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ABSTRACT. Stark—Heegner points, also known as Darmon points, were introduced by H.
Darmon in [Dar01] as certain local points on rational elliptic curves, conjecturally defined
over abelian extensions of real quadratic fields. The rationality conjecture for these points is
only known in the unramified case, namely, when these points are specializations of global
points defined over the strict Hilbert class field H ; of the real quadratic field F' and twisted
by (unramified) quadratic characters of Gal(HZ /F). We extend these results to the situation
of ramified quadratic characters; more precisely, we show that Darmon points of conductor
¢ > 1 twisted by quadratic characters of G} = Gal(HJ /F), where H_ is the strict ring class
field of F' of conductor ¢, come from rational points on the elliptic curve defined over H.
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1. INTRODUCTION

The theory of Stark—Heegner points, also known as Darmon points, began with the founda-
tional paper by H. Darmon [Dar01] in 2001. In this work, Darmon proposed a construction
of local points on rational elliptic curves, the Stark—Heegner points, which, under appropriate
arithmetic conditions, he conjectured to be global points defined over strict ring class fields
of real quadratic fields, which are non-torsion when the central critical value of the first de-
rivative of the complex L-function of the elliptic curve over the real quadratic field does not
vanish. Note that the absence of a theory of complex multiplication in the real quadratic case,
available in the imaginary quadratic case, makes the construction of global points on elliptic
curves over real quadratic fields and their abelian extensions a rather challenging problem.
The idea of Darmon was to define locally a family of candidates for their points, and conjec-
ture that these come from global points. Following [Dar01], many authors proposed similar
constructions in different situations, including the cases of modular and Shimura curves, and
the higher weight analogue of Stark—Heegner, or Darmon, cycles; with no attempt to be com-
plete, see for instance [Das05], [Gre09], [LRV12], [LRV13], [Tri06], [GS16], [RS12], [GMcS15],
[GM15b], [GM15a], [GM14], and [GM13].

The arithmetic setting of the original construction in [Dar01] is the following. Fix a rational
elliptic curve E of conductor N = Mp, with p { M an odd prime number and M > 1 and
integer. Fix also a real quadratic field F' satisfying the following Stark—Heegner assumption:
all primes ¢ | M are split in F', while p is inert in F. Under these assumptions, the central
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critical value L(E/F,1) of the complex L-function of E over F' vanishes. Darmon points are
local points P, for E defined of finite extension of F},, the completion of F' at the unique
prime above p; their definition and the main properties are recalled in Section 2 below. The
definition of these points depends on the choice of an auxiliary integer ¢ > 1, called the
conductor of a Darmon point P.. The rationality conjecture predicts that these points P, are
localizations of global points P. which are defined over the strict ring class field H of F of
conductor c.

Only partial results are known toward the rationality conjectures for Darmon points, or
more generally cycles. The first result on the rationality of Darmon points is due to Bertolini
and Darmon in the paper [BD09], where they show that a certain linear combination of these
points with coefficients given by values of genus characters of the real quadratic field F' comes
from a global point defined over the Hilbert class field of F'. The main idea behind the proof of
these results is to use a factorization formula for p-adic L-functions to compare the localization
of Heegner points and Darmon points. More precisely, the first step of the proof consists in
relating Darmon points to the p-adic L-function interpolating central critical values of the
complex L-functions over F attached to the arithmetic specializations of the Hida family
passing through the modular form attached to E. The second step consists in expressing this
p-adic L-function in terms of a product of two Mazur—Kitagawa p-adic L-functions, which are
known to be related to Heegner points by the main result of [BD07]. A similar strategy has
been adopted by [GSS16], [Sev12] [LV14], [LV16] obtaining similar results.

All known results in the direction of the conjectures in [Dar01] involve linear combination
of Darmon points twisted by genus characters, which are quadratic unramified characters of
Gal(H}. /F), where H} is the (strict) Hilbert class field of F. The goal of this paper is to
prove a similar rationality result for more general quadratic characters, namely, quadratic
characters of ring class fields of F', so we allow for ramification. In the remaining part of the
introduction we briefly state our main result and the main differences with the case of genus
characters treated up to now.

Let E/Q be an elliptic curve, and denote by N its conductor. Let F//Q be a real quadratic
field F' = Q(\/T)) of discriminant D = Dg > 0, prime to N. We assume one has a factorization
N = Mp with pt M, such that all primes ¢ | M are split in F' and p is inert in F.

Fix an integer ¢ prime to D - N and a quadratic character

X :GF = Gal(HJF) — {1},

where, as above, H denotes the strict class field of F of conductor c. Let O, be the order
in F of conductor c. Recall that G is isomorphic to the group of strict equivalence classes
of projective OF-modules, which we denote Pic™(O,), where two such modules are strictly
equivalent if they are the same up to an element of F' of positive norm. We assume that x is
primitive, meaning that it does not factor through any G]T with f a proper divisor of c.

Fix embeddings F — Q and Q — Q, throughout. Let P. € E(F},) be a Darmon point of
conductor ¢ (see Section 2 below for the precise definition of these points) where, as above, F},
is the completion of F' at the unique prime of F' above p. It follows from their construction that
Darmon points of conductor ¢ are in bijection with equivalence classes of quadratic forms of
discriminant Dec?, and this can be used to define a Galois action P. + PZ on Darmon points,
where P, is a fixed Darmon point of conductor ¢ and o € G}. We may then form the point

(1) Po= Y x'o)F

oeGt
which lives in E(F),). Finally, let logg : E(C,) — C, denote the formal group logarithm of
E. Note that, since p is inert in F, it splits completely in H, and therefore for any point

Q € E(H[) the localization of Q at any of the primes in H dividing p lives in E(F),). Our
main result is the following;:
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Theorem 1.1. Assume that ¢ is is odd and coprime to DN. Let x be a primitive quadratic
character of GF. Then there exists a point Py in E(HJ) and a rational number n € Q™ such
that

logp(Py) = n-logp(Py).
Moreover, the point Py, is of infinite order if and only if L'(E/F, x,1) # 0.

If ¢ = 1, this is essentially the main result of [BD09]. To be more precise, the work [BD09]
needed to assume E had two primes of multiplicative reduction because of this assumption
in [BDO7]. However, this assumption has been removed by very recent work of Mok [Mok],
which we also apply here.

The proof in the general case follows a similar line to that in [BD09]. However, some
modifications are in order. The first difference is that the genus theory of non-maximal orders
is more complicated than the usual genus theory, and the arguments need to be adapted
accordingly. More importantly, one of the main ingredients in the proof of the rationality
result in [BD09] is a formula of Popa [Pop06] for the central critical value of the L-function
over I’ of the specializations at arithmetic points of the Hida family passing through the
modular form associated with the elliptic curve E. However, this formula does not allow
treat L-functions twisted by ramified characters. Instead, we recast an L-value formula from
[MW09] which allows for ramification, expressed in terms of periods of Gross—Prasad test
vectors, in a more classical framework to get our result.

Remark 1.2. When (¢D, N) # 1, it may be that 7 and x have joint ramification. In this case,
we can instead use [FMP17] in lieu of [MWO09], at least in the case that f has squarefree level.

Remark 1.3. The main result of this paper assumes that all primes dividing M are split and p
is inert in F'. More generally, the same results are expected to hold under the following relazed
modified Heegner assumption: p is inert in F' and there is a factorization M = M - M~ of
M into coprime integers such that a prime number ¢ | Mt if and only if £ in split in F, and
M~ is a product of an even number of distinct primes. If the conductor N of the elliptic
curve E can be factorized as N = M - M~ - p with p{ M and the discriminant D of the
real quadratic field F', and  is a primitive quadratic character of G} with ¢ odd and coprime
with N D, then one can show that there exists a point P, in E(H;) and a rational number
n € Q* such that logp(Py) = n - logg(P,); moreover, the point P, is of infinite order if and
only if L'(E/F, x,1) # 0. The proof of this result can be obtained with the methods of this
paper by replacing modular curves of level M with Shimura curves of level M attached to
quaternion algebras of discriminant M ~, following what is done in [LV14] in the case ¢ = 1.
However, since the notation in the quaternionic case is quite different from the notation in
the case of modular curves, we prefer to only treat in detail the case when M~ = 1. Details
in the case M~ > 1 are left to the reader.

Remark 1.4. The main result of this paper plays a role in the forthcoming works by Darmon-
Rotger [DR] and Bertolini-Seveso-Venerucci [BSV] proving the rationality of Darmon points
(actually, cohomology classes closely related to Darmon points) in situations which go far
beyond the case of quadratic characters considered in this paper. This application was one of
the main motivations for this work.

Acknowledgements. We are grateful to H. Darmon for suggesting the problem and V. Rotger
for many interesting discussions about the topics of this paper. We also thank C.P. Mok for
providing us with a preliminary version of [Mok]. M.L. is supported by PRIN 2015 and BIRD
2017, Padova. K.M. was supported by a grant from the Simons Foundation/SFARI (512927,
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2. DARMON POINTS

Let the notation be as in the introduction: E/Q is an elliptic curve of conductor N = Mp
with p 1 M, and F/Q is a real quadratic field of discriminant D = Dp such that all primes
dividing M are split in F' and p is inert in F'. Finally, c is a positive integer prime to ND. The
aim of this section is to review the definition of Darmon points and some results in [BD09]
and [BDO7].

We first set up some standard notation. For any field L, let Py_o(L) be the space of
homogeneous polynomials in 2 variables of degree k — 2, and let Vj,_o(L) be its L-linear dual.
We let v = (2%) € GLa(L) act from the right on P(x,y) € Py_(L) by the formula

(Ply)(z,y) = P(ax + by, cx + dy)

and we equip Vi_o(L) with the dual action. If G is any abelian group, let MS(G) be the
group of G-valued modular symbols, i.e. the Z-module of functions I : P1(Q) x P}(Q) — G
such that I(x,y) + I(y,2) = I(z, 2) for all x,y,z € P(Q). The value I(r,s) of I € MS(G) on
(z,y) will be usually denoted I'{x — y}. The group GL2(Q) acts from the left by fractional
linear transformations on P'(Q), and if G is equipped with a left P*(Q)-action, then MS(G)
inherits a right GL2(Q)-action by the rule (I|y)(x,y) = - I(y tx,y 1y). If [y is a subgroup
of P1(Q), we denote MSr,(G) the subgroup of those elements in MS(G) which are invariant
under the action of v for all v € T'y. If f is a cuspform of level I'g(M) and weight k, we may
attach to f the standard modular symbol ff € MSr,(an) (Vi—2(C)); explicitly, for r, s € PLHQ)
and P(x,y) € P;r_2(C) an homogenous polynomial of degree k — 2, put

I{r — s}(P(z,y)) = 2mi /S f(2)P(z,1)dz.

The matrix wee = ((1) 9 ) acts on the group of modular symbols MSrp 37y (Vk—2(C)), and we let

I ij denote the projections to the -eigenspaces for this action. Suppose that f is a normalized
eigenform and let Ky be the field generated over Q by the Fourier coefficients of f. Then there
are complex periods Q]jf for each choice of sign + such that their product equals the Petersson

inner product (f, f), and Ifi = IN;E/QJJE satisfies the condition that if P(x,y) € Py_2(Ky) then
It{r — s}(P(z,y)) belongs to K.

2.1. Measure-valued modular symbols and Darmon points. Let f be the newform of
level N attached to E by modularity. Denote B = My(Q) the split quaternion algebra over
Q and let R be the Z[1/p]-order in B consisting of matrices in Ma(Z[1/p]) which are upper
triangular modulo M. Define

I'={y e R*| det(y) =1}.

Let Meas”(P*(Q,), Z) denote the Z-module of Z-valued measures on P*(Q,) with total measure
equal to 0. By [BD09, Proposition 1.3], for each choice of sign +, there exists a unique function,
which we call the measure-valued modular symbol attached to f,

i i PHQ) x PHQ) — Meas’ (P'(Qy), Z)
denoted (7, s) — pg{r — s}, satisfying the following conditions:

(1) it lr = s}(Zy) = IE{r — 5}
(2) For all v € I' and all open compact subsets U C P}(Q,),

pifr(r) = ()} U) = pp{r — s}U),

where we let GL(Q,) act on P}(Q,) by fractional linear transformations.
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Let H, = C, \ Q, denote the p-adic upper half plane. The system of measures py can be
used to define, for any r, s € P1(Q) and 71,72 € H,, a double multiplicative integral

T2 S —
7[ / wp ‘:j[ i 2 s {r — s}Ht).
n Jr PLQy) E =T

(On the right, the notation X refers to the fact that the integration is relative to the mul-
tiplicative structure of C,;, and therefore is a limit of Riemann products instead of Riemann
sums.) Let ¢ be the Tate period of E at p, and let log, be the branch of the p-adic logarithm
satisfying log,(¢) = 0. Define the additive version of the double multiplicative integral to be

T2 S T2 S
/ / wy := log, <7[ / wf> .
T1 r T1 r

We finally introduce the notion of indefinite integral. By [BD09, Proposition 1.5], there
exists a unique function from H, x P!(Q) x P}(Q) to C, denoted (7, r,s) — [7 [ wy, satisfying
the following conditions:

(1) The integral is I'-invariant, in the sense that for all v € I, we have

y(T)  (s) T s
[
(1) T

(2) For any pair 71,7 € H,p, we have

T s 1 s T s
J o] [ [ e
T T T1 r

(3) For all 7, s,t in P}(Q) we have

T s T t T t
[ L] [e= | [or
T S T
We now define Darmon points using indefinite integrals above. Since p is inert in F', the
set H, N F' is not empty and one may define the order O, associated with 7 € H, N F" as

OT:{<a b)GR’aT+b:CT2+dT}.
c d

The map (‘é Z) — ¢7 + d induces an embedding O, — F, and thus O, may be viewed
as an order in F'. For 7 € H, N F, let v, = (‘cl 3) denote the unique generator of the
stabilizer of 7 in I' satisfying ¢7 4+ d > 1 (with respect to the chosen embedding F' C Q). Let
Prate : C/ ¢ — E(C,) denote the Tate uniformization of E at p. Attached to 7, there is an
indefinite integral

w T vr(r)
(2) J,,. = wr S (Cp
t

where r € P1(Q,) is any base point, and one can show that ®rue(JX) is a well-defined point
in E(C,) independently of the choice of r, up to its torsion subgroup E(Cp)tors-

Definition 2.1. Let 7 € H, N F. The point Pr = ®que(J)) € E(Cp) @7 Q, with JX defined
in (2), is the Darmon point attached to .
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2.2. Shimura reciprocity law. Fix an integer ¢ prime to D - N, and let O, be the order of
F of conductor c¢. Denote Qp.2 the set of primitive binary quadratic forms of discriminant
Dc?. Let SLa(Z) act from the right on the set Qp2 via the formula

(3) (QIY)(z,y) = Q(azx + by, cx + dy)

for @ € Qpe2 and v = (25). The set of equivalence classes Qp,2/ SLa(Z) is equipped with
a group structure given by the Gaussian composition law. If H is the strict ring class field
of F of conductor ¢, then its Galois group G} = Gal(H}/F) is isomorphic to the group
Qpe2/ SLa(Z) via global class field theory (see [Coh78, Theorem 14.19)).

Fix § € Z such that 6> = D (mod 4M). Let Fp.2 denote the subset of Qp.2 consisting of
forms Q(x,y) = Ax? + Bxy + Cy? such that M | A and B =6 (mod 2M). The group I'o(M)
acts on Fp.2 by the formula (3). Since (M, D) = 1, we also have (§, M) = 1, and therefore, by
[GKZ87, Proposition, p. 505], the map @ — @ sets up a bijection between Fp.2/To(M) and
Qpe2/SLa(Z). In particular, the set Fp.2/I'o(M) is equipped with a structure of principal
homogeneous space under G If Q € Fp.2/To(M) and o € GF, we denote Q° for the image
of @ by o.

Define

HPD) = {1 e H,NF | O, = O.}.

Given Q(z,y) = Az? + Bry + Cy? a quadratic form in Fp., let 7g = % be a fixed

root of the quadratic polynomial Q(z,1). Then 7g belongs to H;,DCQ) (via the fixed p-adic

embedding of F' into Q,) and its image in F\H;Dc2) does not depend on the 'y (M )-equivalence
class of Q. Given o € G, we will sometimes write 3 for Tgo.

Let P be a point in E(H."). Since p is inert in K, it splits completely in H.", and therefore,
after fixing a prime of H_ above p, the point P localizes to a point in E(F,), where F}, is the
completion of F' at unique prime above p.

Conjecture 2.2. The Darmon point Py, is the localization of a global point P, defined over

H7, and the Galois action on this point is described by the following Shimura reciprocity law:
if P. € E(H[) localizes to Py, € E(Fp) then P¢ localizes to Pro.

2.3. Real conjugation. Denote by 7, € Gal(HJ /Q) the Frobenius element at p, well defined
only up to conjugation. As recalled above, since p is inert in F, it splits completely in H and
(after fixing as above a prime of H. above p), 7, corresponds to an involution of Gal(F,/Q,).
By [Dar01, Proposition 5.10], it is known that there exists an element o, € G such that

(4) Tp(J7r) = —wprJror

and 7,(P;) = wnPror where wy and wy are the signs of the Atkin-Lehner involution Wy
and Wy, respectively, acting on f.

2.4. Families of measure-valued modular symbols and Darmon points. Let

X = HomCZ‘;nt(Z;,Z;)
and embed Z into X via k — [z +— xF72]. There are rigid analytic functions x — a, (k)
for integers n > 1, simultaneously defined on a suitable neighborhood U of 2 (which we may
assume containing only integers k with £ = 2 mod p — 1) such that the formal power series
expansion

foo(k) = Zan(”)qn

n>1

when evaluated at K = k € Z is the ¢g-expansion of a normalized eigenform on I'g(IN) of weight
k, and such that fy = f, where recall that f is the modular form attached to E by modularity.
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If k£ #£ 2, fi is necessarily old, and we let f,g be the form of level I'g(M) and weight k& whose
p-stabilization coincides with f; so fi and f,g are related by the formula:

Fe(2) = fi(z) = PP Lap (k) L fE (p2).

For k = 2 we simply put f2ti =fy=f.

Let W = @12) —{(0,0)} and let D denote the Q,-vector space of compactly supported Q-
valued measures on W. Let L, = Zg. Say that (z,y) € L. is primitive if p does not divide
both x and y and let L/ = (Zg)’ denote the subset of L, consisting of of primitive vectors. Let
D, be the subspace consisting of measures which are supported on the L). Let A = Z,, [[Z;j]]
be the Iwasawa algebra of ZX, identified with a subring of the ring of analytic functions on
X. The Qp-vector space D is equipped with a structure of A-algebra arising form the action
of Z on W and Z2 given by (z,y) — (Az, Ay) for A € A. Also, GL2(Q,) acts from the left on
D, by translations, and MSp(ar) (D,) is naturally equipped with an action of Hecke operators.
In particular, we have a Up-operator acting on MSr (ap) (Dy) by the formula

/ b d(Upn) {1 — 5} = Z / @7 dpda(r) = 7a(s)}

for any locally constant function ¢ on W. Here v, = (0 p) and for any open compact subset
X C W and any locally constant function ¢ on W, we put [y ¢ dp = fL/ x)charx (z) du(x),
where chary is the characteristic function of X. In particular, we may define MSI‘ZEC% M) (Dy)
to be the maximal submodule of MSp(57)(D«) on which U, acts invertibly. For each k € U
there is a specialization map

Pk - ]D)I — Vk,Q(Cp)

defined by

pPey) = [ Play)dutay).

Let AT denote the ring of C,p-valued functions on X which can be represented by a convergent
power series expansion in some neighborhood of 2 € X’ and define D! =D, ® AAT. For any p =
> Aty with Ay € AT and p; € Dy, we call a neighborhood of reqularity for p any neighborhood
U, of 2 in U such that all A; converge in U,. The module MS(F’rOC} M) (D) inherits a A-action

from the A-module structure of Dy, and we may define MSOM(’T )(D*) = MS%E(%M) (D.) ®p AT

This Af-module is free of finite rank, and given u € 1\/IS°rd(Jf )(}D)*) it is possible to find a

common neighborhood of regularity for all the measures pu{r — s}, which we denote U,. The
specialization map py induces a map, denoted by the same symbol,

P s MST ) (D) — Mgy (Vi-2(Cp)),

and [BD07, Theorem 1.5] shows that for each choice of sign + there exists a neighborhood U

of 2in X and uf € MS?E‘%’;{/[) (D.) such that po(pf) = Ii and for all integers k € U, k > 2,

there is A*(k) € C, such that pi(uf) = /\i(k)li, also, U can be chosen so that \¥(k) # 0
for all k € U.

Theorem 2.3. If QQ € Fp.2, then

o8, (P) = | lom, (&~ ) i = 5} w.)
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Proof. This follows from [BD09, Theorem 2.5] as in [BD09, Corollary 2.6] noticing that the
set

{(z,y) € QJQD | @ — 1oy € O ® Zp}
coincides with ZIQ). O

3. COMPLEX L-FUNCTIONS OF REAL QUADRATIC FIELDS

Here we recast the special value formula of the second author and Whitehouse [MWO09],
restricted to the setting of this paper, in a form convenient for our purposes.

Let f € Si(I'o(M)) be a even weight & > 2 newform for I'g(M). Let F'/Q be a real quadratic
field of discriminant D > 0, prime to M, and let xp be the associated quadratic Dirichlet
character; with a slight abuse of notation, we will denote by the same symbol xp : A@ — C*
the associated Hecke character, where Ag is the adele ring of Q. We assume that all primes
¢ | M are split in F'.

Let ¢ be an integer prime to DM and let H} be the strict ring class field of F' of conductor
c. Let G = Gal(H}/F). Let x : G — C* be a primitive character, namely, a character
which does not factor through G;{ for any proper divisor f | ¢; with a slight abuse of notation,

we will denote by the same symbol x : A7 — C* the associated Hecke character, where Ap
is the adele ring of F'.

3.1. Optimal embedding theory. We set up the theory of optimal embeddings, and its
relation to the strict, or narrow, class group of O, and quadratic forms of discriminant Dc?.
For more details, see [LV14, §4.3] or [LRV13, §4.1].

Let us denote by B = M3(Q) the split quaternion algebra over Q and denote by Ry the order
in B consisting of matrices in Ma(Z) which are upper triangular modulo M. Let O, = Z+c-Op
be the order of F' of conductor ¢, where OF is the ring of integers of F'. Let Emb(O,, Ry) be
the set of optimal embeddings ¢ : F' — B of O, into Ry (so ¥(O.) = Ry N (F)). For every
prime ¢ | M fix orientations of Ry and O, at ¢, i.e., ring homomorphisms Oy : Ry — F; and
oy : O, — Fy. Two embeddings 1,1’ € Emb ((’)c, Ro) are said to have the same orientation
at a prime ¢ | M if Oy 0 (¢]|o,) = Oro (¢¥'|p,) and are said to have opposite orientations at ¢
otherwise. An embedding ¢ € Emb(O,, Ry) is said to be oriented if Oy o (¢]o,) = og for all
primes ¢ | M. We denote the set of oriented optimal embeddings of O, into Ry by £(O¢, Ry).
The action of I'g(M) on Emb(O,, Ry) from the right by conjugation restricts to an action on
E(O¢, Ry). If ¥ € E(O,, Ry) then 1* 1= weotbwy! belongs to £(O,, Ry) as well, where recall
that wee = ([1) f)l), and ¢ and ¥* have opposite orientations at all ¢ | M. If ¢ is a prime
dividing M then v and o.)ﬂ/sz_l, where w, = (2 _01), have opposite orientations at £ and the
same orientation at all primes dividing M //.

Let a C O, be an ideal representing a class [a] € Pict(O.) and let ¢ € Emb(O,, Ry).
The left Rp-ideal Rpi(a) is principal; let a € Ry be a generator of this ideal with positive
reduced norm, which is unique up to elements in I'g(M). The right action of 1(O.) on Ry (a)
shows that ¥(0,) is contained in the right order of Ryt (a), which is equal to a ! Rpa. This
defines an action of Pict(O,) on conjugacy classes of embeddings given by [a] - [¢] = [a¢a‘1]
in Emb(O,, Ro)/To(M). The principal ideal (v/D) is a proper O.-ideal of F; denote ® its
class in Pict(O,) and define op := rec(D) € G, where rec is the arithmetically normalized
reciprocity map of class field theory. If a = (v/D) then we can take a = ws - ¥(vV/D) in the
above discussion, which shows that © - [¢)] = [woodjwo_ol] = [¢*]. Using the reciprocity map of
class field theory, for all o € G and [¢] € Emb(O,, Ry)/To(M) define o - [1)] := rec™ () - [].
In particular, op - [¢p] = [*] for all ) € Emb(O,, Ry).

If ¢ is an oriented optimal embedding then the Eichler order a~!Rya inherits an orienta-
tion from the one of Ry and it can be checked that we get an induced action of Pict(O,)
(and G}) on the set £(O,, Ry)/To(M), and this action is free and transitive. To describe a



9

(non-canonical) bijection between £(O., Ry)/To(M) and G, fix once and for all an auxiliary
embedding vy € £(O,, Ry); then o — o - [1)] defines a bijection E : GF — £(O., Ry)/To(M)
whose inverse, G = E~!: £(O., Ry)/To(M) — G satisfies the relation G([¢*]) = op-G([1)])
for all ¢ € £(O,, Ry). Choose for every o € GI an embedding ¢, € E(c), so that the family
{wg}gecj is a set of representatives of the I'g(M )-conjugacy classes of oriented optimal em-
beddings of O, into Ry. If v, € Ry write v ~ 7/ to indicate that v and 4/ are in the same
I'o(M)-conjugacy class, and adopt a similar notation for (oriented) optimal embeddings of O,
into Ry. For all 0,0’ € G} one has ¢ - ¢y ~ ,o and % ~ 1y, for all o € GT.

Finally, note that the set £(O,, Ry)/T'o(M) is in bijection with Fp.2/To(M), since both
sets are in bijection with G explicitly, to the class of the oriented optimal embedding 1

c?
corresponds the class of the quadratic form

Qu(z,y) = Cz? — 2Azy — By?
with (v De) = (4 Z).

3.2. Adelic ring class groups. Below we will want to view the ring class group G} adel-
ically. Since this is omitted from the literature on class field theory that we are aware of
(adelic treatments usually explain ray class fields but not ring class fields, and expositions of
ring class groups which treat real quadratic extensions, e.g., [Coh78], tend to not use adelic
language), we explain briefly the passage from classical ring class groups to adelic ring class
groups here. For a point of reference, we also describe the relation with ray class groups. As
it causes little extra difficulty, in this subsection only, we allow F' to be an arbitrary (real or
imaginary) quadratic field of discriminant D and do not require ¢ to be coprime to D.

Let ¢ € N and m = mym,, where m; = cOp and m, is a subset of the real places of F.
For a real place v, let o, be the associated embedding of F' into R. Let Jy be the group
of fractional ideals of O which are prime to my. Let F,i be the subset of F* consisting of
z € F* such that o,(z) > 0 for each v € my and vy(z — 1) > vp(c) for plms. Let P denote
the set of principal ideals generated by elements of F\. Then the ray class group mod m of
Fis Clyn(F) = Ju/PL.

Let FZ be the set of z € F* such that o,(z) > 0 for each v € ms and for each p|my there
exists a € Z coprime to ¢ such that vy(z—a) > vy(c). Let PZ be the set of principal ideals in F
generated by elements of FZ. Then the ring class group mod m of F' is Gy (F) = Jn/PZ. Note
we can write F2 = Use@/cz)> aFLl. Hence Cly(F)/Im(Z/cZ)* ~ Gu(F), where Im(Z/cZ)*
denotes the image of the natural map from (Z/cZ)* to Cly(F'), which is not in general
injective.

Via the usual correspondence between ideals and ideles, J,, is identified with an / @;, where
E consists of finite ideles () such that a, € Oy, for all v|m; and L= | O, For
v < oo, we put W, = O;’v unless v | my, in which case W, = 1+ m;Op,. For v | oo,
we put W, = F unless v | my, in which case W,, = R-y. Now define W = [[ W, and
Apn = Hém EX % ] jm Wo- Then we have Fyp=F*NAp, and Jo =~ Ap /W, so Cln(F) =
Fi\AL, /W = F\AL/W.

For the ring class group, again we can realize it as a quotient of the idele class group
F*\A%, but now it will be a quotient by a subgroup U = [[ U, x Uy which is a product over
rational primes, rather than primes of F'. As usual, for a rational prime ¢ < oo, write Op
for O ®z Zy, which is isomorphic to Z, @ Zj if £ splits in F' and otherwise is Op,, if v is the
unique prime of F' above £. Now set U, = O;,z if £1cand Uy = (Zy+cOpp)* if £ | c. We can
uniformly write Uy = ch,e for £ < oo, where O, = Z+cOp and O,y = O.®z Zy. For later use,

we will write OX = [[ Uy. Note that this is different from the product [], <00 OF, for v running
over primes of F if ¢ is divisible by primes which split in F. Put Uy, = W = [[,1o, Weo and

v|oo
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AL, = va E) x Hv‘m Uy. Then Fy = A%, N F* and we see the ring class group is

Gu(F) = Ff\Afn/U = F*\AL/U.

In our case of interest, namely F' is real quadratic and ms, contains both real places of F',
we write Us, = F5. Thus we can write our strict ring class group as

(5) G = FX\AY/OXFL.

3.3. Special value formulas. We return to our case of interest where F'/Q is real quadratic
of discriminant D, f is a weight k& newform for I'o(M), ¢ is an integer coprime with DM,
and O, = Z + ¢cOp. Let H. be the corresponding ring class field and h. be the degree of
H./F, which coincides with the cardinality of Pic(O.). Denote by hl the cardinality of G,
so hl /he is equal to 1 or 2. Fix ideals a, for all 0 € G, = Gal(H./F) in such a way that
Y. = {a, | 0 € G.} is a complete system of representatives for Pic(O.). Clearly ¥ = X,
is also a system of representatives for Pict(O.) if h} = h,, while if hT # h. the set XF of
representatives of Pic™(0,) can be written as ¥.UY/, with ¥/, = {0a, | 0 € G.} and d = (v/D).
Let €. > 1 be the smallest totally positive power of a fundamental unit in O, and for all
o € G define v, = 1, (¢.). Finally, define

(6) a= ][ &
fle, (7)=—1

where ¢ runs over all rational primes dividing ¢ which are inert in F.
Denote by 7 and 7, the automorphic representations of GLa(Ag) attached to f and x,
respectively.

Theorem 3.1. Let ¢ be an integer such that (¢, DM) = 1. Let x be a character of G such
that the absolute norm of the conductor of x is c(x) = c. For any choice of the base point
T0 € H, we have

2

Yo (T0)
Lry @ my,1/2) = (DCQ | 2 X (O / F(2)Qu, (2 )22 dz

-
UGG+ 0

When ¢ = 1, this is the positive weight case of [Pop06, Theorem 6.3.1], which also treats
weight 0 Maass forms. If desired, one could similarly extend the above result to weight 0
Maass forms.

Proof. Write 7 := my = ®),m,, where v runs over all places of Q, and let ny(m) be the conductor
of 7y for each prime number ¢. Define

HU@ ), Ul(M) = {(‘C‘ Z)GGLQ(Z@):CEO modM}.

We associate to f the automorphic form ¢, = ¢y on GL2(Ag) given by
or : Z(A) GL2(Q)\ GLa(A)/Up(M) — C

a b\ ., g.fa+Dd
Pr (C d) = 2j(9:1) f<cz.+d>7

for g = (24) € GLy(R)*, where we write j(g;i) = det(g)*/?(ci + d)~! for the automorphy
factor. Then ¢ is Ry s-invariant for each finite prime ¢. The scaling factor of 2 is present so
that the archimedean zeta integral of ¢, gives the archimedean L-factor.

For ¢ € 7, let
(6,) = / o(0)8(D) dt
Z(Ag) GL2(Q)\ GL2(Ag)
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be the Petersson norm of ¢, where we take as measures on the groups GLy(Ag) and Z(Aq)
the products of the local Tamagawa measures. Here, as usual, we take the quotient measure
on the quotient, giving GL2(Q) C GL2(Ag) the counting measure.

Denote by mp the base change of 7 to F. Let L(mp ® x, s) be the L-function of 7p twisted
by X, which equals the Rankin-Selberg L-function L(7; ® 7y, s). Since F splits at each prime
¢ where 7 is ramified and at oo, €(mp,®, xv,1/2) = +1 for all places v of Q. Then, in our
setting, the main result in [MWO09, Theorem 4.2] states that

P(p)* L ,1/2 4 ¢ ?
7) [Py()]” _ L(rp®x,1/2) H< (@)

(20) (P ) De(x) {—Xxp

Le

where ¢ € 7 is a suitable test vector,

P(p) = / P(OX (1) dt,
FXAX\AY

and ¢/, (denoted @, in loc. cit.) is a vector in 7 differing from ¢, only at co. We describe ¢
and ¢, precisely below. Similar to before, we take the products of local Tamagawa measures
on Ay and Ag, and give F'* the counting measure.

First we describe the choice of the test vector ¢, which we only need to specify up to scalars,
as the left-hand side above is invariant under scalar multiplication. We will take ¢ = ®/ .,
where v runs over all places of Q. For ¢ a finite prime of Q, let ¢(x;) denote the smallest n
such that xy is trivial on (Zy + £"Opy)*. Since x is a character of G}, we have ¢(x¢) < vy(c)
for all £. In particular, y, is trivial on Z), so ¢(x¢) is the smallest n such that x, is trivial
on (14 0"Opy)*, and thus agrees with the usual definition of the conductor of x, when ¢
is inert in F. Similarly, if ¢ is ramified in F, say ¢ = p?, then c(x;) is twice the conductor
of x¢ = xp : F;* = C*, though this case does not occur by our assumption (¢, D) = 1. If
¢ = p1po is split in F, then we can write x; = Xp, ® Xp, With Xp,, xp, characters of Q;, which
are inverses of each other on Z; as x, is trivial on Z;. Hence xp, and x,, have the same
conductor, which is ¢(x,). Consequently, ¢(x), the absolute norm of the conductor of y, is

(8) ¢(x) = Norm <H KC(X")> = H€2C(X‘f).
l l

Note that since (¢, M) = 1, we have ¢(x¢) = 0 whenever 7y is ramified, i.e., the conductor
c(mg) > 0. If ¢(x¢) = 0, let R, ; be an Eichler order of reduced discriminant 0e07) in Mo (Qy)
containing Opy. If ¢(x¢) > 0, so m; is unramified, let R, ; be a maximal order of M>(Qy) which
optimally contains Z;+£¢X0)© re¢- In either case, R, ¢ is unique up to conjugacy and pointwise
fixes a 1-dimensional subspace of my. For £ < oo, take ¢y € Wf"’[’ nonzero, normalized in such
a way that ®¢, converges. For instance, we can take ¢y = ¢r, at almost all £. Each ¢y is a
local Gross—Prasad test vector, and our assumptions imply that the local Gross—Prasad test
vectors ¢, are (up to scalars) translates of the new vectors ¢, . (Gross—Prasad test vectors
are not translates of new vectors in general.)

Embed F' into M3(Q) as follows. Consider a quadratic form

C B
Qz,y) = —5902 + Azy + 53/2 € Fpe2-
This means @ is primitive of discriminant Dc? = A2 + BC, 2 | B and 2M | C, which implies
A? = Dc? mod 4. Take the embedding of F' into M3 (Q) induced by VDc s (é _BA). Then

O.=RyNF, and
X _ _ (r+ Ay By
Fo = {g(:z,y) = ( Cy x_Ay> € GLQ(R)}.
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For a prime ¢ { ¢, we have O,y = Opy C Ry . Thus we may take R, s = Ry, for £ { ¢ such that
X¢ is unramified—in particular, for £ { cD. When x, is ramified, we may take R, o = Rq if
and only if c¢(x¢) = ve(c). By assumption, c(x) = [], £2*X?) = ¢2, so we may take R, o = Ry
at each finite place £. Thus we may and will take ¢, to be ¢, ¢ at each £.

Now we describe ¢. Note we can identify FX/QX with FL /{41}, where

Fo,=FxtUFy, Fyt={g(z,y) € FX : detg(z,y) = 2* — DPy® = £1}.

Let
. A++vVDe A—+/Dc
Then
—1 A B o \/EC 0
Yo \C —A)7*T\ 0 —De)
So /B
gl _ J{x+yvDc 0 2 2.2

The maximal compact subgroup of FL is

re = { (5 5)) ot = G000~V ),

where one reads the 4 signs independently. Let Us, = 7500(2)75!, where O(2) denotes the
standard maximal compact subgroup of GLa(R). Then Uy, D I'p, and the archimedean test
vector in [MWO09] is the unique up to scalars nonzero vector ¢ lying in the minimal Us-type
such that I'p acts by xoo On . Specifically, we can take

(9) Poo = Moo (Voo ) (Voo k £ Poo,—k);
where Qoo 11 = %71'00(:%1 ?)cpw is a vector of weight +k in 7, and the £ sign in (9) matches
the sign of xo ( _01 (1)) This completely describes the test vector ¢ chosen in [MWO09].

For our purposes, we would like to work with a different archimedean component than @,
corresponding to (a translate of) pr. Let ¢~ be the pure tensor in 7 which agrees with ¢ at
all finite places, and is defined like ¢, at infinity except using the opposite sign in the sum
(9). Then necessarily any Xc-equivariant linear function on 7 kills p5, so Py(¢~) = 0.
Hence Py (p) = Py (¢') where ¢/ = ¢ + ¢, and we can write ¢’ = Qy;,, where ¢, = ¢, for
finite primes £ and ¢ = oo (Yoo )@rs 164, @' () = Vr(TY00)-

Finally, we describe the vector ¢/ appearing in (7). It is defined to a factorizable function
in ™ whose associated local Whittaker functions are new vectors whose zeta functions are the
local L-factors of 7 at finite places, and at infinity is the vector in the minimal O(2)-type that
transforms by Yoo under (%1 381) such that the associated Whittaker function (restricted to
first diagonal component) at infinity is Wao(t) = 2x00 (4 9)[t[*/2e~?71l. (This normalization
gives Loo(s,m) = [)° Wao(t)[t|P~1/2d*t.) Thus ¢! agrees with ¢, at all finite places and
O o = 2(Poo,k £ Poo,—k), Where the & sign matches that in (9).

Hence ¢ = 17(ys0)¢k, so by invariance of the inner product we have (¢, ¢) = *(¢k, %),
and (7) becomes

1P = ()
(10) [P ()] = [P (9)]” = L(mp ® x,1/2) VDe g(ﬁ—xp(f)) .

Now we want to rewrite Py (¢’). Recall that e, > 1 is the smallest totally positive power of
a fundamental unit in 0. From (5), we obtain the isomorphism

AZFNARJOF = GF - (FE/(e)QX) = GF - (F™/(£e0)).
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We may identify

FLT /(xe.) = {(1’ g;y ) ?%43) € SLy(R): 1< z+yVDe < (—:C},

and the orbit of 7,7 in the upper half plane by this set is the geodesic segment connecting
Yool O €Yooi, i.€., the image under o of {iy : 1 <y < €2} C H. Let us call this arc T.
Since Ay C FXOXF4 and GFf ~ FX\AS/OXF%E where Ff = (Rsg)?, we see that
X is trivial on A@@CXFJF. The Tamagawa measure gives vol(F*Ag\Ax) = 2L(1,n) =
4hplogep vol(O), where 7 is the quadratic character of Ag/Q* attached to F/Q and

er is the fundamental unit of F. This implies VOI(AXFX\A JOX) = 2hFlen(T), where

len(Y) = 2loge. is the length of T with respect to the usual hyperbolic distance. Thus we
compute

P(¢') =2vol(OF) Y x~ /1 L paltgre) dg
st PR/ ()

= 4vol(OX) Z x ) /jcj (t’yoo(gugl);i)kf (tvoo (B 21) ) d*u

teGF
2

e N .
—2v0l(02) Y 170 [ (e (§2):0)" 1 (01 (39) ) .
teGY !
where we use that f has trivial central character and the substitution y = u? at the last step.
For ¢ a rational prime dividing ¢, note that Oy ,/OF, ~ Z,; /(1 + cZ;) when ¢ splits in F
and O, /O, ~ (O ,/(1 + cOpy))/(Z; /(1 + ¢Z¢)) when £ is inert in F. Hence, with our

ChOlCG Of measures,
. . 1 1
vol(0X) = vol(07) [J10F, - 0% = H T I —c
c . c, (e)—1 ve(c)’
Lce \/7 £|c ( 1)6 ‘ e, (%):,1 (g + 1>£ ‘

where ¢ runs over rational primes.
The next task is then to rewrite the integral appearing the in right hand side of the above
formula. Let z = vo0iy. Then

A D
z=—=+ vDe 1- 2 — | .
C C 142y
Since
2iy 2 1( 2 \® BC+2A4Cz-C*?
(1+iy)2  14dy 2\1+iy) 2Dc2 ’
we have
_ y 0 v -2 _C(1+iay)? 2iv/De B iv/De
J 0 1 " oVDey  —C2+24:+ B Q(z1)
and
2iyv D 2v D D
dz = M d*y, ie. d*y= vDe dz = Q dz.
C(1 +1y)? —-Cz?2+2Az+B Q(z,1)
Making the change of variable z = v5iy, the above expression can be rewritten as
2vol(OX) ~
bl : (t2) - Qe )2/ g,

tG+
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After another change of variable 2z’ = tz, the above integral becomes

/ F() - QU1 1) D2 gy = / F) - QD (1) =272 gy

(tect™1)7e
= [ @i e R,
Tt
where 7, = tY,i. Now, as long as t varies in G, the quadratic forms Q|t~! are representatives
for the classes in Fp.2/T'o(M), as discussed in §3.1. Moreover, since T is closed in H/T'o(NV),
this integral does not depend on the choice of base point. Plugging this into (10) gives the
asserted formula. O

3.4. Genus fields attached to orders. Assume from now on that ¢ is odd. The genus
field attached to the order O, of discriminant Dc? is the finite abelian extension of Q, with
Galois group isomorphic to copies of Z/27Z, contained in the strict class field H of F of
conductor ¢ and generated by the quadratic extensions Q(v/D;) and Q(v/¢*) where D = IL Di
is any possible factorization of D into primary discriminants, ¢ | ¢ is a prime number and
¢ = (=1)=1D/2¢. See [CohT8, pp. 242-244] for details.

Fix a quadratic character x : GF — {£1}.

Definition 3.2. We say that y is primitive if it does not factor through H;[ for a proper
divisor f | c.

We assume that y : GF — {£1} is primitive. By (8), this means c(x) = ¢?. Then x cuts
out a quadratic extension H, /F which, by genus theory for O, is biquadratlc over Q. Each
quadratic extension of Q contained in the genus field of the order O, is of the form Q(v/A)
for some A = D" - [[5_, ¢, with ¢; | ¢ and D’ a fundamental discriminant dividing D. Write
Hy = Q(vA1,VA2), with A; = D; - T[jL, £;; for i = 1,2 as above (so £; ; are primes dividing

c), and let K1 = Q(v/A1) and Ky = Q(y/As). Since the third quadratic extension contained
in H, is the quadratic extension is Q(v/D), we have A1 Ay = D - 22 for some x € Q*. We
can write A1 = D1d and Ay = Dod for some d = H] 1 ] * with ¢; | ¢ primes and D = D1+ D3 a
factorization into fundamental discriminants, allowing Dy = D or Dy = D. If d # +¢, then x
factors through the extension Hj # H} by the genus theory of the order of conductor Dd?,
and therefore x is not a primitive character of HS. So d = +¢. Thus we conclude that the
quadratic fields K71 = Q(v/D1d) and Ko = Q(v/D2d) satisfy the following properties:

e Dy - Dy =D, where Dy and Dy are two coprime fundamental discriminants (possibly
equal to 1).
e d = *c and d is a fundamental discriminant.

Let xp,q and xp,q be the quadratic characters attached to the extensions K; and K
respectively; thus xp,q(z) = (DTM) and xp,q(x) = (DQd) Similarly, let xp be the quadratic

character attached to the extension F/Q, i.e., xp(z) = (2). In particular, for all £ 1 ¢ we

xT
have

(11) XD () = XDyd(£) - XDoa(l)-

Say that x has sign +1 if H,/F is totally real, and sign —1 otherwise. If x has sign
Woo € {£1}, put Iy = I’ and Qy = Q. Define

= > XM {70 = s, (70)H(Qu, (. 9)E2/2).

ceGT

Lemma 3.3. L(f, x) = ws - L(f, x).
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Proof. This follows from the discussion in [Pop06, §6.1]. To simplify the notation, define

Oy = I{ro — Yy (10) }(Qy (x, ) */?),

which is independent of the choice of 79 and the I'o(M)-conjugacy class of 1. Let z — Z
denote complex conjugation. A direct computation shows that @71/, = Oy~ where recall that
P* = weowy!. From the discussion in §3.1 we have o - [¢)] = [¢*], and it follows that
Oy = Ogy.y. Taking sums over a set of representatives of optimal embeddings shows that

L(f,x) = x(or) - L(f,x). Let H, be the field cut out by x. The description of a system of
representatives 3. and 3} of Gal(H./F') and Gal(H} /F') in §3.3 shows that if x(cr) = 1 then
H, is contained in H., and therefore H, is totally real. On the other hand, if x(or) = —1,
then H, cannot be contained in H,, and therefore it is not totally real, so it is the product
of two imaginary extensions. By definition of the sign of y, this means that L(f, x) is a real
number when Yy is even, and is a purely imaginary complex number when y is odd, and the
result follows. O

Using the relation

4 E=2)\°
L(TrgXWxal/Q):W —5 ) LU/E X k/2),
it follows from Lemma 3.3 that Theorem 3.1 can be rewritten in the following form:
(2m0)F 2 - Q- wee

(52))7 e ()b

Remark 3.4. By the lemma, the sign we should also appear in equation (28) of [BD09], as
the left hand side of that equation is not positive when x is odd. However, the main result in
[BD09] still follows as this sign will cancel out with a sign arising from Gauss sums as in our
argument below.

4. p-ADIC L-FUNCTIONS

Recall the notation introduced in §2.4: f,, is the Hida family passing through the weight
two modular form f of level N = Mp associated to the elliptic curve E by modularity; U is a
connected neighborhood of 2 in the weight space X'; uf is a measure-valued modular symbol
satisfying the property that for all integers k € U, k > 2, there is A*(k) € C, such that

pr(p) = AE(k) I, and A*(2) = 1.

4.1. p-adic L-function of real quadratic fields. For any QQ € Fp.2 and k € U, define

Qe) 2 = exp, (5 1o, (@)

where exp,, is the p-adic exponential and for = € Qp, we let (z) denote the principal unit

of z, satisfying & = p°™ @) ¢ (z) for a (p — 1)-th root of unity ¢. Recall the Hida family fuo
introduced in §2.4.

Definition 4.1. Let Q) € Fp.2 and let v,, be the generator of the stabilizer of the root 7¢
of Q(z,1), chosen as in Definition 2.1.

(1) Let r € PY(Q). The partial square root p-adic L-function attached to f.o, a choice of
sign 4, and @ is the function of k¥ € U defined by

CEG/BQm = [ Q) P il = g1} )
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(2) Let x be a character of Gf'. The square root p-adic L-function attached to f, a
choice of sign +, and x is the function of k € U defined by

[’;)t(fOO/F7X7 Z X ‘Ci fOO/F QU )
oeGY

(3) The p-adic L-function attached to fs, the sign +, and x is

LE (foo/Foxo K) = (LF (foo/ Fix 1))”.

Let x : GI — {£1} be a quadratic ring class character. Let € be the sign of x and set wo, =
e. Denote pi, = py>, Qp = Q> AMk) = A= (k) and Lyp(foo/F, X, k) = L™= (foo/F, X, k).

Recall the newform f,g whose p-stabilization is the weight k specialization of the Hida family
foo introduced in §2.4. Define the algebraic part of the central value of the L-function of the
newform fg twisted by x to be

(*2))°vD

LS (fE/Fyx k/2) = W LS}/ KX k/2).
i

Theorem 4.2. For all integers k € U, k > 2, we have
Ly(foo/ Fyxo k) = Mk)* - 0 - (1 = ap(k)2p* %) - (D) W22 L8 (fE/F, X k/2)
where the rational number « is defined in (6).

Proof. By definition,
Ep(fOO/Fvak) = (ZQ)’ Q($7y)(k72)/2 d,u*{r — ’YTQ (T)}(‘Tay>
= AL = 0y ()25 {1 = g (D HQDP),

where the last equality follows from [BD09, Proposition 2.4] and therefore we get, in the
notation of Section 3.4,

Lp(fOO/F7X7 k) = )‘(k)Z(l - ap(k) 2 i 2) (fk7 ) .
Using (12) gives the result. O
4.2. Mazur—Kitagawa p-adic L-functions. Let x : (Z/mZ)* — {£1} be a primitive

quadratic Dirichlet character of conductor m. Suppose that x(—1) = (—1)*~2/2w, and put
Qp, = Q4> A(k) = A" (k) and p, = p>. For k € U a positive integer define

TO)((k = 2)/2)!
( 21 )(k 2/2Q

Lalg(flg,x, k’/2) = (fka 7k/2)

as the algebraic part of the central special value of L(fk, X, ), where 7(x) = > ot x(a)e2ia/m
denotes the Gauss sum of the character y. The Mazur—Kitagawa p-adic L-function is defined
as

S pa Nk s
L fOO7X7k78 = Xpa// r— Y Yy d/.L* OO—>pa m
" )= 2 X Zxng( = { /m}

and satisfies the following interpolation formula: for all integers k € U with k > 2 we have

(13) Lp(foor Xs ks /2) = AR (L = x(pap(k) ' p*=D/2) L8 (£ x k/2).
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4.3. A factorization formula for genus characters. Let x : G/ — {£1} be a primitive
character, and let xp,q : Q(v/D1d) — {£1} and xp,q : Q(v/Da2d) — {£1} be the associated
quadratic Dirichlet characters.

Theorem 4.3. The following equality

Lp(fOO/F7 X R) = Oé2 : (DCQ)(N72)/2 . Lp(fOO7 XD1d7 K, "i/2) . Lp(f007 XDQd? K, /i/2)
holds for all k € U, where the rational number « is defined in (6).

Proof. Let xp,q denote the quadratic characters associated with the extension Q(y/D;d). Since
p is inert in F', we have xp(p) = —1, and therefore from (11) we get

XD1d(P) = —XDpd(P)-

It follows that the Euler factor (1 — a,(k)~2p*~2)2 appearing in Theorem 4.2 is equal to the
product of the two Euler factors

(1 — XDld(p)ap(k)*lp(ka)/Qﬁ and (1 _ XDQd(p)ap<k)flp(k72)/2)2

appearing in (13). By comparison of Euler factors, we see that for all even integers k£ > 4 in
U we have

(14) L(f}/F,x,8) = L(fE, XDy 8) - LUSE, XDads 5)-

Therefore, from Theorem 4.2 and the factorization formula (14) it follows that for all even
integers k > 4 in U the following factorization formula holds:
(15)

. . (k—2)/2,
Ly(foo/ Fy x k) = (O‘z VDe: (D) B e,

7(XD1d) * T(XDad)

) “ Ly(foos XDyds K K /2) - Lp(foos XDods Ky K /2).

Since D;d are fundamental discriminants, 7(xp,s) = v/ Did (interpreting /x as iy/|z| for

x < 0), so % = Wxo, and the formula in the statement holds for all even integers
T(XD1a) T(XDod)

k> 4 in U. Since Z N U is a dense subset of U, and the two sides of equation (15) are
continuous functions in U, they coincide on U. O

5. THE MAIN RESULT

Let the notation be as in the introduction: E/Q is an elliptic curve of conductor N = Mp
with pt M, p # 2, and F//Q a real quadratic field of discriminant D = D such that all primes
dividing M are split in F' and p is inert in F'. Finally, ¢ € Z is a positive integer prime to ND
and y : GI — {%} is a primitive quadratic character of the strict ring class field of conductor
¢ of F. Let ws be the sign of x, and as above put L,(foo/F,Q,k) = Ly>(f/F,Q, k),
Lp(foo/Fyx:6) = L= (foo/Fy X, &) and Ly(foo/Fy X, &) = L= (foo/ F, X, K).

We begin by observing that £,(fs/F,Q,2) = 0, since its value is fip{r — 7, (r) }{(P1(Qp)),
and the total measure of ji is zero. For the next result, let wpys be the sign of the Atkin-Lehner
involution acting on f. Also, let logg : E(C,) — C denote the logarithmic map on E(C,)
induced from the Tate uniformization and the choice of the branch log, of the logarithm fixed
above.

Theorem 5.1. For all quadratic characters x : G — {£1} we have

d

1
%‘Cp(foo/F7Xa "{)K=2 = 5 (]- - XDld(_M)wM) IOgE(PX)a

where P, is defined as in (1).
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Proof. We have

d 1 _
Lot/ Foxecs = 5 [ (logy (o= mow) +log, (@ — 7ou) dielr > g (1)}
drk 2 (Zg)/
1
= i(logE(PTQ) +log (1 Pr, ))-
By (4), Tp(Jrg) = —wmJ_orq and by [BD09, Proposition 1.8] (whose extension to the present
TQ

situation presents no difficulties) we know that x(0) = xp,a(—M), so the result follows
summing over all Q. O

Theorem 5.2. Let x be a primitive quadratic character of G} with associated Dirichlet
characters X pyda and Xp,d- Suppose that xp,a(—M) = —wpr. Then:

(1) There is a point Py in E(H, )X and n € Q* such that logp(Py) =n - logg(Py).
(2) The point Py, is of infinite order if and only if L'(E/F, x,1) # 0.

Proof. By Theorem 5.1 we have

1 d?

_ 2
5@LP(fOO/F7X7 5)1122 = IOgE(PX)

On the other hand, by the factorization of Theorem 4.3 we have

LP(fOO/F7 X ’%) = 042 : (DC2)(k_2)/2 ' Lp(f007 XDyds R ’%/2) . Lp(focn XDods Ry %/2)7

where the integer « is defined in (6). Let sign(E, xp,a) = —wnXxp,a(—N), where wy is the
sign of the Atkin—Lehner involution at N. This is the sign of the functional equation of the
complex L-series L(E, xp,d,$). Since

XDyd(—N) - XDyd(—N) = xp(—=N) = -1,

we may order the characters xp,q and xp,q in such a way that sign(F, xp,q) = —1 and
sign(E, xp,d) = +1. So xp,a(—N) = wn and since xp,a(—M) = —wy it follows that
XD.d(p) = —wp = ap. So the Mazur-Kitagawa p-adic L-function L,(f, xp,d,~,s) has an

exceptional zero at (k,s) = (2,1), and its order of vanishing is at least 2. We may apply
[BDO7, Theorem 5.4], [Mok11, Sec. 6] and [Mok, Theorem 3.1], which show that there is a
global point Py, , € E(Q(v/Dic)) and a rational number ¢ € Q* such that

2

@Lp(fooa XDds R, 5/2)512 = 61 10g2E(PXD1d)7

and this point is of infinite order if and only if L'(E, xp,q, 1) # 0. Moreover, {1 = L¥8(f,4,1)
mod (Q*)? for any primitive Dirichler character 1 such that L(f,,1) # 0, ¥(p) = —xp,a(p),
and ¥ (¢) = xp,da(¢) for all £ | M. Now

1
£2 = §Lp(f007 XDod>s 2> 1) = Lalg(Ea XDod;s 1)

is a rational number which is non-zero if and only if L(E, xp,4,1) # 0. In this case, {142 is a
square: choose t € Q* such that t2 = (145 if {5 # 0 and t = 1 otherwise, and let P, = PXDld
in the first case and 0 otherwise. Now the first part of the theorem follows setting n = « - t.
Finally, for the second part note that L(E, xp,d, 1) # 0 if and only if L'(E/F, x, 1) # 0 thanks
to the factorization (14). O
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