for
elliptic modular forms are also related to Fourier coefficients of certain half-integral
weight modular forms. Motivated by this, Bocherer [5] conjectured an L-value
formula for Siegel modular forms of degree 2 in terms of certain Fourier coefficients,
and proved his conjecture in special cases (cf. [9, Introduction]). We remark that
the formula in [35] has also been reproven—in fact in a more general setting—by
Baruch and Mao [4] using a relative trace formula.

By putting Bocherer’s conjecture in a representation theoretic framework, the
first author together with Shalika [9] realized this conjecture as a higher rank ana-
logue of (1.1). Namely, they conjecture a relation between twisted central spinor
L-values L(1/2,7mx x) = L(1/2,7®6,,) of cuspidal automorphic representations 7 of
GSp,(Ar) and Bessel periods on inner forms (see Conjecture 1.1 below). They also
conjecture two relative trace formulas—the first for trivial y, the second for arbi-
trary xy—analogous to those in [19] and [20] which should resolve this generalization
of Bécherer’s conjecture. See Conjecture 1.2 below for the first trace formula.

Conjecture 1.1 essentially constitutes the (SO(5), SO(2)) case (for x trivial) of the
global Gross—Prasad conjectures (local and global conjectures for (SO(n+1),SO(n))
are made in [15], and local conjectures for (SO(2n +1),S0(2m)) are made in [16]).
This is not strictly a generalization of Bocherer’s conjecture, as Conjecture 1.1, or
more generally the global Gross—Prasad conjectures, are only about nonvanishing,
but the point is that Conjecture 1.2 should also yield a special value formula as in
the GL(2) case. We remark that the global Gross—Prasad conjectures for (SO(n +
1),SO(n)) have been recently made precise, in the sense of a conjectural special
value formula, by Ichino and Ikeda [17].

As the first step in establishing these two relative trace formulas, [9] proves the
fundamental lemma for the unit element of the Hecke algebra. In [7], the present
authors proposed an alternative trace formula to the second one in [9], and proved
the fundamental lemma for the unit element. Then in [8], the present authors with
Shalika extended the fundamental lemma to the full Hecke algebra for the first
trace formula proposed in [9] and the third one proposed in [7]. In the present
paper, we apply these fundamental lemmas to establish a Bessel identity analogous
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o (1.2) for the first trace formula in [9] and deduce nonvanishing results, i.e., we
show Conjectures 1.1 and 1.2 under some local assumptions. Partial results on
global Gross—Prasad conjectures have previously been obtained in a general setting
by Ginzburg, Jiang and Rallis [13], [14] using entirely different methods.

We now introduce the necessary notation to state our results precisely.

Notation. Let F' be a number field and let A be its ring of adeles. Let i be a non-
trivial character of A/F. Let E be a quadratic extension of F' and let Ag be its ring
of adeles. Let k = kg p denote the quadratic character of A* /F* corresponding
to the quadratic extension E/F in the sense of class field theory. Let o denote the
unique non-trivial element in Gal (E/F) and take n € E* such that n° = —n.

If v is a nonarchimedean place of F', we denote by O, the ring of integers of F,,,
and by 2, the characteristic function of GSpy(O,).

For any algebraic group G, we will denote the center by Z.

1.1. Setup.

1.1.1. GSp(4) and the Novodvorsky subgroups. Let G be the group GSp (4), an
algebraic group over F' defined by
G=1{geGLM)|'9Jg=A(g)J, A(g) € GL(L)}, where J = ( o 102>
—1s
Here g denotes the transpose of g and A (g) is called the similitude factor of g.

_ Define the upper and lower Novodvorsky (or split Bessel) subgroups, resp. H and
H, of G by

a 0 0 0
_ 0 b 0 0] (1l X\
H= 00 b 0 (0 12> ca,b € GL(1), X € Sym(2)
0 0 0 a
and
a 0 0 0
= 0 b 0 0] (12 0Y
H= 00 b 0 (Y 12) :a,b € GL(1), Y € Sym(2)
0 0 0 a

Here Sym(2) denotes the group of symmetric 2 X 2 matrices.

1.1.2. Quaternion similitude unitary groups and the Bessel subgroups. For each
e € F'* let D, denote the quaternion algebra over F' defined by

Dez{(‘f, bf,) ;a,beE}.
b’ a

a 0
0 a°
representatives for the isomorphism classes of central simple quaternion algebras
over F' containing E' when e runs over a set of representatives for F'* /N /p (E*).
Let D, 5 a — & € D, denote the canonical involution of D, i.e.,

a be\ [a” —be
b a®) \=b" a )’

We shall identify a € E with ( € D.. We recall that {D.}_ gives a set of
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We define the quaternion similitude unitary group G. of degree two over D, to
be

~{oearenyg (T )a=u (] §) n e}

where ¢g* = (g g) for g = <: §> We recall that the G.’s are inner forms of

G = GSp (4). When € = 1, we have D; ~ Matayo (F) and G = aGi1a™! in GLy (E)
where

10 0 O 1 1 0 0
o — 01 0 O n —n 0 0
10 0 0 1 0O 0 1 1
00 -1 0/\0 0 5 —g
We define the upper (resp. lower) (anisotropic) Bessel subgroup R, (resp. R.)

of G, by

_ffa 0} (1 X\ x -
RE_{(O a><0 1>.a€E,X€DE},
0 1 0\ % _
(L 9)aernven).

where D7 ={X € D | X + X =0}.

=
(L)

Il
—
N

[en s}

1.1.3. Relative trace formula for G. We define characters 6 and ¢ of H(A) and

H(A) by
a 00 0
0b 0 0] (1 xX\|_ 0 1
110 0 » o (0 12> _“(ab)w[“<(1 0>X>}
000 a
and
a 00 0
0 b 0 0] (1. 0\|_ 0 1
Yo o b o (Y 12) 4“((1 0>Yﬂ'
000 a

For a cuspidal representation m of G(A)/Z(A), we define the upper and lower
Novodvorsky periods (with respect to §~1 and 1)

P:n—=C, P:n—=C

by

(1.4) P() = Por () = / o(h)0~ () dh
Z(A)H(F)\H(A)

(1.5) P(6) = Pl 1(6) = / o) dh
Z(A)H(F)\H (A)

The Novodvorsky periods necessarily vanish if 7 is not generic [6]. If 7 is generic,
then these are the integrals that arise in Novodvorsky’s GSp(4) x GL(1) integral
representation [29] for the spinor L-functions L(s, ) and L(s, 7, ®k) when s = 1.
See Bump [6] for the unfolding and local unramified calculations, as well as Soudry
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[32], [33] and Takloo-Bighash [34] for the local theory. In particular P # 0 is
equivalent to L(1/2,7 ® k) # 0 and P’ # 0 is equivalent to L(1/2,7) # 0.

Let f € C°(G(A)). This gives rise to the associated kernel function
K(z,y)=Kf(x,y)= > fla™ yyz) dz.
vez(PN\G(F) 77 %)

Then the relative trace formula in question will be derived from

(1.6) J(f) :/ / K (h, h)(h) = 0(h) dh dh.
Z(&)H(F)\H(A) J Z(A)H(F)\H ()

At least formally, the relative trace formula is an identity derived from the geo-
metric and spectral expansions of K(z,y), of the form

J(f) = > Jo(f) = 3 Tlf) + Jucl)-
~YEH(F)\G(F)/H(F) T cusp

Here each J,(f) is a certain relative orbital integral, Ju.(f) denotes the non-cuspidal
contribution, and

T (f) =Y _P'(x(£))P(d)
[}

where 7 is a cuspidal automorphic representation of G(A)/Z(A) and ¢ runs over
an orthonormal basis for m (at least for suitable f and basis {¢}; cf. (4.12) below).
In particular J; # 0 if and only if L(1/2,7)L(1/2,7 ® k) # 0.

1.1.4. Relative trace formula for G.. Let 7 and ¢ be the characters of R, and R,

given by
1696 1)

el(5 ) (3 9)| ety

For a cuspidal representation 7 of G.(A)/Z(A), we define the upper and lower
Bessel periods (with respect to 77! and ¢71)

Po:m—C, Pl:mr—=C

and

by

(L.7) Puld) = Por1(6) = / o(r)r () dr
Z(A)R(F)\Rc(A)

(18) PUG) = Pl o1 (6) = / e
Z(A)R(F)\Rc(A)

The representation m having a nonzero upper Bessel period (i.e., P. Z 0) is equiva-
lent to having a nonzero lower Bessel period (i.e., P. # 0). This equivalence follows
as

PU9) = P(n(wy)d), where 1w, = (‘1) —572).

Thus if P. # 0, we simply say m has a Bessel period (with respect to E ).
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Let f. € C°(G.(A)). This gives rise to the associated kernel function

K(w,y) = Kp(z.y)= Y, fe(z™ yyz) dz.
VEZ(FNG(F) T Z®)

Then the relative trace formula in question will be derived from

(1.9) Je(fe) = Ky, (7, 7)&(F) " r(r) dr dr.

/Z(A)Re(F)\Ré(A) /Z(A)Re(F)\Re(A)
Ignoring convergence issues, (1.9) should have a geometric expansion of the form
Je(fe) = Z J%(fe)’

"/eeRe(F)\Ge(F)/Re(F)

where the distributions J.,_(fe) are given by certain (relative) orbital integrals.
On the other hand, (1.9) should also have a spectral expansion of the form

Je(fé): Z Jwe(f6)+J6,n0<fe)

where 7, runs over the cuspidal automorphic representations of G¢(A)/Z(A) and
Jenc comprises the contribution from the non-cuspidal part of the spectrum. Namely,
we have

Jr (fe) = Z PUme(fe)$)Pe(),
¢

when ¢ runs over a suitable orthonormal basis for the space of 7m.. This implies
that 7. has a Bessel period if and only if J,, # 0.

1.2. Results. In analogy with Jacquet’s work [19], and in connection with Bocherer’s
conjecture, Shalika and the first author made the following conjectures.

Conjecture 1.1. ([9, Conjecture 1.10]) Given a generic cuspidal representation
7w of G(A)/Z(A) such that L(1/2,7)L(1/2, 7 ® k) # 0, there exists a Jacquet-
Langlands transfer . of m to some G¢(A)/Z(A) which has a Bessel period with
respect to F.

Conversely, given a cuspidal representation 7. of G(A)/Z(A) which has a Bessel
period with respect to E, there exists a generic Jacquet-Langlands transfer m of .
to G(A)/Z(A) such that L(1/2,7)L(1/2, 7 ® k) # 0.

Here, by Jacquet—Langlands transfer, we mean that m, ~ m, for almost all v.
While the existence of the global Jacquet—Langlands transfer for G/Z and G./Z
is not yet known, this should follow from the completion of Arthur’s Book Project
[3] (for split SO(5) and inner forms) or, at least in the cases of Conjecture 1.1, the
relative trace formula below.

As mentioned above, this nonvanishing conjecture should be viewed as the global
Gross—Prasad conjecture for (SO(5),S0(2)) (and x trivial). While this does not
give a special value formula such as the ones conjectured by Bocherer, the point is
that the following more general (if somewhat imprecise) conjecture should.

Conjecture 1.2. ([9, Conjecture 1.8], first relative trace formula identity) For
“matching” functions f and (f¢)e, one has an identity of distributions

(1.10) J(f) = Jefo),

where these distributions are suitably reqularized.
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Here, for f to match with a family of functions (fc)e (¢ € F*/Ng/p(E*))
means the following. One defines a one-to-one correspondence between the set of
“regular” double cosets H(F)yH(F) for G(F) and union over € of the “regular”
double cosets R (F)Yy.R.(F) for G.. Then one says that the functions f and (f.).
match if the orbital integrals J, (f) = J,.(fe) are equal whenever ~ corresponds to
~e. Roughly, the regular double cosets are the ones for which the orbital integrals as
defined above are convergent. Then in general, one wants to regularize the singular
(non-convergent) orbital integrals and show an equality of these regularized orbital
integrals to deduce (1.10).

Leaving the singular orbital integrals aside, the main issue is to show the exis-
tence of sufficiently many matching functions. This can be easily reduced to show-
ing the existence of local matching functions. In particular, one wants to choose
fo =EZy and f., = 2, (when G(F,) ~ G(F,)) at almost all v, so one needs to
show the local Novodvorsky orbital integrals for =, equal the local Bessel orbital
integrals for =,. This is known as the fundamental lemma for the unit element,
and was established in [9].

Supposing now one has (1.10), one would like to deduce that

(1.11) Ir(f) = Jx.(fe)

for suitable Jacquet-Langlands pairs 7 and 7.. The fundamental lemma for the
Hecke algebra [8] says that at almost all places we can vary our matching functions
f and (fe)e in the Hecke algebra. Thus the principle of infinite linear independence
of characters (or, in our case, Bessel distributions) gives an equality of the form

(1~12) Z Jﬂ(f) = Z Z Jﬂe(fe)a

mell e m.€Elle

where IT and II. denote certain near equivalence classes for m and w.. These near
equivalence classes should be contained in the global L-packets of 7 and its transfers
me. This would follow, for instance, from the completion of Arthur’s Book Project.
Strong multiplicity one for generic representations of GSp(4) (proven by Jiang and
Soudry [23] for F totally real) says the left hand side of (1.12) has at most one
term. On the other hand, the weak form of the local Gross—Prasad conjectures say
the right hand side of (1.12) has at most one term (the strong form of local Gross—
Prasad says which e and 7, should appear). Hence one obtains (1.11), from which
one should be able to obtain the desired L-value formula as in the GL(2) cases in
[21], [27] and [4]. See also Lapid—Offen [25] and the recent work of W. Zhang [40] for
instances of deducing L-value formulas from Bessel identities in higher-dimensional
unitary cases.

We are now in a position to state our main results. To make our statements as
simple as possible, we will assume strong multiplicity one for generic representations
for arbitrary F', the near equivalence classes above are contained in global L-packets,
and (the weak form of) the local Gross—Prasad conjectures for (SO(5),SO(2)),
though our final statements in Section 5 do not require these. In any case, we
expect these assumptions will be validated in the near future with the completion
of Arthur’s Book Project [3].

Suppose 7 is generic, locally tempered everywhere, and supercuspidal at some
place split in E/F. Let €,m be such that 7, is the unique Jacquet-Langlands
transfer, assumed to exist and be automorphic, determined at all local places by
the local Gross—Prasad conjectures so as to have nonvanishing local Bessel periods.
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Theorem 1.1. There exists a class of matching functions f and f. such that the
Bessel identity (1.11) holds.

See Theorem 5.1 for a more precise version of our main result. We note that our
choice of matching functions guarantees the geometric and spectral expansions of
our trace formulas are convergent without any regularization of integrals. To get
from (1.11) to a special value formula, a detailed study of local Bessel distributions
as in [21], [27], [4], [25] or [40] is needed. At present, we merely conclude

Corollary 1.2. Suppose now that E/F is split at each archimedean place. Then
L(1/2,m)L(1/2, 7@ K) # 0
if and only if m. has a Bessel period with respect to E.

See Corollaries 5.2 and 5.3 below. Thus we establish Conjectures 1.1 and 1.2
under certain assumptions. We remark that, by completely different methods,
Ginzburg-Jiang-Rallis [14] make substantial progress towards the global Gross—
Prasad conjecture for (SO(2n 4 1),S0(2)). However, they assume that their repre-
sentations of SO(2n + 1) and SO(2) transfer to cuspidal representations of GL(2n)
and GL(2). Under these hypotheses, they obtain one direction of the global Gross—
Prasad conjectures, and partial results for the converse direction. Our Corollary
1.2 establishes both directions of the global Gross—Prasad conjecture for the case
(SO(5),S0(2)) (under our local hypotheses) in the case that the SO(2) represen-
tation is trivial, whence the SO(2) representation does not transfer to a cuspidal
representation of GL(2). Thus, there is no overlap of this result with the results of
[14].

We hope to remove our local assumptions and eventually obtain an L-value
formula with future work on these trace formulas. We also remark that W. Zhang
[39] also recently established a global Gross—Prasad conjecture for certain unitary
groups under some local assumptions by using a simple relative trace formula.

In Section 2, we prove local matching for functions functions supported on the
“regular sets” and the open Bruhat cell (the former is contained in the latter). We
are also able to describe the behavior of the regular local orbital integrals near the
singular set within the open Bruhat cells (i.e., the “germs” within the open Bruhat
cells). This is done by reducing to a twisted version of the orbital integrals in [19],
and performing a similar analysis as in [19].

In Section 3, we show for tempered representations, one can choose local func-
tions supported in the regular set such that the local Bessel distributions are non-
vanishing on these functions. This is similar to [18]. In Section 4, we derive the
necessary simple relative trace formulas by choosing functions which are regularly
supported at one place and supercusp forms at another place to ensure convergence
of the geometric and spectral expansions of (1.6) and (1.9). Finally, in Section 5
we state and prove our global results.

Acknowledgements. We would like to thank Yiannis Sakellaridis and Wei Zhang
for helpful discussions about trace formulas. We also thank Wee Teck Gan, Hervé
Jacquet, Alan Roche, Ralf Schmidt and Shuichiro Takeda for answering some ques-
tions related to our project. Finally we thank the referee for several suggestions.
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2. SOME MATCHING RESULTS

In this section, we will study orbital integrals and matching functions over a
local field F' of characteristic 0, though in Sections 2.1 and 2.2, we also allow F' to
be global. Throughout, E/F is a quadratic field extension. As above, D, will be a
quaterion algebra (possibly split) over F.

In addition, we will only be considering the F-points of the relevant algebraic
groups here, so for an algebraic group G over F', we simply write G for G(F).

2.1. Double cosets for G. Let F be local or global. Let

P {(A AtAl) (1 f) . A€ GL(2), A e GL(1), X € Sym(2)}

be the Siegel parabolic subgroup of G, and P be its transpose. Let U (resp. U) be
the unipotent radical of P (resp. P). Consider the Bruhat decomposition

G:PPUPwlPUngP

where
1 0 00
W — 0 1o w:0001
= -1, o) ™ 0 0 10
0 -1 0 O
Note

PP:{(é [B)> EG:AEGL(Q)}

is the large Bruhat cell, Pwy P is the intermediate Bruhat cell and

— 0 B
pusp={(% ) <)
is the small Bruhat cell.

If H, and Hs are subgroups of GG, by the action of H; x Hy on G, we mean
the map given by left multiplication by H; and right multiplication by Hs, i.e.,
(h1, ha) € Hy x Hy corresponds to the map g — highse. While this is not technically
a group action, this minor abuse of terminology makes notation slightly simpler.

We would like to determine the polynomial invariants for the double cosets
H\G/H, i.e., the subring F[G]"?*H of polynomials p(z) € F[G] such that p(hxh) =
p(z) for h € H, h € H. Write H = TU and H = TU where T is the diagonal torus.
Note that left multiplication by U and right multiplication by U preserve both the
upper left 2 x 2 block A(g) of an element g € G, as well as the similitude factor
A(g). In fact, A(g) and the entries of A(g) generate all polynomial invariants for
U\G/U. Thus we have a U x U-invariant morphism (of algebraic varieties) from G
to M(2) x GL(1) given by

g+ (Alg),M9)),
where M (2) denotes the full 2 x 2 matrix algebra. Further, the action of T'x T on
G induces the action

(2.1) (A, \) — (LAY, det(tt')N\)
on M(2) x GL(1) under the above morphism, where

(T L s ) A ()
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It is then easy to see, that invariants of this action are given by

(2.2) y(A,\) = \"tad
(2.3) 2(A,N) = A loe
where A = <Z Z), and these generate all polynomial invariants for the action of

T x T on M(2) x GL(1) given by (2.1). Consequently, the polynomial invariants
for H\G/H are generated by the two invariants

(2.4) y(9) = y(Al9), \9)),  2(g9) = 2(A(9), A(9))-
In particular, the map g — (y(g), 2(g)) an H x H-invariant morphism G — S where
(2.5) S=FxF

is the parameter space for double cosets H\G/H (more precisely, this parametrizes
the double cosets HgH which are closed in G).
Let

Hy = {(h,h) € H x H : hgh = g}

denote the stabilizer of ¢ under the action of H x H. We say a double coset HgH
is relevant, or simply that ¢ is relevant, if

¢(h1)9(h2) =1 for all (hl,hg) € Hg.
We call HgH (or g) regular if
(2.6) (y(9),2(g9)) € S8 := F* x F* — AF*

Note both of these properties only depend upon the double coset of g. The relevant
(H, H)-double cosets are classified in [9, Prop. 6.4]. However, we will not need
this complete classification, but only the following classification of relevant double
cosets in PP, which is elementary.

Let
11 1 0
ny = (0 1) , N = <1 1) € GL(2).

For x € F —{0,1}, put

If Ae GL(2) and A € F*, put
A
(AN = ( )\tA1> eq.

Note that g € PP if and only if (y(g), 2(g)) € SP® :== F x F — AF.

Proposition 2.1. (1) If g is regular then Hy = {(z,27):2€ Z} and g is
relevant. Conversely, if (y,z) € S8, then there is a unique double coset
HgH with (y(g),2(g9)) = (y, 2); a representative is given by

Y(y,2) = 6(A(y/2),1/y).
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(2) If g € PP is relevant but not regular, then Hy = {(z,27'): 2z € Z} and
(y(9), 2(g)) is of the form (0,z) for z € F* or (y,0) fory € F*. Con-
versely, given (y,0) (resp. (0,2)) with y (resp. z) in F*, there are two

relevant double cosets HgH in PP with (y(g),2(g)) = (y,0) (resp. (0,z)),
which are represented by

75 (y,0) = d(nx,y ")
(resp.  ~4F(0,2) = 6(wn,zY)).
2.2. Double cosets for G.. As in the previous section, F' may be either local
or global. Let N denote the norm map from either D, or E to F. Fix a set of
representatives {e1,es} for F*/N(E*) such that ¢ € N(E*) and €3 & N(E™).
Thus G, is split and G, is not. Let € € {e1,€2}.
Let P. denote the Siegel parabolic

. « 1 X\ « % _
PE_{< u041>< 1>.aeD6,ueF,XGDE}

and U, its unipotent radical. Denote their transposes by P. and U.. The Bruhat
decomposition for G, is of the form
G. = P.P. U P.w3P.
if € = €9 is and
G€:P€PEUPEUJ3P€UPEUJ4P€
if € = €;. Here w3 and wy are appropriate elements ofithe Weyl group.

The ring F[G]F<*E of polynomial invariants for R.\G./R. can be determined
in a similar manner to the Novodvorsky case. Namely, the polynomial invariants
for U\G. /U, are generated by (a(g), 1u(g)) € De x GL(1), where a(g) denotes the
upper left entry of g (viewed as a matrix inside GLy(D,.)) and u(g) denotes the
similitude factor of g. B B

Write the Bessel subgroups R, = T U and R, = TcUe, where T, ~ E* is the
torus of R, or R.. The action of T, x T, on G, induces the action

(s,t) - (o, ) = (sat, N(st)u), s,t € E*

on the invariant space D, x GL(1) for U\G./U.. If we write a = <b6‘l’ 25) € D.,

T. x T, invariants under this action are

(2.7) Yela, p) = .uilN(a)v ze(a, p) = :u‘ileN(b)'

Hence one can see all polynomial invariants for RE\G6 /R are generated by the
invariants

(2.8) Ye(9) = ye(alg), 1(9)),  zela, ) = ze(alg), u(g))-
Thus g — (ye(9), 2c(g)) is a Rc X R.-invariant map from G to
(2.9) SE—{(y,z)GFxF:yz—OorZGGN(EX)}.

Denote by R. 4 the stabilizer of g under the action of R. x R.. We say a double
coset RegR. (or simply g) is relevant if

(2.10) &) r(r)=1 forall (F,7) € Re 4.
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We say R.gR. (or g) is regular if

(2.11) (ye(9); 2e(9)) € 8% :=={(y,2) € Sc 1 yz # 0 and y # z}.

Then g regular implies both that g € P.P and g is relevant. The following classifi-
cation of relevant double cosets in P, P. is elementary (see [9, Prop. 5.2] for the full
classification of relevant double cosets for G, ).

For x € F, let

(2.12) ac(z) = (1(, 61“) € D,

u

where u € E such that eN(u) = x. While ac(x) depends on a choice of u, the
orbital integrals we define later will only depend upon x. We also put

e (00) = (1 6) € D..

For @ € D} and p € F*, put

6e(aa/~’/) = (a ual) € Ge~

Note that g € P.P. if and only if a(g) € DX. This is equivalent to (y.(g), z.(g)) €
SPi& where SPi& = {(y,2) € S. 1 y # 2}.

Proposition 2.2. (1) If g is regular, then Rey = {(z,27'): 2 € Z} and g is
relevant. Conversely, if (y,z) € S8, then there is a unique double coset

R.gR. with (y.(9),2¢(9)) = (v, 2); a representative is given by

Ye(y, 2) = de(e(y/2), 1/y).

(2) If g € P.P. is relevant but not regular, then Re 4 = {(t,t7'):t € T.} and
(ye(9), zc(g)) is of the form (y,0) fory € F* or (0,z) for z € F*. Con-
versely, given (y,0) (resp. (0,z)) with y (resp. z) € F*, there is exactly
one relevant double coset R.gR. in P.P. with (y.(g),z(9)) = (y,0) (resp.
(0, 2)), which is represented by

’Ye(ya 0) = 66(a€(0)7y_1) = 66(1) y_l)
(resp. 760, 2) = b.(ae(00), 271)).
2.3. Local orbital integrals for G. Now assume F' is local. Fix Haar measures
dh and dh on the unimodular groups H and H. Denote by G™# the set of regular
elements in G.

For f € C*(G) and g € G, we define the local Novodvorsky (or split Bessel)
orbital integral

Ng: f) = / F(hgh)o(h)(R) dh dh,
(FxH)/H,

at least when this integral converges.

Lemma 2.3. For g € G™%, the map «: (H x H)/H, — G given by (h,h) — hgh
18 proper.
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Proof. Note that we can write ¢ as a composition of two maps
v (T'xT)/Hy — GL(2) x GL(1)

((t wtw) ) (t/ wt,w» — (tA(g)t', det(tt')g)

12: GL(2) x GL(1) x U xU = G
(A, N\, 4, u) — (A, Nu.

and

Specifically

v(at, t'u) = 1a(e1(t, ), @, u).
Hence it suffices to show ¢; and o are proper. Both of these statements are ele-
mentary. [

Then the following is immediate.

Corollary 2.4. For g € G™2 and f € C°(G), the local Novodvorsky orbital integral
N(g; f) converges.

For (y, z) € 88 regular and f € C2°(G), put
Ny, z f) = N(v(y, 2); [)-

We want to analyze the behavior of the orbital integrals N (y, z; f) as functions of
(y, z). First, we start with a simple special case.
We identify H/Z with the subgroup Hy of H consisting of matrices of the form
a

o)

a

Lemma 2.5. The map from G™8 — H x Hy x S8 given by hy(y, 2)h > (h, h,y, 2)
is continuous. If F is archimedean, it is also smooth.

Proof. First note the map G**% — Sym(2) x Sym(2) x GL(2)"8 x GL(1)

(A AY

XA XAY + AtA—1> = (XA

is continuous (and smooth if F' archimedean). Here GL(2)™® denotes the set of

<Z b € GL(2) such that abed # 0. Then it suffices to note the map GL(2)*°¢ —

(3G 1) () s

GL(1)3 given by
is continuous (smooth if F' archimedean). O
Lemma 2.6. The map

Cl(G™) = CF(5™®)

is well-defined and surjective.
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Proof. That ¢¢(y,z) € C*(S8™#) is clear. Hence to see the map is well defined, it
suffices to observe that if ) is a compact set in G*&, then {(y(g),2(g)) : g € Q} is
a compact set in S*°8.

For the converse, let ¢ € C°(S*8). Let ¢1 and ¢o be smooth compactly sup-
ported functions on H and Hj such that

/, &1 (R) o (h)01(h)02(h) dhdh = 1.
H JH,

Define f by B -
f(hy(y, 2)h) = ¢1(h)@(y, z)p2(h)
on G*™&. Since the map hy(y,z)h + (h,h,y,z) is continuous (smooth if F is

archimedean), we see that f is smooth. It is also clear that it must have compact
support on G*°®, and that ¢y = ¢. 0

Now let us consider functions supported on the big Bruhat cell. Write the Haar
measures on H and H as dh = dt du and dh = dt du where dt, du and du are Haar
measures on T, U and U. For f € C*(PP), A € GL(2) and A € GL(1), define

(2.13) Dp(A,N) = /U /U F(@8(A, )y ()0 (u) dadu.

Lemma 2.7. The map
C(PP) — C°(GL(2) x GL(1))
[ @
is well defined and surjective.
Proof. It is easy to see that ® (A, A) is a smooth function of GL(2) x GL(1) which
vanishes if any entry of A is sufficiently large or A lies outside of a compact set. So

to show this map is well defined, it suffices to show ® (A, A) vanishes if det(A) is
sufficiently close to 0. Given g € PP, write

(1 A 1Y\ [A AY
I=\x 1 AT 1) 7 \XA XAY +)tA1)"

Then the map from PP to GL(1) given by (gl gz> > det(ga — g3g7 'g2) sends
3 g4

g+ A2 det(A)~L. This map is continuous, so ®(A, \) = 0 when det(A) lies outside
of some fixed compact set.

To see surjectivity, given ® € C°(GL(2) x GL(1)), choose ¢1, ¢2 € C°(Sym(2))
such that

/ / d1(X) o (V) (tr(w(X +Y))) dX dY =1
Sym(2) JSym(2)

and set

(x y)san(t T)]=amnmea.

For ® € C2°(GL(2) x GL(1)), define the split toric orbital integral by

(2.14) I(A,A;@):/(FX)?’(I)KQ b)A(C 1>,abc)\] n(c)d*ad*bd*e,
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at least if (A, \) € GL(2)"8 x GL(1), i.e., §(A4,\) € G"8. The point is that
(2.15) N(S(AN); f) = I(A, ;)

for f € C*(G) and §(A, A) regular. In particular I(A, ;@) is convergent for
(A, A) € GL(2)™® x GL(1). If (y, 2) € S, we also put

(2.16) I(y,z; @) = I(A(z/y),1/y; @)
so that
(2.17) N(y, 2z f) = 1(y, 2z Py).

The orbital integrals I(A, A; ®) on GL(2) x GL(1) are just twisted versions of the
split toric integrals on GL(2) study by Jacquet in [19], and they can be analyzed
in the same manner.

Proposition 2.8. For & € C*(GL(2) x GL(1)) the function I(y,z) = I(y, z; D)
is a smooth function of S*°® satisfying the following properties:

(i) I(y, z) vanishes for y, z sufficiently large;

(ii) 1(y, z) vanishes for y — z sufficiently small;

(i) there exist functions (1,(s € CO(F* x F — AF*) such that for z € F*
sufficiently small and oll y € F*,

I(y, 2) = Gy, 2) + (1 + 0(z/y))C2(y; 2);

(iv) there exist functions 1,6 € C(F x F* — AF*) such that for y € F*

sufficiently small and oll z € F*,

I(y,z) = & (y, 2) + (1 +n(y/2))&(y, 2);

Proof. The smoothness and properties (i) and (ii) are immediate. Let us prove (iii)
and (iv).
Write GL(2) x GL(1) as a union of two open sets

Q, =TUNN x GL(1)

Qy = TP NwN x GL(1)

where T2 denotes the diagonal torus of GL(2), N is the standard upper unipotent
subgroup of GL(2), and N its transpose. Now write & = ®; + $5 where P; €

(). Let
¢i(A,A)_/(FX)2 >, K“ b) A,ab)\] d*ad*b,
wiwen=a(( (0 ))
o= ol 1))

Note ¥; € C(F x F x GL(1)). Since

A(z) (c 1) _ (c(lx) 1) (1 cl(llx)1x> (i 1)
_ (1 -z C) (1 (1 —1:5)1) w (1 011> |

and
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. 1 K“ b) A,A] = ¢1(4, (ab) ™'

we have

t2) = [ onfaem (¢ )ser [ aoaer [ o acm (© )i aere

1 1
:/ U, [ : ,C; } n(c)dxc—i—/ Uy [ Y e b } n(c)d*c.
e Lely—2) Ty—z Pxo o ly—z y—=z
Then by [19, Lem. 3.2], there exist functions A1, Ao € C°(F x GL(1)) such that for
z # 0 and y # z, one has

1 1 1
[ faismglmoren (o (o ()
Fx cly—=z) y—=z y—z y—=z y—z y—z y—z

By property (ii), there exists k such that I(y, z; ®) vanishes if |y —z| < k, so we may

assume \; (z2(y —2)7Y, (y—2)7!) = 0if [y — 2| < k. Put G(y,2) = N (y—fz, yiz)
Then ¢(; € CP(F* x F — AF*). Furthermore, if |y — z| > k, then for z sufficently

small, n(z(y — 2)~1) = n(z/y). This proves (iii), and (iv) is similar. O

2.4. Local orbital integrals for G.. Let E/F be a quadratic extension of local
fields. For € € {e1, €2}, fix Haar measures dif and dr on R, and R.. We also write

dr = dtdu and dr = dt du where dt, du and du are Haar measures on 7., U, and
U.. Denote by GL°® the set of regular elements of G..
For f € C*(G,) and g € G, define the local (anisotropic) Bessel orbital integral

(2.18) Bu(g: f) = /(R o EOEC) ) dr

at least when this integral converges.

Lemma 2.9. For f € C*(G.) and g € G, the local Bessel integral B.(g; f)
converges.

Proof. The proof is analogous to that for Corollary 2.4. O
For (y,z) € S8 and f € C°(G,), let
Be(y, 2 f) = Be(ve(y, 2); f)-
Lemma 2.10. The map
CE(GE®) = O (5:%®)
=05y, 2) = Be(y, 2 f)
is well-defined and surjective.

Proof. The proof is similar to that for Lemma 2.6. O

For f € C°(G.), « € DX and pu € GL(1), define

(2.19) bt = [ [ ras(e s dd
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Lemma 2.11. The map
CX(P.P.) — C*(DS x GL(1))
fr @
is well defined and surjective.

Proof. The proof is similar to that for Lemma 2.7. (I
For ® € C°(D) x GL(1)), define the anisotropic toric orbital integral by

(2.20) I (o, p; @) :/ / ® [sat, N(st)p] d*sd™t
Ex/Fx JEx

whenever (a, p) is “relevant” in DX x GL(1), i.e., éc(a, pt) is relevant in G, i.e., «

. . €
is not in E* or w.E*, where w, = 1 € DX. Then we have

(221) Bé(é(a,u);f) = Ie(avu;q)f)'

For (y, z) € Sk°8, we also denote

(2.22) I(y, 2, @) = I(ce(2/y), 1/y; @)

SO

(223) Be(yaz; f) :Ie(yvz; (Df)'

We remark that while a(z) technically depends upon the choice of u in (2.12),
i.e. (2.12) is ambiguous up to an element of E' = ker(N|gx), it is easy to see
the integrals Be(d(a(z),u); f) and I (ae(x), u; @) only depend upon x and not the
choice of u such that eN(u) = x.

Proposition 2.12. For ® € C° (DX x GL(1)), the function I.(y, z) = I.(y, z; ®)
is a smooth function on S:°® satisfying the following properties:

(i) I.(y, z) vanishes for y, z sufficiently large;

(#) I.(y, z) vanishes for y — z sufficiently small;

(i) there exists (. € C°(F* x F) on such that I.(y, z) = ((y,z) whenever z
sufficiently close to 0 and 5 € eN(E™); and

(iv) there exists & € C°(F x F*) on such that I.(y,z) = &(y, z) whenever y
sufficiently close to 0 and £ € eN(E™).

Furthermore the functions (. and & take the singular orbital integrals as values

¢c(y,0) :vol(EX/FX)/ O(t, N(t)yy 1) dt

EX

£.(0,2) :vol(EX/FX)/ d(wet, e ' N(t)z71) dt.
EX
Conversely, any function ¢(y, z) € C™(S*8) satisfying (i)—(iv) is of the form
I.(y, z; @) for some ® € C° (D} x GL(1)).

Note properties (iii) and (iv) mean that I.(y, z) extends to a function in C°(SP#).

Proof. Properties (i) and (ii) follows immediately from the compact support of ®.
Now let us prove (iii). Note the change of variables s — st~1 in (2.20) yields

-1 0
/ / { ( 71 , u) ,N(S)y‘l] d*ads,
Ex/Fx JEx u 1
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where ¢t = o and eN(u) = z/y.

First assume F' is nonarchimedean. Since ® has compact support, for any v
sufficiently small,

1 ev _ -
vla (o 7) N =@ o)
for all @ € D. Thus, for z/y € e\ sufficiently small

I.(y,z) = vol(E* /FX) /Ex (s, N(s)y *)ds,

so for z € F sufficiently small, we may define

C(y, 2) = Vol(EX/FX)/ ®(s, N(s)y )ds

EX
and (.(y,z) = 0 otherwise. The compact support of (. follows from (i) and (ii).
Now suppose F' = R and E = C. Note 8™ C R? is just the two quadrants
yz < 0 if € < 0 or the two quadrants yz > 0 minus the line y = 2z if ¢ > 0. Let
Q={ueC:|ul <k} beadiscin C such that 1 + w2 C DX. Set

Ié(u,y):/Sl /(CX<I>[S(1+wEu)t] ds dt

for u € Q,y € R*. Then I/(u,y) is a smooth function on  x R* satisfying

z
Ié(ua y) = Is(yaz)v 6|u| = ;

for (y,z) € Si®® such that |z/y| < k, and the value of this function only depends
upon |u|. Hence, when eyz > 0, we may define (. (y,z) = I.(|z/yl|,y) when y is
not too small, a ((y,z) = 0 if y is sufficiently small. Then Whitney’s extension
theorem implies ¢, extends to a smooth function of R2.

The proof of (iv) is similar.

For the converse, let ¢ € C°°(S!°8) satisfying (i)-(iv). Define

oy, 2) a€Opacz/y)Of, pcy 05
0 else.

P(a,p) = {

Then it is clear

Py, 2) = Ie(y, z; @)
for (y,z) € S8, where ¢ = volz(OF N Z)/volpx (OF)?. Properties (i) and (ii)
imply that ® has compact support, while (iii) and (iv) guarantee smoothness. O

2.5. Local matching results. Roughly, functions f and f. on G and G, will
be called matching functions if N'(g; f) = Be(ge; fe) whenever g and g. represent
matching double cosets, i.e., y(9) = yc(g.) and 2(g9) = 2.(gc). However, the local
orbital integrals depend upon the choice of double coset representatives, so we make
the following definition for local matching.

Definition 2.13. Let f € CX(G) and f. € CX(G,) for € € {e1,e2}. We say the
functions f and (f¢)e match if

(2.24) N(z, X f) = Be(u, A; fo)  when = eNg/p(u)
forall e € {e1,e2}, A€ F*, x € F —{0,1} and u € E* such that eNg,p(u) # 1.
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Proposition 2.14. Suppose f € C°(G"8). Then there exist fo € C°(G:8) for
€ € {e1, €2} such that (fc)e matches f. Conversely, given (fe,, fe,) € C°(GE#) x
Ceo(GeE), there exists f € C°(G™®) such that f matches (fe)e.

Proof. Observing that S;7® US[’® is a decomposition of §™® into two disjoint open
sets, this proposition is immediate from Lemmas 2.6 and 2.10. ([

Proposition 2.15. Suppose f € C(PP). Then there exist f. € C°(P.P.) for
€ € {e1,€2} such that (fc)e matches f.

Proof. This follows from Propositions 2.8 and 2.12. O

3. LOCAL BESSEL DISTRIBUTIONS

Let F be a local field of characteristic zero. In this section, we let G’ denote G
or G, and 7 an irreducible admissible representation of G’. In the former case, set
R =H, R= H, x; the character ¥ of R, and x5 the character § of R. If G’ = G.,
put R =R., R=R,, x1 the character £ of R and X2 the character 7 of R. Let ¢4
and /5 be linear forms on 7 satisfying

U(m(P)¢) = x1(F)i(d), TER
and

la(m(r)¢) = xa(r)la(9), 1€ R.
We define the local Bessel distribution (w.r.t. £1,¢2) to be

(3.1) Br(f) = bi(w(f)¢)la(0)
[

where f € C°(G’) and ¢ runs over an orthonormal basis for 7. It is easy to see
that B:(f) # 0 if and only if both ¢; and ¢ are nonzero.

When, ¢; and {5 are nonzero, we want to show a regularity result about B,
namely that it must be nonzero on some function with compact support in the
subset G'™°¢ of regular elements of G’. We do this when 7 is tempered and F is
nonarchimedean, by combining the argument in [18] with some estimates in [38].

Assume for the rest of this section that 7 is tempered, F' is nonarchimedean and
¢y and {5 are nonzero. This nonvanishing condition forces 7 to have trivial central
character.

It is more convenient to work on G'/Z, so if f € C°(G'/Z) we abuse notation to
write 7(f)¢ = fG,/Z f(g)m(g)¢ and with this convention also use B (f) to denote
the expression in (3.1). Let U denote the upper Siegel unipotent of G’ and, for
¢ € Z, U, the subgroup of U given by

1 Ty
U, = 1 ? i rx,y,z € F,ord(y) > ¢
1
if G’ = GSp(4) and
1 T ey
U. = 1 yl" A E x,y € E, 27 = —x, ord(x) > ¢



20 MASAAKI FURUSAWA AND KIMBALL MARTIN

if G’ = G.. We let U (resp. U.) be the transpose of U (resp. U.). We let T =
Tr/Z(G) where T' denotes the maximal torus of R. Thus R/Z ~ TU and R/Z ~
TU.

Fix an inner product (, ) on 7.

Lemma 3.1. There exists a function ® on G’ of the form

D(g) = (m(9)¢1, ¢2)
for some ¢1, ¢ € T such that for sufficiently large c the identity

/ / ( flg (7"97")d9> X1 (F)x3 t(r) dgdrdr (7 € TU,, r € TU,)
10, JTU, \Jor

holds for any f € C*(G'/Z).
Proof. By [38, Lem. 5.1 and Prop. 5.7], for some ¢; and ¢5 in 7, one has

() = /T w0 (D) (o) = /T (nlr)ona); 1) dr

for ¢ sufficiently large. Here the integrals are absolutely convergent and independent
of ¢ for ¢ sufficiently large. Consequently,

N B L MR RN

TU.
- Z/TU /TU r 2, 0) (¢, m(f)m(F o)Xy (F)xa(r) dFdr

/ / Vo, () (1) 0)XT (F)xa (r) dr dr
TU TU,.

/TU /TU V(1) a2, d1)x1(F) " xa(r)~t dF dr

/TU /TU </G//Z g)(m (rgr)¢27¢1)dg> X1 (F) " txa(r)~t drdr.

Here we put f*(g) = f(g~1). O
For c € Z, let

(3.2) 1(g: @) = /T ) /T (g (G () drae

Proposition 3.2. For ¢ sufficiently large,
(33) Bf) = [ o)l ®)dg
Gz

for all f € C*(G'/Z), and this integral is absolutely convergent.

Proof. Note that if we knew the absolute convergence of the right hand side of (3.3),
the result would follow from the previous lemma and applying Fubini’s theorem.
This is what we will prove.

We may assume f is of the form KgyoK for a special maximal compact open
subgroup K of G'/Z.

We let = denote the Harish-Chandra = function on G’ /Z associated to K. Recall
that this is defined as follows (cf. [37]). Let Ay denote the maximal split torus of
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G'/Z with centralizer My, and Py a minimal parabolic with Levi My. Let my denote
the normalized induction of the trivial representation from Py to G'/Z. Let e be the
unique K-fixed vector in mg with e(1) = 1. We set Z(g) = (mo(g)e, €). In particular
E(g) >0foralge G/Z.

First note that, since 7 is tempered, there exists a constant C' such that

@(g) < CE(g)
for all g € G'/Z. Then

/ F(@)L(g: ®)] < / / L. (krgoka: @) diy dk
G'/Z
< C/ / / / E Tk‘lgok'g’l") dr dr dkq dko
TU TU.

gca(go)/ E(f)df/ =(r) dr,
TU. TU,

by the property that [, Z(g1kg2)dk = Z(91)E(g2) [37, Lem. IL.1.3]. Hence it
suffices to show

(3.4) /TU =(7) dF < o0
and
(3.5) /TU E(r)dr < oo.

The proofs are similar, and we will just explain the latter bound.
First suppose T is compact. Then it suffices to show

/ E(u) du < oo.
Ue

This is a special case of [38, 4.3(3)]. Now suppose T is split. In this case we apply
[38, 4.3(4)], which says

/ ET(H)E(tu) dt du < oo,
TU,

where Z7 is the Harish-Chandra function for 7. However T' being split implies
ET(t)=1forallt €T. O

We let G'*°8 denote the set of regular elements of G’, where the notion of regular
elements for G and G, is as defined above.

Corollary 3.3. There exists f € C°(G™™8) such that B.(f) # 0.

Proof. Since the complement (G™™8/Z)¢ is a closed subset of measure 0 in G'/Z, it
is immediate from the above proposition that there exists f € C°(G™8/Z) such
that B (f) # 0. Now note the map C°(G"**8) — C°(G"™8/Z) given by

7(9) = 1%(g) /fzg

is surjective and satisfies B (f) = B.(f%). O
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4. SIMPLE RELATIVE TRACE FORMULAS

We return to the global setting and notation as in Section 1. In particular, E/F
denotes a quadratic extension of number fields. Recall for a finite v, 2, denotes the
characteristic function of G(O,).

4.1. A simple trace formula for G.. Let f. € C°(G.(A)). We may assume
fe has a factorization f. = [] fe, where f., = E, for almost all v. Consider the
distribution J. given by (1.9).

Since we do not deal with arithmetic results here, we need not be too careful
about our choice of measures arising from (1.9). For simplicity, choose Haar mea-
sures dz = [[dz,, dr = [[dr, and dF = [[dF, on Z(A), R.(A) and R.(A) such
that at all finite places, Z(0,), R.(0,) and R.(O,) all have volume 1.

One formally has the geometric decomposition

(4.1) Je(fo) = > Jer (f),
VER(F)\G.(F)/Re(F)

where

Je,’y(fe) = fe(Fil’W’Z) dzﬁ(F)ilT(T) dr dr.

\/(Rs (A)X Re(A))/Z(A)Re ~ (F)

We can rewrite this as

(4.2) Jery(£) = VOU(Z(A) Rery(F)\Rer(A))Be(: fo),

where B, denotes the global Bessel orbital integral given by

(43) B = [ £y T(r) d
(Re(A)XRe(A))/Re (M)

Note that for relevant v € P.(F)P.(F) by Proposition 2.2, the volume appearing in
(4.2) is finite, and equals 1 if «y is regular. Then we have a factorization into local
Bessel integrals

(44) Be(’y; fe) = HBe(’Y; fe,v)a

where the local Bessel integrals are defined in Section 2.4.

Suppose v = e (u, ). Then, for almost all finite v, u and 1 — Ng,p(u) are units
in O,. For such v, B¢(7v; Ee.») = 1 [9]. The hypothesis that f. , = Zc,, for almost all
v together with Lemma 2.9 then implies the global Bessel orbital integral Be(v; fe)
converges for any regular . For such v, recall R, = Z, so in fact

Jery(fe) = Be(v; fe)-

Proposition 4.1. Suppose fe,, € C(G8(F,,)) for some place vo. Then the
geometric expansion (4.1) converges absolutely.

Proof. First observe that for v € G.(F), the local Bessel orbital integral B (v; fe.v,) =
0 unless v € G.(F)™8. Consequently, only regular v can contribute to the sum in
(4.1). For regular v, we have already established the convergence of J. ,(fe) =
B.(7; fe) in the discussion above. Hence, the proposition would follow from know-
ing only a finite number of v contribute. We show this now.

Let Ge(A)™8 = {g € G(A) : g, € G¢(F,)™® for all v}. Consider the continuous
map

De i G(A)®® — DX (A) x A* x A~
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given by

Cc D

N = (Oé 0 1) c GE(F)reg’

0 pa~

P (A B) — (A, det(A),det(D — CA™'B)).

Take

where a = a(u), and g € R (A)yR(A) C G(A)™8. Write
(1 0\ [a 0\ (b 0\[(1 X
9=\ 1)\0 a«)7\0 b)\0 1)

pe(g) = (aab, N p(ab) det(a), p* Npp(ab) det(a™)).
Thus if g lies in a compact set of Ge¢(A)™8, we see the coordinates of p.(g) lie in

compact sets of GLa2(Ag), A* and A*, respectively. Note

ab  abue
abu®  ab

Then

aab = aa(u)b = (

lying in a compact set implies both ab and u lie in compact sets of A%. Since
u € E*, there are only finitely many possibilities for u. Looking at the product
of the second and third coordinate of p.(g) then shows u lies in a compact set of
A* N F*, whence a finite number of possibilities for p. O

Now we consider the spectral decomposition of J.(fe). It is well known that the
kernel has a spectral expansion of the form

Ke(%y) — ZK’NE (w,y) + KEJIC(xﬂy)

where 7, runs through the cuspidal automorphic representations 7. of G¢(A)/Z(A)
and K. nc(z,y) denotes the contribution from the noncuspidal spectrum. Here

(4.5) Kr (2,y) = Y (7e(fZ)0)(2)8(y),
%

where ¢ runs over an orthonormal basis for the space of 7., and fZ is the function
in the space C°(G(A)/Z(A)) given by

Z = z 2.
£ (g) /Z(A)f( g9)d

Since each K (z,y) is of rapid decay in & and y, we have the absolute conver-
gence of the global Bessel distribution

Jem(fe) = Ko, (7, 1)E(F) 7 (r) drdr.

/Z(A)RE(F)\R(A) /Z(A)RF(F)\RE(A)
Let K be a maximal compact subgroup of G.(A) with K = [[ K, and K,, = G.(O,)
for all finite v. Since the integrals here are over compact sets, (4.5) implies

(4.6) Je,me (fe) = Z,Pé(ﬂ'e(fez)(b),Pe(q;)a
é

where P, and P! are defined as in (1.7) and (1.8), and ¢ is taken to run over an
orthonormal basis.
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Thus, at least formally, we should have a spectral decomposition of the form

Je(fe) = Z Jem (fe) + Jenc(fe)-

For v nonarchimedean, we will call f. € C°(G(F,)) a supercusp form if for all
proper parabolic subgroups of G(F,) with unipotent radical N, the integral

/ fev ngLQQ =0

for all g1, g2 € G<(F,). In particular if fZ, is the matrix coefficient of a supercusp-
idal representation ,, then f. , is a supercusp form.

Proposition 4.2. Suppose f., is a supercusp form at some place v. Then the
spectral expansion

(4.7) Je(f) = Jem.(fo)

converges absolutely.

Proof. First observe, that K. ,.(x,y), whence Jenc(fe), is zero ([31, Prop. 1.1]).
Then

Ke('ra y) = Ke,cusp = Z [(71'6 (.73, y)7
where 7. runs over the cuspidal representations of G¢(A) with trivial central char-

acter. This series converges absolutely and uniformly when z,y lie in compact sets
of Z(A)G(F)\G.(A), which implies our proposition. O

Just as the global orbital integrals on the geometric side factor into products
of local orbital integrals, the global Bessel distributions on the spectral side factor
into products of local Bessel distributions.

Namely, let V' be the Hilbert space on which 7, acts and V., denote the set of
smooth vectors. We can view the linear form P/ (resp. P.) as an element A, (resp.
AL) of the dual VX (resp. conjugate dual V) of V.. We may also view V C VX
and V' C V.. Thus we can extend the inner product (-,-) on V x V to VI x V
and Voo x VI . We may define 7 (fc) A € VI by

(Ae, Te(fe)9) = (me(fe)A, @)
For f. smooth of compact support, in fact 7 (fe)Ae € Viw. Then (4.6) above becomes
(4.8) e (f) = D_Aesme(f)D) (9,70 = (me(fe)Aes A
¢

By the local uniqueness of Bessel models (this is stated in [29] in the nonar-
chimedean case; see [1] for a proof of this, and [2] for the archimedean case), we
know there exist factorizations Ac = [ Ac, and A, = [[ A, ,, into local linear forms.
Therefore

(4'9) ETr6 fe HJeﬂ'ev fev

has a factorization into local Bessel distributions

(4.10) Jerer(few) = (e, (FZ) A At w),
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which can also be expressed in the form (3.1). Here this local inner product is
defined analogously to the global one, after factoring our global inner product on
V into a product of local ones, normalized so that at almost all finite v where
Gew =Gy and Je g, , #0, we have Jer, ,(E,) = 1.

From (4.8) and (4.10), it is clear that the global and local Bessel distributions
are not identically zero if and only if the global and local Bessel periods are not
identically zero.

4.2. A simple trace formula for G. Take a test function f € C°(G(A)), which
we assume to be factorizable f =[] f, such that f, = Z, for almost all v. Consider
the relative trace formula given by

J(f)z/ o / K (h,h)0(h)y(h)~* dhdh
Z(A)H(F)\H(A) J Z(A)H(F)\H(4)
where

K(Iay):Kf(x,y):/ Z flz7 yyz) dz.

Z(F)\Z(A) ~EG(F)

The measure dz = [ [ dz, was already chosen above, and we choose Haar measures

dh = [[dh, and dh = []dh, such that H(O,) and H(O,) have volume 1 for all

finite v. We also assume the local archimedean measures dh, and dh, agree with

the local archimedean measures dr, and d7, chosen above when G.(F,) = G(F,).
Similar to above, we formally have a geometric decomposition

(4.11) J(f) = > Jy(f)
YEH(F)\G(F)/H(F)
where
Iy (f) = vol(Z(A)Hy (F)\H~ (A))N (v; f),
and the global Novodvorsky orbital integral is
Neif) = [ £ (ryh)0(h)s(R) dh dF.
(H(A)x H(A))/H(A)

While the above volume is infinite in general, if v € P(F)P(F) is relevant then, by
Proposition 2.1, H, ~ Z so the above volume is 1, i.e.,

I () =N £)-

Proposition 4.3. Suppose f, € CX(G(F,)™8) for some v. Then Equation (4.11)
converges.

Proof. The proof is similar to that for Proposition 4.1. O

Write the spectral decomposition of the kernel

K(z,y) = ZKﬂ(x,y) + Kne(z,y),

where 7 runs over all cuspidal automorphic representations of G(A)/Z(A). The
global Bessel distribution for m is given by

Jo(f) = K (h, h)0(h)w(R)~" dh dh.

/Z(A)H(F)\H(A) /Z(A)H(F)\H(A)



26 MASAAKI FURUSAWA AND KIMBALL MARTIN

We can write B
Kr(w,y) = > (7(f%)8)(2)8(v),
¢
where ¢ runs over an orthonormal basis for the space of m and f#(g) = . 5 f(zg)dg.
If f is in fact K-finite, one may choose a suitable basis {¢} such that this sum is
in fact finite. At least in this case, one can expand

(4.12) J=(f) =) _P'(x(f%)$)P(4),
[}

and this sum converges absolutely. Let V. be the space of smooth vectors for m,
V2 its dual and V., its conjugate dual. Regard the periods P’ and P as elements
A€ VE and X € V. Then just as in (4.6), one can express J.(f) in terms of a
pairing on Voo x V7,
(4.13) Tr(f) = (w(fENN).
In particular, J; # 0 if and only if P and P’ are not identically zero.

As before, by 1-dimensionality of the spaces Hom g (g, ) (70, ¥y ) and Hompg g,y (70, ),

we know A and N factor into local linear forms A = [[ A, and X' = []A,. Conse-
quently, we have a factorization

(4.14) Jw(f) :iju(fv)
of Jr(f) into local Bessel distributions
Jm,(fv) = (T‘-U(f'UZ))\’U?)\'/U)?

where the local pairings are suitably normalized. We assume the local Bessel dis-
tributions are normalized so that J, (Z,) =1 for almost all v such that J, # 0.

Proposition 4.4. Suppose f, is a supercusp form for some v. Then
I =35,

where the sum on the right is absolutely convergent.

Proof. The proof is similar to that for Proposition 4.2. O

5. GLOBAL RESULTS

Let X5 (resp. X;) denote the set of places of F which are split (resp. inert) in
E. We assume 1 is unramified at each finite v € ¥;. Let ¢ denote an element
of */Ng/p(E*). When € € Ng, /5, (E)), we identify G¢(F,) with G(F),) as in
Section 1.1.2. This identifies the local Bessel and Novodvorsky periods for v € .

For a finite odd v, denote by H, the Hecke algebra for G(F,), i.e., set of bi-K,-
invariant functions in C°(G(Fy)), where K, = G(O,).

Let f =[] fo € C(GQ) and fc =[] fer € CX(G,) for each e. We assume that
the local functions f, and f., are smooth of compact support, and equal the unit
element =, of H, for almost v. We also assume that f. = 0 for all but finitely many
€.

We say regular double cosets H (F)yH (F) and Ry R, in G(F) and G.(F) match
if (y(7),2(7)) = (We(Ve), ze(7e)). We say f and (fe). are global matching functions

if
N(’Y; f) = BE(’)/e;fe)
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whenever 7 and 7. match. Since we may take regular v and ~, of the form ~(y, 2)
and 7(y, z), f and (f.)e are global matching functions if f, and (fc.)e are local
matching functions for all v.

To state our global results, let us set the following notation. Let S be a finite
set of places of F' containing all infinite and even places, as well as two fixed finite
places v1 € ¥4 and v € X UY;. For each v ¢ S, let 7, be an irreducible admissible
unramified representation of G(F,). Let 7,, be a supercuspidal representation of
G(Fy,). Let II (resp. II.) be the set of cuspidal unitary automorphic representations
7 of G(A), (resp. G¢(A)) such that 7, ~ 7, for all v & S — {v; } and 7, is tempered
for all v € 3;. Let I18" denote the subset of generic representations in II.

Theorem 5.1. Suppose f € C°(G(A))) as above such that

(i) fv, is a supercusp form;
(i) fu, € CZ(G(Fy,)"®); B
(iii) at any v € X;, either f, € H, wherev & S or f, € C*(P,F,).

Then there exists a matching family (f¢)e such that

(5.1) DTN =0 Tnlfo)

mellgen e meell,
Conversely, fix € and let fo € CX(Ge(A)) as above such that

(1) fev, is a supercusp form;
(i) fews € CE(Ge(Fy,)t8); and
(iii) at any v € 3;, either f, € H, where v € S or fe, € CC(Ge(F,)™8).

Then there exists a matching function f € C°(G(A)) such that

(5.2) Yo T = >0 T lfo)

mellsen me€lle

Proof. Start with f € C°(G(A)) as above. For any v € X, then € € N(E)) and
we put fc, = f, for all e. These local functions match by our identification of
G (F,) with G(F,).

For each v € ¥;, we will define a family (fy 1, fv,2) of local matching functions
to f, in the sense of Definition 2.13. Here f,; € C®(G., ,(F,)) where ¢,; €
E) with €, being a norm from E} and €,2 a non-norm. Then one simply sets
fe = 11 fe,o where f., = f,. according to whether € is equivalent to €,1 or €,
in F)/Ng,/p,(E)). The local matching of functions then will imply the global
matching of f with (fe)e.

For each v € S with v € &;, put f,1 = f, =5, and f, 2 = 0. These match by
the fundamental lemma for the unit element [9]. If v ¢ S and f, € H,, we know
(fv,1,0) is a matching pair for some f,1 € H, by the fundamental lemma for the
Hecke algebra [8]. In particular, for almost all €, we have f,, = 0 for some v € S,
i.e., for all but finitely many €, f. = 0.

Now suppose v € (S°NY%;). If f, € CX(G™8(F,)), we let (fy1,fs2) be a
matching pair of functions supported on G, ,(F,)**® as in Proposition 2.14. If
fo € C2(P,P,)), we let (fy1,fo2) be a matching pair of functions supported
on P, ,P. . as in Proposition 2.15. This completes the construction of a global
matching family (fe)e.
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Now by Propositions 4.1, 4.2, 4.3 and 4.4, we have

DI =D L= T (f) =2 > T (fo):

€ Ve € e

Here m and 7 run over cuspidal automorphic representations of G and G, and v,
~e run over a set of representatives for the regular double cosets for G and G..

By the fundamental lemma for the Hecke algebra [8] and infinite linear indepen-
dence of Bessel distributions (cf. [24, p. 211] for Langlands’ original argument, or
[26, Lemma 4] for a more general version), one can reduce the equality between the
first and last sums above to

Z J=(f) = Z Z I (fe)-

mell e m.elle

Furthermore, the Novodvorsky periods, whence J;(f), can only be nonzero for
generic 7. This yields the desired equality.

The proof of the converse direction is the same, with the minor exception that
one does not use Proposition 2.15. d

We remark that I18°" should contain at most one element. This is proved in [23]
when F' is totally real, and their argument should now apply to arbitrary F' in light
of [11]. This should also follow from Arthur’s Book Project [3].

Corollary 5.2. Suppose II8"™ contains exactly one representation © and E/F is
split at all infinite places. If

L(1/2,m)L(1/2,7 @ k) # 0,
then there exists w. € Ile such that m. has a Bessel period.

Proof. By Novodvorsky’s integral representation, the nonvanishing of L-values im-
plies the nonvanishing of Novodvorsky periods, so J(f) #Z 0. Outside of a finite
set Sp D S, we have J, (E,) = 1, and so at these places take f, = Z,. Then for
each v € Sy N X, we take f, to be any function such that J, (f,) # 0. Further,
for any v € Sy N X;, by Corollary 3.3, we may take f, € C°(G(F,)"8) such that
Jr,(fv) # 0. Then f satisfies the conditions of the theorem and J.(f) # 0. By
hypothesis, the left hand side of (5.1) just consists of J(f), and hence (5.1) is
nonzero, so some J_(fc) is nonzero. O

Now fix e. While Il in general contains more than one representation, there
should be at most one 7. € Il such that J, # 0. To see this, observe II. should
be contained in a single L-packet for G.. Namely, if m., 7. € II., then they should
transfer to the same representation of GL(4), whence should be in the same L-
packet. Then local Gross—Prasad conjectures tell us that there is at most one
me € Il possessing a Bessel period. These local Gross—Prasad conjectures are
proven in our case when the residual characteristic is not 2 by Prasad—Takloo-
Bighash [30] using the L-packets defined in [10] and [12], and for “generic L-packets”
of more general orthogonal pairs by Waldspurger and Moeglin-Waldspurger [28]
under some assumptions about L-packets and the stabilization of the trace formula.

We expect these results to be established in the near future with the completion
of Arthur’s Book Project [3].



CENTRAL VALUES OF THE DEGREE FOUR L-FUNCTIONS 29

Corollary 5.3. Suppose there is exvactly one w. € Il. which has a Bessel period
and E/F is split at all infinite places. Then there exists m € 118 such that

L(1/2,m)L(1/2,7 ® k) # 0.
Proof. The argument is the same as the previous corollary. O

We remark that one could remove the hypothesis of F/F split at infinity in both
corollaries either if one knew a general smooth matching result at the archimedean
places or if one had an archimedean analogue of Corollary 3.3. In the latter corol-
lary, it is reasonable to expect the approach in [22] may allow one to relax this
condition in the latter corollary to requiring that at each v|oo, either E, /F, is split
or D, , is ramified.
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