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We explicitly construct non-tempered cusp forms on the orthogonal group O(1,5) of
signature (14,5—). Given a definite quaternion algebra B over Q, the orthogonal group
is attached to the indefinite quadratic space of rank 6 with the anisotropic part defined
by the reduced norm of B. Our construction can be viewed as a generalization of the
previous work by the first two authors joint with Masanori Muto to the case of any
definite quaternion algebras, for which we note that the work just mentioned takes up
the case where the discriminant of B is two. Unlike the previous work the method of the
construction is to consider the theta lifting from Maass cusp forms to O(1,5), following
the formulation by Borcherds. The cuspidal representations generated by our cusp forms
are studied in detail. We determine all local components of the cuspidal representations
and show that our cusp forms are CAP forms.
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1. Introduction

Since the discovery of counterexamples to the Ramanujan conjecture by Saito-
Kurokawa [20] and Howe-Piatetskii-Shapiro [11] et al. we have known that one
has to take into consideration the existence of cuspidal representations with a non-
tempered local component towards the classification of cuspidal representations. We
call such cusp forms non-tempered. The representation theoretic study of [20] and
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[11] by Piatetskii Shapiro [27] leads to the notion of CAP representations, namely
cuspidal representations nearly equivalent to irreducible constituents of parabolic
inductions (see Definition 8.5). There have been active representation theoretic stud-
ies on CAP representation (cf. Soudry [37], Gelbart-Rogawski [7], Rallis-Schiffmann
[31], Ginzburg [8], Ginzburg-Rallis-Soudry [10], Ginzburg-Jiang-Soudry [9], et al).
The CAP representations are expected to exhaust a large class of non-tempered
cusp forms.

We are motivated by a non-holomorphic real analytic construction of non-
tempered cusp forms. Our study began with [23], which provided a non-tempered
cusp form on GLy(B) for a division quaternion algebra B over Q with discriminant
2. This was inspired by the paper [28] of the second named author, whose tool is the
converse theorem by Maass [22]. We have also constructed non-tempered cusp forms
on the orthogonal group O(1,8n+1) in [21] by Borcherds’ theta lifting (cf. [3]). Note
that there is an accidental isomorphism relating PGLy(B) with SO(1,5) or O(1,5)
as Q-algebraic groups (cf. Section 2.3), where SO(1,5) and O(1,5) are attached
to the quadratic form of signature (14,5—) whose anisotropic part is defined by
the reduced norm of B. Following the approach of [21] this paper constructs non-
tempered cusp forms on O(1,5) for the case of any definite quaternion algebra B,
namely with no restriction on the discriminants of B. They turn out to satisfy the
CAP properties. The lifting constructions from smaller groups are typical ways to
find examples of non-tempered cusp forms. For references in this direction we cite
Oda [26], Rallis-Schiffmann [30], Ikeda [12,13], Ikeda-Yamana [14], Yamana [40,41]
and Kim-Yamauchi [18] et al.

Let us now describe the main results of the paper. Let dg be the discriminant
of a definite quaternion algebra B over Q. For a maximal order O of B, let O’
be the dual lattice of O with respect to the reduced trace of B. We denote by
Q 4, (cf. Sections 2) the quadratic form attached to the reduced norm of B. Let T
be the stabilizer of the lattice O @ Z? in the Q-rational points of the orthogonal
group defined by Q4 = Qa, ® <(1) (1)
on the 5-dimensional hyperbolic space with respect to I" (respectively the space of
Maass cusp forms of level dp) is denoted by M (T, v/—1r) (respectively S(I'o(dz), 7))
and any F' € M(T,\/—1r) has the Fourier expansion (see Section 2 for details on
notations)

> (cf. Sections 2). The space of modular forms

F(n(x)ay) = Y ABWK /=, (4m/Qa, (B)y)e(' fAoz). (1.1)
BeO’
Our construction is given by a theta lift Fy from Maass cusp forms f of level dp,
with Fourier coefficients A(8) explicitly described in terms of Fourier coefficients
c(m) of f.
To describe the formula for A(S), let us introduce the set of the primitive ele-
ments as follows:

prim

1
L im =18 € O': =B & O for all positive integers n > 1}.
n
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Write 8 € O as

8= H p“rnfy, p > 0,n>0,gcd(n,dp) =1 and By € O ;..
plds
Let gg, = qus, be the denominator of the simple fraction for the reduced norm of
Bo (ct. Section 3.3), which is a divisor of dp. For p|dp, set

5 — 0 ifp‘qﬁfo;
p = .
1 ifpfgg,.

Let us assume that the Maass cusp form f has the Atkin-Lehner eigenvalue €, at
p|dp and has the trivial central character. Define

2up+0p

A0 =V DY Y Yol e a2

plds tp=0 dln 17 plds

Putting together the results obtained in Theorem 4.4, Proposition 4.5, Proposition
5.2, Theorem 6.2, Theorem 6.5 and Theorem 7.1 we have the following result.

Theorem 1.1. Let B be a definite quaternion division algebra with discriminant
dp, which is square-free by definition, and let O be any maximal order of B. Let
f € S(To(dp),r), be an Atkin-Lehner eigenfunction with eigenvalues €, for p|dp.
Let Fy be a function on the 5-dimensional hyperbolic space given by the Fourier
expansion (1.1) with coefficients A(B) given in (1.2). Then the following is true:

i) Fy is a non-zero, cusp form in M(L,+/—1r) for all non zero f.
it) Suppose further that f is o Hecke eigenform with eigenvalues X\, for all
ptdp. Then Fy is also an eigenfunction for the Hecke algebra H, for all
primes p.
iii) For p{dp, let p;, i =1,2,3 be the Hecke eigenvalues for Fy corresponding
to the three generators C’?(f),i =1,2,3 of Hp. Then we have

p=p* (X2 =2)+pfor =p*(A\o+p+p ')

i—1
i—1 P -1 ;
Hi = ‘Ré )| (Hl - pi—lf?”l) (i=2,3)
See (6.8) and (6.4) for the definition of fa1, fs1 and \Rgi_1)|.
iv) Suppose that f is a newform. For p|dg, let v be the Hecke eigenvalue of Fy
for the Hecke operator CP, which generates H,. Then we have

p=p"+p°—p+1.

By adelizing our explicit lifts in terms of their Fourier expansion we can develop
their Hecke theory to obtain the theorem above. This also enables us to understand
the cuspidal representations generated by the lifts explicitly.
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Theorem 1.2 (Theorem 8.4, Proposition 8.6, Proposition 8.7). Suppose
that the Maass cusp form f is a mewform with the trivial central character, and

Hecke eigenvalues A, for primes p ¥ dg. Let ® be the cuspidal representation of
O(1,5)(A) generated by the lift Fy from f.

(1) The representation w is irreducible and decomposes into the restricted tensor
product ™ = ®LSOO7TU of irreducible admissible representations .

(2) Forv=p< oo, if pfdp then m, is the spherical constituent of the unramified
principal series representation of O(1,5)(Qp) ~ O(3,3)(Q,) with the Satake

parameter
Ap+ /A2 —4 Ap + /A2 —4

1,1,p7 ¢
2 ?p5 b 7p b 2

diag

(8) For v =p < oo, if p | dp then m, is the spherical constituent of the spherical
representation I(x) of O(1,5)(Q,) induced from the unramified character x of
the split torus of O(1,5)(Qy) isomorphic to Q) with x(p) = p.

(4) For every finite prime p, m, is non-tempered. Suppose that the Selberg conjecture
on the minimal Laplace eigenvalue holds for f. Then m. is tempered.

(5) The cuspidal representation is a CAP representation associated with some ex-
plicit parabolic induction of O(3,3)(A).

(6) Let o denote the cuspidal representation of GLa(A) generated by f. Let 11 =
Indgijgﬁg (| det |g1/20 x | det |11<20), with the parabolic subgroup P39 of GLy with
Levi part GLy x GLa. By L(Fy,std,s) (respectively L(II, A, s)) we denote the
standard L-function for the lift Fy (respectively exterior square L-function of
IT). We have

L(Fy,std,s) = L(IL, A, s) = L(sym?(f),s)¢(s — 1)¢(s)¢(s + 1),

Let us note that a priori, the lift F;y depends on the discriminant dp of the
quaternion algebra B, the Atkin-Lehner eigenform f € S(T'g(dp),r) and the maxi-
mal order O in B. The above theorem shows that the local components of the repre-
sentation m generated by F'y are in fact independent of the maximal order O and the
Atkin-Lehner eigenvalues of f. It is interesting that the explicit Fourier coefficients
A(B) clearly depend on the maximal order O and the Atkin-Lehner eigenvalues ¢,
for p|dp, while the local components of the cuspidal automorphic representation
do not. A multiplicity one theorem for O(1,5) would imply that different maximal
orders would give lifts which are different vectors in the same cuspidal automorphic
representations. Such a multiplicity one theorem is not currently available but is
expected since we have the multiplicity one theorem by Badulescu and Renard [1]
for the group PGLy(B).

There are a few significant differences between the results and methods of this
paper as compared to our previous work in [21,23]. In [23], we restricted ourselves
to the case dg = 2. Here the discrete group I' was generated by translations and
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an inversion. The Maass converse theorem [22] gives a criterion for modularity with
respect to such groups, and we used it to show that the proposed lift in [23] is a
modular form. A situation for which we know that the discrete subgroup I' has such
generators is when O satisfies the Euclidean property with respect to the reduce
norm. Using [25] we can prove that this happens only when the discriminant dp
equals 2, 3 or 5. In this case, we have obtained the proof of modularity of our lift
using the Maass converse theorem, but we have not included it in this article since
we are interested in general Bs. Instead, to prove modularity, we have used the
more general method of Borcherds theta lifts as in [21].

In [21], we were constructing lifts to modular forms on O(1, 8n+1) starting from
Maass forms of full level. For the lifting in Theorem 1.1 above, we need to consider
Maass forms with square-free level dg. For the Borcherds theta lift method to work,
an initial step is to transition from scalar valued Maass forms with level dp to vector
valued modular forms with respect to the Weil representation of SLa(Z). We work
out the corresponding vector valued modular forms and obtain explicit formulas for
their Fourier coefficients. This is an active area of research, and the explicit formulas
for the Fourier coefficients in the square-free case might be of independent interest.

The explicit formula (1.2) for the Fourier coefficients A(8) in Proposition 4.5
needs subtle understanding of the structure of the discriminant form O'/O to deter-
mine which elements of O’ correspond to which cusps of I'y(dp). Furthermore, we
remark that, in [21] and [23], we showed the non-vanishing of the lifts by reducing
the non-vanishing of A(f) to that of ¢(—M) for a suitable positive integer M. For
the proof we used the explicit formula for A(3) together with the surjectivity for
the norm map of some special lattice to the set of non-negative integers. However,
since the maximal order O is arbitrary and such surjectivity is not always true for
a general O, even the explicit nature of the formula for A(S3) is not sufficient to
obtain non-vanishing. For the non-vanishing of the lift from Theorem 1.1, we could
perhaps use Bhargava’s 15 Theorem [2] to show that the norm map is surjective for
special cases of maximal orders. But for obtaining the theorem in full generality we
use another approach using a simple idea from linear algebra. This requires us to
first show that the map f — Fy takes Hecke eigenforms to Hecke eigenforms. We
then see the non-vanishing of A(1) of F'y for a non-zero Hecke eigenform f. For the
non-vanishing, it turns out to be enough to show that, when f runs over a Hecke
eigenbasis of S(I'g(dp),r), the lifts F; distinguish each other by their Hecke eigen-
values at just one prime p { dp, which lead us to prove that the map f — Fy is a
linear injection from S(T'g(dp),r). We should remark that there is a well known ap-
proach to the non-vanishing of theta lifts using the inner product formula initiated
by Rallis [29]. Our method is very different and elementary.

To obtain the Hecke theory, we use the work of Sugano [38]. The case of p t dp
follows directly as in [21]. The Hecke theory for primes p|dp requires a detailed
analysis of the non-split group and makes use of the explicit formula of the Fourier
coefficients A(f).
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Let us explain the outline of the paper. In Section 2 we begin with the review
on the orthogonal groups over which we work. This section includes fundamental
facts on definite quaternion algebras and accidental isomorphims necessary for the
coming discussion. Section 3 is devoted to a detailed study on vector-valued modular
forms. This section includes an explicit description of vector-valued forms lifted from
Maass cusp forms with square-free levels, which is indispensable for deducing an
explicit formula for Fourier coefficients of our lifts. In Section 4 we formulate our
lifts as the theta lifts to O(1,5) in the non-adelic setting and provide their explicit
formula for the Fourier coefficients. The lifts are proved to be cuspidal in Section 5.

To obtain the representation theoretic aspect of our lifts we adelize them and
discuss their Hecke theory in Section 6. In Section 7 we obtain the non-vanishing of
our lifts by virtue of the study on the Hecke theory. In Section 8 we have a detailed
understanding of the cuspidal representations generated by our lifts, all of whose
local components are determined explicitly. As a result our lifts are non-tempered
at every non-archimedean place while they are tempered at the archimedean place
under the assumption that the Selberg conjecture on the minimal Laplace eigenvalue
holds for Maass cusp forms f. The lifts are then proved to be CAP forms attached
to some explicitly given parabolic induction for the split orthogonal group O(3, 3).
Section 8 ends with an explicit formula for the global standard L-functions of the
lifts from Maass cusp forms, whose statement is given as Proposition 8.7. The
definition follows Sugano [38, Section 7 (7.6)]. Proposition 8.7 also shows that our
global standard L-function coincides with the exterior square L-function for some
parabolic induction of GLj,.

2. Preliminaries

In this section, we give the definitions of orthogonal groups, modular forms and
quaternion algebras. We also give details on certain accidental isomorphisms.

2.1. Orthogonal groups and modular forms

1
Let Ag € M4(Q) be a positive definite symmetric matrix, and put A = | —Ag
1
By G and H we denote the Q-algebraic groups defined by

G(Q) = {9 € GLs(Q) | ‘gAg = A}, H(Q) = {h € GL4(Q) | 'hAoh = Ao}

respectively. Both G and H are referred to as orthogonal groups. We introduce the
standard proper Q parabolic subgroup P of G defined by the Levi decomposition
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P = NL with
1izAy SlzAgz
N(@Q) = n(z) = 14 T zeQt},
1
LQ) =Ran=| h a€Q*, he H(Q)

a1
Assume that Lo is a maximal even integral lattice in Q* with respect to Ag. We
put

L= y r,2€7Z, yE€ Ly p = LoD 7Z>.
z

This is a maximal lattice with respect to A. We let I' :== {y € G(Q) | vL = L}.

Let A be the adele ring of Q and Ay be the set of finite adeles in
A. We consider the adelizations of the Q-algebraic groups above, denoted by
G(A), H(A), P(A), N(A) and so on. Let L, = L ® Z, and Lo, = Lo ® Z,
and we put Ky =[] K, and Uy =[] U, with

p<oo p< o0

Ky, ={keG(Qp)| kL, =Ly}, Up={ueH(Qp)|ulop= Loy}

for each finite prime p < oo. Let K, be the maximal compact subgroup of G(R)
given by

1 1
geGM) |"g| 40 |g=| 4o
1 1

Yy
With As = ¢ ay = 14 y € Rt 3 the Iwasawa decomposition G(R) =

y—l

N(R)As Ko gives us the 5-dimensional hyperbolic space Hs as follows.
R* x RT 3 (z,y) = n(x)ay € G(R)/K.

Definition 2.1. For r € C we denote by M(T',r) the space of smooth functions F
on G(R) satisfying the following conditions:

i) Q-F= é (r* — 4) F, where Q is the Casimir operator defined in [21, (2.3)],

ii) for any (v,9,k) € ' x G(R) x Ko, we have F(ygk) = F(g),
iii) F is of moderate growth.

As usual we say that F' € M(T',r) is a cusp form if it vanishes at all the cusps of I".
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From Proposition 2.3 of [21], we see that a cusp form F in M(T,r) has the
Fourier expansion

F(n(@)ay) = Y AP K, (47/Qa,(B)y)e(*BAoz), (2.1)
peLo\{0}

with the dual lattice L{, of Lo. Here, Q4, is the quadratic form corresponding to
Ag.

2.2. Quaternion algebras

We want to restrict to the case where the lattice Ly from the previous section
corresponds to maximal orders in division quaternion algebras. In this section, we
will provide the relevant information about quaternion algebras, maximal orders
and their duals. A good reference is the book [39] by Jon Voight. Let B be a
definite division quaternion algebra over Q, given by Q + Qi + Qj + Qk, with
i? =a,j2 =b,ij = —ji = k. Let us denote the standard involution on B by a — a.
Let the trace and norm be defined by tr(«) = a4+ & and Nrd(a) = a@. Assume that
B has discriminant dg = N. Hence, N is a square-free integer with an odd number
of prime factors.

Let O be any maximal order in B. Let Ag be the gram matrix of O with respect
to some basis, so that O ~ (Z*, Agp). Let Qa, be the quadratic form given by
Qa,(z) = 2tzAgz for x € Z*, and Ba, be the corresponding bilinear form. Note
that if a, 8 € O get mapped to z,y € Z*, then Nrd(a) = Qa,(7) and tr(af) =
By, (z,y). Let

a
L={l|a| :a,b€Z,a € O}.
b

1
Then L ~ (Z5, A), with A= | —Ay |. Then Qa(a,z,b) = ab— Q4,(x). Hence,
1
the signature of L is (1,5). The bilinear form B, on L is given by

Ba(z,z) = 2Qa(w),
and
Ba(z,y) = %(BA(JS +y,z+y) — Balz,z) — Baly,y)) =tz Ay

for z,y € L. We will be considering the orthogonal groups G and H with respect to
the above matrices A and Ay.
Define the dual of O by

O’ = {a € B(Q) : tr(aO) C Z}.

Let us collect some facts about © and O'.
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Since O is maximal, we can see that O = {a € O’ : Nrd(«a) € Z}.
Let the discriminant disc(O) be as in [39, (15.1.2)]. We have disc(O) = N?,
since O is a maximal order [39, Theorem 15.5.5]. We also have [39, Lemma
15.6.17]
disc(0) = [0’ : O] = N2
Define
(O ti={ac BQ):0a0 c O}

By [39, Proposition 16.5.8], we have (O’)~10’ = O. Further, we also have
[39, Equation 16.8.4]

Nrd((0')™!) = ideal generated by Nrd(a) for all a € (O')~! = NZ.
This gives us
1
Nrd(0') = —Z.
(') =

For a prime number p, let O, = O ® Z, and O;, = O' ® Z,. It is known
that O, is a maximal order in B, = B®Q,. For p{ N, B,, is isomorphic to
M>(Q,). Up to conjugation, there is a unique maximal order in B, given
by Ms(Zy), which is its own dual.

For p|N, B, is a division algebra. From [36, Theorem 5.13], we have the
following information on the local maximal order and its dual.

e We have a unique maximal order O, in B, given by {a € B, :
Nrd(a) € Zp}.
e Let P :={a € B, : Nrd(a) € pZ,}. Then we have
P™ ={a € B, : Nrd(a) € p™Z,}

for m € Z, pO, =%, and O, =P~
e Let K, C B, be the unique non-trivial unramified extension of Q,.

We have
Q(v5)  ifp=2
o Q,(v/-1) ifp=3,7 (mod 8);
P Qu(v2) if p=5 (mod 8);
Q(ya) ifp=1 (mod8), ¢=3 (mod 4), (g) — 1.

Let Ok, be the ring of integers of K. Then there exists w, € B,
such that wfj =pand B, = K, + w, K, O, = Ok, + w,Ok, and
P = w,Op. Hence, O}, = w, 'O, = Ok, +w, 'Ok, .

e We have

0,/0p ~ w, Ok, | Ok, ~ (w, ') x (ww, ') ~ Z/pZ x Z/pZ,
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where

if p=2;

ifp=3 (mod 4);
ifp=5 (mod 8);
ifp=1 (mod 8).

SeS

2.3. Accidental isomorphisms

For a quaternion algebra E over Q with the reduced norm Ng we view (E, Ng)
as a rank 4 quadratic space over Q. This gives rise to the rank 6 quadratic space
Vi := (E, Ng) @ H with the hyperbolic space H. For the subsequent argument we
will need the two well-known accidental isomorphisms
E* x EX/{(z,2) | z € GL1} ~ GSO(E, Ng),
GLy(E) x GL1/{(2 - 14,272) | z € GL1} ~ GSO(Vg)

as Q-algebraic groups (cf. [5, Section 3]).

Let E := M be the matrix algebra of degree two over Q. The group on the right
hand side of the first isomorphism is the similitude group defined by the determinant

form of Ms. We denote this by GSO(2,2) in view of the signature of the quadratic
space at the archimedean place. The isomorphism is induced by

GLy x GLy 3 (hy, hg) = My > X v hy Xhy' € M.
Let ¢ be the main involution of M. This induces the outer automorphism
GLy x GLg 3 (hy, ha) = (¢e(h1) ™1, e(h2) ™) € GLy x GLa.
We denote this by ¢. With this ¢ we have an isomorphism
GO(2,2) ~ GSO(2,2) % ().

Regarding the second isomorphism the similitude group on the right hand side is
defined by the quadratic form ab — Ng(X) defined on the Q-vector space

VE::{(L(O;)i) |a, beQ, xeMQ}.

Since the signature of this quadratic space is (3+,3—) this group can be denoted
by GSO(3,3). The isomorphism is given by

GLy x GL1 2 (9,2) = Ve 2 X = z- gX"u(g) € Vg,

where we put «(g) == (j((z; LL((Z))) for g = (j i) with z,y, z,w € Ms.

Of course, we are interested in the case of £ = B. For this case the similitude
groups can be denoted by GSO(4) and GSO(1,5) for the first and second isomor-
phisms respectively.
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3. Vector valued modular form

In this section, we will start with a weight 0 Maass form for I'g(N) and construct a
weight (0,0) vector-valued modular form for the Weil representation of SLy(Z) on
a group algebra of a discriminant form. The main reference for this section is [34].

3.1. The discriminant form

As in the previous section, let B be a definite quaternion algebra over Q with
discriminant dg = N, a square-free integer. Let O be any maximal order of B with
O ~ (Z*, Ap). Let Qa,, L and A be as in Section 2.2.
Let O’ and L' be the dual of O and L respectively with respect to bilinear forms
By, and B4. We have described the dual O’ in the previous section. We have
a
L'={|a|:a,beZ,acO}.
b
Define the discriminant form D by D = L’/L. From the description of L’ above,
we have D = L'/L = O'/O. This D inherits the quadratic form Qp and bilinear
form Bp (with values in Q/Z) from those of O considered modulo 1. The level of
D is the smallest positive integer n such that nQp(p) =0 (mod 1) for all 4 € D.
Since Nrd(0’) = % Z, we see that the level of D is N. Every discriminant form is an
orthogonal direct sum of basic discriminant forms, which are described in Section
3 of [34]. The basic discriminant forms all correspond to the prime divisors of N.
Let us write D = @,y D,, where by Section 2.2, we have
Dy = (wy ) x {uw, ).

We have Qp(w,') = —1/p and Qp(uw,') = u®/p. When p = 2, we see that
Qp(w,') = Qp(uw, ') = Bp(w,*,uw, ") = 1/2. Hence, in the notation of Section
3 of [34], we have Dy = 2;;°.

Next, suppose p is an odd prime. Since QD(wljl) = —1/p, the basic discriminant

form corresponding to (w,, 1Y is p¢, where € = (%) On the other hand

—1/p ifp=3 (mod 4);
Qp(uw, ') =142/p ifp=5 (mod 8);
q/p ifp=1 (mod 8).

If @Qp(uw,"') = a/p, then (uw, ') corresponds to the discriminant form p¢, where

e = (2?“) Hence, by Section 3 of [34], we have
ptlxptt =p™2 ifp=3 (mod8);
Dp=qp txp t=p"? ifp=7 (mod8); (3.1)
pHtxpl=p2 ifp=1,5 (mod8).

We have the following relevant information about D.
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i) The level of D is N and |D| = N2.

ii) The signature of D is sgn(D) =1 —5 (mod 8) = 4.

iii) D = @®,nDp, where D), = {pn € D : pu = 0}.

iv) The oddity of D is 4 if N is even, and is 0 if N is odd.

v

3.2. Weil representation

The group algebra C[D] is a C-vector space generated by the formal basis vectors
{eu : p € D} with product defined by e e, = e,,/. The inner product on C[D]
(anti-linear in the second argument) is defined by (e,,e,/) = 0, . Hereafter we
will often use the notation

e(x) = exp(2mv/—1x)
for x € R. We will now define a representation pp of SL2(Z) on C[D] by specifying
it on the generators of SLy(Z) given by T'=[!1] and S = [, 7!].
po(T)en = e(Q@p(n))ep,

oo(8)e, = D S o e =~ S e~ Bowi)ey.

\% D] weD weD

This action extends to a unitary representation pp of SLa(Z) on C[D] called the
Weil representation of D. The restriction of pp to the congruence subgroup I'o(N)
is given in the next lemma.

Lemma 3.1. Let M = [2 4] € To(N) and p € D. Then
pp(M)e, = e(bdQp(p))eay:

In particular, we have pp(M)eg = eq for all M € T'g(N).
Proof. From equation (4.1) of [34] we get, for M = [2 4] € To(N) and p € D,

pp(M)ey = xp(a)e(bdQp (1)), where xp(a) = (= )e((a — 1) - oddity(D)/8).

@
D]
Note that |D| = N? and oddity(D) = 4 if N is even and 0 if N is odd. Hence, for
all D, we have that yp is the trivial character. This gives the lemma. O

3.3. Scalar to vector valued modular form

To construct a vector valued modular form for SLy(Z) with values in C[D], one has
to start with a scalar valued modular form of level divisible by the level of D and
nebentypus character xp. In our case, the level of D is N and the character xp
is trivial. Hence, we let S(I'¢(IN),r) be the space of Maass cusp form of weight 0
with respect to I'o(N) with Laplace eigenvalue (r? +1)/4. According to the Selberg
conjecture on the minimal Laplace eigenvalue for Maass cusp forms, r should be
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real (cf. [15, Section 11.3 Conjecture]). The Fourier expansion of f € S(T'o(N),r)

is given by
flu+iv) = Z c(n)WO’@ (4m|n|v)e(nu).
n#0
for h:= {u+iv e C:v>0}. Define Lp(f):h — C[D] b
Lo(H)= Y. fIMpp(M) e, (3.2)
METo(N)\SL2(Z)

where (f|M)() = f(M 7)== f((aT +b)/(cT + d)) for M = [2}] € SLy(R).
Proposition 3.2. Let f € S(To(N),r). The function Lp(f) is well-defined and

satisfies
Lp(f)lv=pp(V)Lp(f),
for all v € SLy(Z).

Proof. The well-definedness of Lp(f) follows from the T'g(NNV)-invariance of f and
Lemma 3.1. The automorphy condition follows from a simple change of variable. O

Let us remark here that if H is an isotropic subgroup of D, then the ey term
in the definition of Lp(f) can be replaced by a sum over H. In our case, the only
isotropic subgroup of D is the trivial one.

In the remainder of the section, we will obtain a formula for the Fourier expan-
sion of Lp(f). From page 660 of [33], we have

Z Z §c ‘D N 9z 5. N(T)eu. (3.3)

C‘N IJ«GDN

Let us explain the terms appearing in the formula above.

i) For any integer ¢, set D; := {u € D : tu = 0}. In our case, for every ¢|V,
we have D; = ®,;D,,. Hence, |D;| =t for ¢|N.

ii) We have
( ) H (D

o pl&
with
Y (p™?) = e(—p-excess(p*?)/8) if p is odd,
72(277) = e(oddity(2;7)/8).

We have p-excess(pt?) = 2(p— 1) +k (mod 8) where k = 4 if the sign is —
and k = 0 if the sign is +. By (3.1), we have v,(D,) = —1 for all primes p.

Hence
fc = H (71)

Pl &
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iii) Finally, let us describe the functions g - For every ¢|N, choose M. =
[a5] € SLy(Z) such that d =1 (mod ¢) and d =0 (mod N/c). As in page
658 of [33], we have, for 0 < j < N/¢,

g%,j(T)=Ni/c Z e(]_\[]i)(ﬂMcT}“)(T).
k

mod ¥
The integer j,, ne is defined by (7, x/e)/(N/c) = —Qp(s) (mod 1).

Putting all this together, we see that (3.3) now gives us

cD<f><T>=ZH<—1>Ni/C S (TN Y ek Qp)en  (34)

c|N p| & k mod & HED%

To simplify this further, we will assume that f is an eigenfunction of all the Atkin-
Lehner operators. For every ¢|N, the Atkin-Lehner operator corresponds to the
action on f by the matrix Wx € Ms(Z) given by

c

N . N
Wy = [A‘/w %yx] with det(W%) =

Note that W2 € Z(Q)I'o(N) with Z(Q) == {z- 15 | z € Q*}. Now set W, =

Wy [* ] €SLy(Z).

Since N is square-free, the cusps of I'g(N) are given by 1/c¢ where ¢ runs over
all divisors of N. The cusp 1/N corresponds to infinity. Given a matrix M =
[‘C‘,/ le] € SLy(Z), it is well known that M (co) contains the representative 1/c,
where ¢ = ged(c¢/, N). Hence, we have M.(o0) = Wc<oo>, which implies that there
is a 7. € Tg(N) such that M, = %Wc.

Proposition 3.3. Let f € S(To(N),r) be a Maass cusp form of weight 0 with re-
spect to To(N) with Laplace eigenvalue (r?+1)/4. Assume that f is an eigenfunction
of the Atkin-Lehner operators and let f|[Wx =en~ f. Then, we have

Lp(f)(r) = Zgg H(—l) Z Z (c(n)WO)@(élﬂn\v%)e(nu%)

c|N p\% a mod % n#0
n+a=0 mod %

CY )
HED N
Qp()=5% mod 1

Proof. Since M, = %Wc, with . € To(N), we have
(FIMT*) (r) = (fIW.TF)(r) = (fIWx[F ]T%)(7)

—ex ([ F ¥ ) =exsf(F+ )
—exn c(n)WO’\/?T(4W|n\v%)e(nu%)e(nk%).
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Note that we have

Z Z e(kQp(p Z Z Z n+a)u

k mod JZ HED N a mod N #GDN k mod N
Qb (w)=ac/N

Here, we have used that XQp(Dx) C Z. We have
Cc

C

N oifpn+4a= mod X);
> e<’j\f<n+a>>={ frra =0 fmod 2

herwise.
b mod X 0 otherwise

Substituting these in (3.4) gives us the formula in the statement of the proposition.
O

We want to rewrite the formula for £p(f)(7) in Proposition 3.3 in the form
ZHEB fu(T)e,. For this, let us first associate to every p € D an integer ¢,|N as
follows. Since NQp(u) € Z, write Qp(p) = b/N = a/q,, where ged(a,q,) = 1.
Observe that u € D N for every c satisfying qu\%\N . Hence, we have

Lo =3 (Pex IT-

HeD et plE
c ¢
X ;0 c(n)WO’\/?T (4ﬂ|n\vﬁ)e(nuﬁ))eu. (3.5)
K =-Qp(p) mod 1

Observe that the coefficient f,,(7) of e, above depends only on @ p (). Hence, for
any c € G(Q), we have

p(f)= D fl(P)eu with f}, = ferr,,. (3.6)
neechD
4. Theta lifts

In this section, we will construct the theta lift of f € S(T'o(NV),r), N square-free,
to an automorphic form on 5-dimensional hyperbolic space as in [3]. Also see [21].

4.1. Real hyperbolic space as a Grassmanian manifold

We will follow the construction of the theta lift in Section 3 of [21]. We recall from
Section 2 that if g € G(R), then we can write

1tz 3'zAgz y
g = n(x)ayk, where n(x) = 14 x ,rERY a, = | 14 ,
1 y_1

for y € RT, k € Ko, where K is the maximal compact subgroup of G(R) (cf. Sec-
tion 2.1) and that

R* x RT 3 (z,y) = n(x)a, € G(R)/Kx
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gives the 5-dimensional hyperbolic space Hs. Let Vs := (R®,Q4) and let D be
the Grassmanian of positive oriented lines in the quadratic space V5. Note that
Vs = L®R, where L was the lattice defined in Section 2.2. We will identify Hs with
a connected component of D as follows.

1 ~ o
Hs > (2,y) = v(z,y) = ﬁt(yﬂ/ 'Quap (), —y tz,y™ ) € Vs

satisfying Ba(v(z,y),v(z,y)) = 1. It generates the positive, oriented line R-v(z, y),
which is an element in D. In fact, we see that DT := {R-v(z,y) | (x,y) € H;} is one
of the two connected components of D. We now note that the quadratic space Vs is
isometric to R*®, where R!® denotes the real vector space R® with the quadratic
form

6
1
Q1’5(.T1,£C2,~~- ,xﬁ) 125 1'%721.?
Jj=2

We slightly abuse the notation by using v to represent the line generated by v(x, y).
Every line v € DT induces an isometry

Vs = R-v@ (W Qa,l,r) ~RY
A= (1 (V)1 (V)

where

tFN) = Ba\ )y, o, (V) = A —F(\) e vt

v

are the components of A. Let us remark here that, if we fix (x,y) € Hs, then we
get a corresponding isometry of Vi into RM® where the one dimensional positive
definite subspace is the line generated by v(z,y).

Note that ¢f.,(y-A) = v ¢ (\) for any v € G(R) and X € V5. Next, we collect
some facts about the distinguished elements

z = t(170470), Z/ = t(07047 1)7
2+ Zy—
+
2Ba(zy+,2,+)  2Ba(z,-,2,-)

po = —2"+

and their properties. These will be useful later in the Fourier expansion of the theta
lift.

Lemma 4.1.

i) We have Ba(z,2) = Ba(2',2") =0 and Ba(z,2") = 1.

ii) Let z = (2,+,2,-) where z,+ = 1} (2) and z,-~ =1, (z). Then
1
2yt = Balz,v)v = —v, z,- =2z—2z,+,
V2y
1 —1
BA(ZV+7’ZV+):727 BA(ZV_7ZV_):72'
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iii) We have g = —2' + y?(22,+ — 2).
iv) Let A € O and consider it as an element of L'. Then

Ba(A, po) = "Mpo.

Proof. Part i) follows from the definition of B4. For part ii) use B4(v,v) =1 and
part i). Part iii) follows from part ii). For part iv), use Ba(\,z) = Ba(A,2') =0.0

4.2. The theta kernel

Let w™ (respectively w™) be the orthogonal complement of the line generated by
2+ (respectively z,-) in ¢ (Vs) (respectively ¢, (V5)). For A € Vs, let A+ and
Aw- be the projection of A to w™ and w™ respectively. We define the linear map
w: Vs — RY by w(A) = (Ay+, Aw- ), 50 that w is an isomorphism from w™ and w™
to their images and w vanishes on z,+ and z,-. For our special case, w™ is trivial,
the image of w is 4-dimensional, and the first coordinate of w(A) is 0.

If p is a polynomial on R}, we say that p has homogeneous degree (m™, m™) if it
is homogeneous of degree m™* in the first variable and homogeneous of degree m™ in
the last 5 variables. For h™, h™ integers satisfying 0 < h™ <m* and 0 < h™ < m~™
define polynomials p,, -+ - on w(Vs) of homogeneous degree (m* —h*,m~ —h™)
by

n ,
p(LV()‘)) = Z BA(szl/*)h BA()HZU*)h Pw,ht h— (’LU()\)) (41)
Bt ,h-
Let p : RS — R be the polynomial given by p(z1,--- ,2¢) = —27222. We get a
polynomial on V5 defined by p o, given by the formula
p(ty(N) = —272Ba(\,v)? = =272 Bs(\, 2,4 )2
By (4.1), we have
_271y2 if (h+7 hi) = (2a O);
Puw, bt h- = . (4.2)
0 otherwise.

Note that the polynomial p,, »+ - is a constant in this case.
Let A be the Laplacian on RYS. For 7 € b, (z,y) € Hs and u € D = L'/L,
define

0L (r (e )) = 3 (exp(o2) (@) (M)

8mv
AEL+p
x exp(2my/=1(Qa(uf )7 + Quley (W))7)),
> eudfi(rvia.y).p).

neD

eL(Tvl/(xvy)vp) :

Proposition 4.2. For [ 4] € SLy(Z), we have

ar +b
GL(CT—f—d’

v(z,y),p) = ler +dPPpp([28])OL(r, v(z,y),p).
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Proof. The transformation formula in the 7 variable follows from Theorem 4.1 of
[3] by noticing that b+ =1, b~ =5, mT =2, and m™ = 0. O

4.3. The theta lift

Let f € S(T'y(N),r), N square-free, be an Atkin-Lehner eigenform with eigenvalues
e. for all ¢|N. Let Lp(f) be the C[D] valued modular form as defined in (3.2). Let
Or(r,v(x,y),p) be the theta function defined in the previous section. Define

dudv
02

Or(v(z,9),p, ) = / (Lo (1) ()0 (r v v p)vt
SL2(Z)\b

Here, complex conjugation on C[D] is given by €, = e_,. In the product of O,
and Lp(f), we are taking the inner product in C[D] to get a C-valued function.
By Propositions 3.2 and 4.2, we see that the integrand is indeed invariant under

SLo(Z).
Lemma 4.3. Let y e I'={y € G(Q) : vL = L}. Then

(I)L(’YV(-T,y),p, f) = (I)L(V(l‘,y),p, f)

Proof. Using the definition of L', it is easy to see that I' acts on L’ and hence
on D as well. Every element of I' fixes 0 and, for 0 # p € D with v € T,
we have Qp(u) = Qp(y~'w). Let us observe that p(t,(\)) = —272B4(\,v)?
and B4(\,yv) = Ba(y~'A,v). Now, a change of variable gives us 6 (7,vv,p) =
95,1H(T, v,p). Hence

GL(T77V($7y)ap) = Z 6H0£*1H(73V(xay)ap)'
pneD

From (3.5), we know that the e,-component of Lp(f) depends only on Qp(u). As
seen above, Qp (i) = Qp(y~tu) for all u # 0 in D. Upon integration, we get the
result. D

Let 2+ be the orthogonal complement of the line z generates in V5. By part i)
of Lemma 4.1, we see that z € 2+. Let K := (LN 21)/Zz. By the definition of Ba,
we can see that the lattice K is isomorphic to O. Given Lp(f) as above, we can
define a C[K’/K]-valued function (Lp(f))x which is a modular form for SLy(Z)
with respect to pg/ k. In our case, since K = O, we have K’'/K = D and hence
(Lp(f))x = Lp(f). We want to show that the Fourier expansion of & (v(z,y), f)
is of the form (2.1). By Theorem 7.1 of [3], the Fourier expansion of @ (v(z,vy), f)
is given by
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(I)L(V(xay)mf)
1

\/ QA Zu+ ;;)
1 pi(=294Gur )y (h+) <h>
+ WA(ZVH };}hgi (2i)hF+h™ h h

pwh+h )( ()‘>)
(8m)i !

P>
J
X S (Bl po))n ST emBa(n, )
n>0

neD
Blpnat=A

7Tn2

X /U>O C%QA(A)(U) GXP(—m - 27”)(QA()‘w+) - QA(/\w*)))

() 0 s (£ (1))

Cht_p——i_s
T i gy,

Here

VE(Lp(N))(u+iv) =Y e Y cum(v

nebD meQ

Also, pyg is as defined in part iii) of Lemma 4.1. In addition, A,,+ and A\,- are defined
in the beginning of Section 4.2. Let us now apply this formula to our particular
situation.

i) We have K = O, hence K’ = O'.
ii) By (4.2), we have

_271y2 if (tha hi) = (27 O)a
Pw,ht+ ,h— = .
0 otherwise.

Hence, the first sum is zero. In the second sum over h, h™, and h~, we only
have the case h = 0, ht = 2, and h~ = 0. Since p,, j+ »- is a constant
function, the sum over j vanishes for all j > 0. Hence, we only get 7 = 0.

iii) By Lemma 4.1, we have Qa(z,+) = (4y%)~! and Ba(\, po) = ‘A Apg.

iv) Since D = O’/O, we can see that, for u € D, we have Ba(p, 2') € Z. Hence,
e(nBa(p,2")) =1 for all u € D. Furthermore, for each A, there is exactly
one p € D such that plpq,1 = A.

v) For A € O, we have Qa(\) = —Qa,(N).

vi) For A € O, we have A+ = 0 since w™ is the trivial space in our case. We
have Qa(Ay-) = —Qa,(A).

vii) By (3.5), for p € D, A € O, and v € R+, we have

en.@a (V) = u(NW, vzme (47Qa, (Mv),
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where
0 if A& p+ O;
) =1 2 T (—ep)e(—Qa,NY)  if e pu+ 0. (4.3)
clgn Pl

Let py € D be such that A € gy +O. Then we see that ¢, () is non-zero
only if p = py.
viii) We have

5 mny? _o_8
112W07¢?T (47|Q 4, (N)|v) exp(— ” —21vQ A, (N))v ™" 2dw

v>0

= / Wy vt (4ﬂM)GXP(*Wﬂ2y2U - M)dv by (v +— %)
v>0 ’

:4MK\/51T(47T Qa,(A)ny).

ny
We have used

> a a a
/ exp(—pt — 5)W, =1 (7)dt =2, | - K /=5, (2y/ap)
0 2t ? 2 t p
(cf. [4, 4.22 (22)]) with a = 47mQ 4,()\) and p = ™n?y?.

Putting this together we see that the Fourier expansion is given by

_1 Z Z (nAAgz)n’c,, (V)4 Qan (A )Km7.(47 Qa,(Nny)

A€O’ n>0 ny
=) 0V QayNeuy MY K =, (471/Qa, (Mny)e(n' A o)
A€O’ n>0
=X Vaud( 2 g () )07 E 5, (/@ Bl0)el o)
BeO
1560'

From Lemma 4.3 and the above Fourier expansion (compare to (2.1)), we get

Theorem 4.4. O (v(x,y), f) belongs to M(T,/—1r).

We will use the remaining section to obtain a formula for the Fourier coefficients
of @1 (v(x,y), f) in terms of the Fourier coefficients of f. For 8 € O, set

AD=VaR B Y ey () (4.4
d>0
B0’

We will now obtain a formula for A(8) in terms of the Fourier coefficients ¢(n) of
f- Let us define the primitive elements of O by

1
Opim = {8 € O : = ¢ O' for all positive integers n > 1}.
n
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Proposition 4.5. Write 8 € O as

8= I_Ipuf’nﬁo7 p > 0,n>0,gcd(n,N) =1 and By € O,
pIN

Let qp, = qug, - For p|N, set

5 = {0 if plago;
p = .
1 prJfQﬁo'
Then
2up+9p —Q
A(B) = v Qa,(B Z Z Z IT pio—ldz) H(_Ep)tp_l- (4.5)
p|N tp=0 pIN p|N

Proof. From (4.3) and (4.4), it is clear that we can take n = 1 above. Let Sy be
the set of primes dividing gg, and S’ be the subset of Sy with v, = 0. For any set
of primes S, denote by Ng the product of all primes in S. From (4.3) and (4.4), we
have

p
(ﬁ QAD Z “ﬁ/(l_[ \Npp)(Hp‘Npap)

p|N
a,=0

up—1
QAO Z Z Z Cug,m pUP I PP
pINg P P Hp|(n/Ng) P7P)

S'CSCSo p|(N/Nsg) pl(Nsy /Ns)

ap=0 ap=

B
[Lpins 27 Ty vyovs) P

X

We are essentially splitting up the sum according to which a, = u, for p € Sy so
that, for all the 8’ appearing in the sum above, we have gs = Ng. Hence applying
(4.3), we have

up—1

NI SRED VD VD
S/CSCSOP|(N/J\;JSO)P\(NSO/NS)f\(N/Ns)
ap= ap=

B N
x| | (=ep)e(=Qua( - _)=).
pl_f[X ’ B v 2 Tlyjoyve) P
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Here, if p|Ng then we have p|(N/c) for all ¢|(N/Ng). Hence, we have

up—1

w)QAoZZZZH

S'CSCSo p|(N/Nsgy) pl(Nsy/Ns) c|(N/Ns) p|Ns

ap=0 ap=

*QA() (6)
X H (_Ep)c<HpNS p2ur—1 le% p2ar—1 lecpmp)

pl cNg

up—1

SCHEID SHD YD SN YN | (&

S'CSCSo p|(N/Nsy) pl(Ns, /Ns) c|[(N/Ns) p|Ns

ap=0 ap=
— _QAo(ﬁ)
x T (e TT2p)2e( - - ).
pll_Nzl lp—lg Hp\Nsp2up 1Hp‘%p2ap 1Hp|cp2ap
cNg

Further, we can divide the set {c|(N/Ng)} into a set of pairs (¢, ') such that ec’ =
N/Ng. Note that for any prime p|(N/Ng) and any pair (c,c’) as above, p divides
exactly one of N/c or N/c¢'. Also note, in the denominator in the last term above,
the possible exponents of p are as follows: if p|gg,, then the exponents vary from 0
to 2u, —1, and if p { gg,, then the exponents vary from 0 to 2u,. In addition, a term
for —e, appears in the product if and only if the exponent of p in the denominator
is odd. Changing variable from a, to t,, and noting the definition of J, in the
statement of the proposition, we finally get the formula in (4.5). D

5. The cuspidality of the theta lifts

We show the cuspidality of our theta lifts

b f) = [ Lo(BLm e et
SL2(Z)\
The first step is to understand the action of ¢ € G(Q) on @1 (v(x,y),p, f).
Lemma 5.1. For any ¢ € G(Q), we have
q)L(cy(mv y)ap7 f) = QC*IL(V(x7 y)ap7 f)
Proof. Recall that ty.,(g-\) = g-1,()) for (g, A\, v) € G(R) x RS x DT, which yields

i (g N =915V, 15,9 X) =g 1, (N).

In addition, we note that

p(Lg-V()\) = p(bu(g_l : )‘))
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for (g, A

P((z— () (tgv(N)e(Q(15., (N)T + Q(17, (N)T)
(( )

— (@) (g™ - A)e@g-uf (g™ - )T+ Qg+ 1, (97" - A)7)

ﬁ(

8y

—A
N 8w (

xp((5— (0)) (6 (N)e(Q(e (M) T + Qe (N)7)

8Ty

,A) € G(R) x RS. For (g, 1) € G(R) x L’ we thereby have 0 (7,g-v(z,y),p) =
> o
Aep+L

> e
A€p+L
Aeg—t-(ptL)

:95:15(7—7 'V(CL', y)ap)

Writing Lp(f) = > ,ep fPe, and using (3.6), we get

Lo(f)OL(revp) = Y f76° % (7. -v(z,y).p)

neD

1 —
= S £ (rley).p)
nebD

—1 —
= Y [P0 vl y),p)
uEc—1D

= Le-1p(f)Oc11(T,, ).

Here we put ¢ 'D := ¢ 'L’ /c™ 1L, which is isomorphic to D. Upon integration, we
get the result of the lemma. O

For any cusp ¢ € P(Q)\G(Q)/T', we see that Q(z) = Qa(c'z) for all z € QF.
Hence, the lattice ¢ 'L has the same associated quadratic form as L. There-
fore, the discriminant form ¢~ !D = ¢ 1L'/c¢™ 1L is isomorphic to D = L'/L as
quadratic modules and hence Proposition 4.5 applies to the Fourier expansion of
O, (v(x,y),p, f). In particular, ®.-17(v(z,y),p, f) has no constant term and
therefore we get the following.

Proposition 5.2. For each representative ¢ of the I'-cusps, @ (cv(z,y),p, f) has
no constant term. Namely, our lifts ®r(v(z,y),p, f) are cuspidal.

6. Hecke Theory
6.1. Adelization of automorphic forms

To study the action of the Hecke operators on our cusp forms constructed by the
lift, we need the adelic as well as non-adelic treatment of automorphic forms.

For h € H(A), we have the decomposition h = au~! with (a,u) € GL4(Q) x
(IIp<ooSL4(Zp) x SLa(R)). Let Oy, = (Hp<oohpZé; x RYHNQ* for h = (hy)y<oo €
H(A). Then, we have Op = aO (c.f. [21, Section 3.3]). The dual lattice O, is
then equal to a~'O’. Here note that we regard © and O’ as Z* equipped with the
quadratic forms induced by the reduced norm.
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To obtain an adelic Fourier expansion, let f € S(I'o(N),r) be a Maass cusp

form with the Fourier expansion f(z) =}, o c(n)W, v=1. (47|n|y)e(z). Let A be
? 2

the standard additive character of A/ Q. We introduce the following Fourier series

Fy(n(z)aykg) = > Fya(n(z)aykg) V(z,y.k,g) € A* x RY x Koo x G(Ay)

A€Q*\{0}
(6.1)
with
Fra(n(z)aykg) = Ax(9)y* K /=1, (47| A ay) A(*AAz),
where Ay(g) is defined by the following conditions:
1 2up+0, Qap (V)
\/QAO Z Z Z (letq;? ldz)H( )t -t ()‘GOZ)
A)\ h = plN tpfo dln p|N I
(AeQ'\0y)
1
Ax =||s ||AAH 1) h
1
Ax(n =AM V(z,g,k) € A} x G(Ag) x K.
Here

1. uy, 6, and n are as defined in Proposition 4.5 for 3 = A1\
2. (s,h) € A7 x H(Ay) and [|s|[s denotes the idele norm of s.

Note, the definitions of u,, d, and n do not depend on the decomposition
= au~!, which was essentially pointed out in the proof of [21, Lemma 3.2]. The
following lemma is settled by the same reasoning as [21, Lemma 3.2].
For r € C, let M(G(A),r) denote the space of smooth functions F on G(A)
satisfying the following conditions:

1. Q- F = £(r? — 4)F, where Q is the Casimir operator defined in [21].
2. For any (v,9,k) = G(Q) x G(A) x K, we have F(ygk) = F(g).

3. F is of moderate growth.

Note that FF € M(G(A),r) has the Fourier expansion

- Y R@. Bl =[  Folgirdods
)\EQ4 A4/Q4
where dx is the invariant measure normalized so that the volume of A*/Q? is one.

The adelic function F is called a cusp form if Fy = 0 in the Fourier expansion.

Proposition 6.1. The adelic function Fy is a cusp form belonging to

M(G(A),V/~1r).

Proof. By the argument similar to [21, Theorem 3.3] this follows from the Fourier
expansion discussed in Section 4.3. O
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6.2. Sugano Theory

We will show that if f is a Hecke eigenform then Fy is an Hecke eigenform by
using the non-archimedean local theory of Sugano [38, Section 7]. For a prime
p, let F' = Q, with the ring of integers Z,. Let ng < 4 and let Sy € M, (F)
be an anisotropic even symmetric matrix of degree ng. For the m x m matrix

1
I = ( ), let G, denote the group of F-valued points of the orthogonal
1

Im

group of degree 2m + ng, defined by the matrix @ = ( So ) Denote by

Im
L, = Zf]’”‘"o the maximal lattice with respect to @,, and let K,, be the maximal
compact open subgroup of G,, defined by the lattice

Ky ={9€Gn|gLm=Ln} (6.2)

Let H,,, be Hecke algebra for (G,,, K,,) and define C’g) € H,, to be the double
(r)
cosets Ky, cm’ Ky, where

" = diag(p,...,p,1,...L,p7 ... .p7) € G

which is a diagonal matrix whose first  and last 7 entries are p and p~! respectively.

By [38, Section 7], {C,(f{) | 1 <r <m} forms generators of the Hecke algebra H.,.

We embed G; for i < m in G,, as a subgroup by the middle (2i+mng) X (2i+ng)
block. We regard K; as a subgroup of K,, similarly. The invariant measure of G,,
is normalized so that the volume of K is one for each i < m.

For a prime p ¥ N, we have ng = 0 and m = 3. In this case, the lattice L3 is
self-dual. For a non-negative integer k, let

j—1( k—j+1 k—j
fo, = 0T DT D g0 g0, (6.3)
p—1

a special case of [38, 7.11] for ny = § = 0. For positive integers k,r, set R,(:) =
K /(KN c,(:)Kk (c,(f))_l), and let \R,(:)| denote the cardinality of R,(:). We have

I : 1<r<k);
IR;(J)IZ{ =fig (L= <k

1 (r=0). (6.4)

Following the methods in Section 4 of [21], we get the following theorem (essentially
Theorem 4.11 of [21] for n = 1/2).

Theorem 6.2. Suppose that f is a Hecke eigenform and let A, be the Hecke eigen-
value of f at p < oo with pt N. Then the following holds.

i) Fy is a Hecke eigenform.
i1) Let p1; be the Hecke eigenvalue with respect to the Hecke operator Céz) for
1 <i<3. We have

py =p*(\2 = 2) +pfar =p* (Ao +p+p ')
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i—1
i— p -1 .
pi= RS (Ml B f3,1> (i=2,3).

6.3. The case p | N

When p | N, we have m = 1 and ng = 4. Hence, the Hecke algebra H; is generated
by 01(1) which is the double coset K cgl)Kl as defined in Section 6.2. Let n(z) € G,
be as defined in Section 2.1 and let (t,g) = diag(t,g,t™') € Gy for t € Q) and
g < Go.

Lemma 6.3.
o) = || o 1)n(@) KU | ] (1 1)n() K U (™" 14) K,
r€X, reX3

where

X1 ={zeplO/O}, X3={z € (0 —0)/O}.

Proof. This is a direct result of [38, Lemma 7.1] for v = 0 and r = 1. Note, céo) =14
and hence, R(()O) =1and u = 14. %éli and %él?)) simplify as above whereas xfﬁ% and

.’féﬂ are empty since r = 1 and v = 0 respectively. O

We can now describe the action of Cfl) with the invariant measure dx of G
normalized so that the volume [ K, dx = 1. Define

(C§1) - D) (g) = / Charch(l)Kl (2)®(gx)dx

G !

for ® € M(G(A),r). The following proposition derives the action of C’fl) on Fourier

coefficients of ®.

Proposition 6.4. Let & € M(G(A),/—1r) be a lift. Then

(D) n(@)ay) = D AADYPK /=1, (47v/Qa Ny) A Ao (@),
A€\ {0}

where

pQAp,\(l) — A)\(l) —‘y—p2A)\(1) +p2Ap71A(1) Zf)\ S p(’)’ \ {O},
A1) = 4 p?Apa(1) — Ax(1) + p?An(1) if A € O\ p0';

P*Apa(1) — Ax(1) ifxe O\ 0.

Proof. Since le dxr = 1, Lemma 6.3 implies that the action of C’{l) on ¢ can be
expressed as

. d)(g) = D @(g(p 1a)n(@) + Y Bgn(x)) + R(gp~ ", 1a)).

reEX, rEX3
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Here, we are using the fact that ® € M(G(A),/—1r) is right invariant under K;.
Let g = n(xg)a, with zop € A* and y € R, Let af := diag(p, 14,p™") embedded
diagonally in G(Q). We will abuse the notation to denote (leo,-- -, (p,14),...) and
(1o, --yn(z),...) by (p,14) and n(z) respectively, where the nontrivial terms are
at the p-th place. Hence,

(V- @) (n(xzo)ay) = > d(n(wo)ay(p, La)n(z))

reXy

+ > ®(n(xo)ayn(z)) + @(n(xo)ay(p~, 14)).

reXs

Note,

O(n(zo)ay(p; 1a)n(x))

= @(af n(xo)ay(p, 14)"(93))

= ®(n(p~ zo)ap-1y(loo, (P71, ), o (1,10), (7 L), )n(2)
= ®(n(p~" wo)ap-1,1(x)(Loc, (P71, 1a), ., (1, 1), (071, 1), )
= ®(n(p~'wo)n(x T)ay-1y).

We obtain the last equality as n(x) and a,-1, commute, and
(1o, (P74, 14), -+, (1, 14), (P71, 1y),..) belongs to the maximal compact KK
By similar computation for other terms, we obtain

(V- ®)(n(zo)ay)

= Z O(n(p~'ao)n Z ®(n z)ay) + (n(pro)ayy)
TEX, z€X3
= Y AW Y K (@4rv/Qa,(Np ') D AN (o))
Q*\{o} TEX
+ Y AP K (4m/Qa,(Ny) Y A Ao (o))
Q*\{0} TEX3
+ Y A (Y)* Kir(47/Qay (Npy) A Ao (po)). (6.5)
Q*\{0}

Here, (p~'@0)p.o is p~'wo, at all places v # p and is p~'zo, + x at the place p.
Similarly, (x0)p« is Zo,, at all places v # p and z p, + = at the place p. Note,

> ACAo(p 0)pr) = A AA(p 20)) Y A(*AAgz) (6.6)
TEeEX, rEeEX,

with the summation over x € X; happening only at the p-th place. As A is an
additive character being summed over a group X; = {ac epto/ O}, we get

4 —1)\ O/.
ZA(t)\AOx):{]; practy (6.7)

el otherwise.
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Similarly,

> ACMo((0)p.r)) = A AAg(20)) Y A(*AAgz) (6.8)

r€X3 T€X3

being summed over X3 = {x € (O’ — O)/O}. Note,
> A(Mz) = Y A(AAgz) — 1.

r€X3 z€e0’ /O

Hence, using that A is an additive character being summed over a group O’/O, we

get
-1 Ne€O;
3" A(AAgz) = {p . (6.9)
oexs -1 otherwise.
Therefore, substituting (6.6)—(6.9) in (6.5) we get the formula for A% (1) as de-
fined in the statement of the proposition. O

To write the action of the Hecke operator in terms of Fourier coefficients given in
Proposition 4.5, we write A (1) = A(8) where 8 = [] p“»nfy as in the proposition.
p|N
Note, for A € O’ and 8 € O’ the conditions for A} (1) on X from Proposition 6.4
above translate to conditions on 3 as follows:
A € pO'\ {0} = u, > 1;
AeO\pO' < u,=0,0, =1;
ANeO'\O <= u,=0,6,=0.

Then, as

Apa(1) = ApB);  Ap-a(1) = A(p~'H)

we can rewrite the A’ (1) in terms of 3 as

P*A(pB) + (p* — DA(B) +p*A(p~'B) if up > 1
A\(1) = § p*A(pB) + (p* — 1)A(B) if u, = 0,6, =1; (6.10)
p*A(pB) — A(B) if u, = 0,8, = 0.

Let f € S(T'g(N),r) be a newform with Hecke eigenvalue A, for the operator defined
by the action of the double coset I'o(N)[' ,]To(NN) at prime p. Assuming it is an
Atkin Lehner eigenform with eigenvalue ¢, it can be shown that

Ap = —€p. (6.11)

Using the single coset decomposition

MMFJMM=gRW$ﬂ
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([19, Lemma 9.14]) we have

In terms of Fourier coefficients, using (6.11), we get

A _
c(pm) = “Le(m) = jc(m) Vm € Z.
p p
Therefore,
c¢(m) = —c(pm) VYmeZ
Tcp
and

() ) T

(N
o t#p
tp
p —Qa (5) -1 -1
- (5 ) C(W)H(—WW (—ep)
P AN oN
L#£p L#£p
—Qa,(B) _ _
W’“(W) [Tt (=ep) " (6.12)
AN oN
L#£p L#£p
Hence, as (—¢,)~! = —¢,, we have
2up+0¢
_QA to—1
Z Z II gtio 1d2 H(_Eé) ¢
8e=0 din N UN

2up+5,+1
pr —1 —Q o B _
B -1 Zc( -1 HAgtg)1d2) H(_ff)t[ "(—€p).  (6.13)
b dln p IN (N
l#p
L#£p

Theorem 6.5. Let f € S(To(N),r) be a newform and eigenfunction of the Atkin
Lehner involution with eigenvalue €, at each p|N. Let Fy be the lift of f defined in
(6.1). Then Fy is a Hecke eigenform with

CiVFy = (0 +p* +p—1)Fy.

Proof. We shall prove the Hecke eigenvalue for the most general case of 5 with u, >
1. The proof for the cases u, = 0 with 6, € {0, 1} is similar and follows immediately
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after substituting for u, and &,. Using (6.13) and Qa,(aB) = a®*Q4,(), we have

2ugte 2up+5 +3 -1
=0’/ Qa, (B Z Z o1

LN te=0
lF#p

Qa1 (8 N
x § : pH ?t/ 1)dg) | I(_Ef)t 1(_€p)§
oqN f‘;}’)
L#p

2“5+6fp2up+6p+1 -1

AB)=VQa(B) Y Y ———
LN te=0
t#p

p—1

X Z %) [T ()

oN
{N
llép t#r
2uetde 9y 15,1
_ petr TP — 11
PA(pT'B) =pVQa,(B)Y | D> 1
LN te=0
t#p

— Q 0 /B —
< el g L0 o
d|n oN éﬁN
t#p b

Note, A(p~!8) =0 if u, = 0. By (6.12) and the fact that (—¢,)? = 1, we have

PA(pB) + (p° — 1)A(B) + p*A(p™*B)

2ug+d 2up+5 +3 1

ONEN DI > el ) =0 )

LN te=0 d|n N
(N
L#£p Z‘Ep 0#p

) 2uetde pRuptiptl
+(p —1)VQA0(/3)Z Z o1

£N  t=0
t#p

Qa,
XZ HAgtg 12 XH 0" H—ep)
d|n

(N
(N
f‘#p t#p
2ue+d, 2u +6,— -1 Q
v 4,(8) _
+p mz Z Zc(p—l Hogtz—ldQ)H(*ge)w =)
(N te=0 dln AN (N
L#£p LF#p

L#£p
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Hence,

A(pB) + (0 = DAB) +p*Alp™'B)

2ug+3e puptd 1) (p? - 1)(p* 46,41
pHop p* —1)(p=rtor 1)
vy 3 (e
LN te=0
L#£p
3(, 2up+,—1
pPp*r ol = 1)) —Q4,(B) te—1
PO D) S B O Tl
dn AN (N
t#p “r

2ug+6, p2uptopt pPurtortl 1

=@+ - 0VQLm Y. Y

LN te=0

L#p
<l %) [Tz

f4N
(N
él-ép t#p
= (° + 9" +p—DAp).
The result now follows from Proposition 6.4 and equation (6.10). O

7. Non-vanishing of the lift

In this section, we will obtain the non-vanishing of the map f — F constructed
in Section 4. Let us start by observing that the proof of Lemma 4.5 of [23] can be
used to conclude that there exists M > 0 such that the Fourier coeflicient ¢(—M)
of f is non-zero. If f is a Hecke eigenform, then this implies that ¢(—1) # 0. Using
the explicit formula (4.5) for the Fourier coefficients for Fy, we can see that in this
case we get A(1) # 0. Hence, the map f — FY is injective when restricted to Hecke
eigenforms f. We will now prove the injectivity for all f.

Consider a basis of Hecke eigenforms {f1, -, fx} of S(To(N),r). Since this is
a finite set, we can find a prime p t N such that the Hecke eigenvalues /\g) of f; for
i=1,---k satisfy \)\,(f)| # |)\1(3j)\ for all 4 # j. This follows from Corollary 4.1.3 of
[32]. Let Fy,-- -, Fy be the lifts of f1,- -, fx. By Theorem 6.2, we know that F; are

Hecke eigenforms with eigenvalues 1,1, = p? (()\I()i))Q +p+ p_l). Because of the
choice of p, we again see that pp 1 7 pip,1,; for all @ # j.

Theorem 7.1. The map f — Fy is an injective linear map on S(Io(N),r).

Proof. Let notations be as above the statement of the theorem. Suppose there
exist complex numbers ¢y, - , ¢, such that ¢; Fy + -+ - + ¢ Fr, = 0. Applying the
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Hecke operator C’;}g k — 1 times, we get
ClFl +02F2+"'+Cka :0
Mp1,1C1F1 + pp12c2Fo + - + pp 1 pepFr, =0
,U/:%;JJClFl + M§’1,262F2 + -+ #i,l,kcka =0

HpinCl L+ pp i hea P+ enFy = 0,

This can be rewritten as

1 1 e 1 ClFl
Mp, 1,1 Mp,1,2 * 7 Mp k| | C2Fo
2 2 2 _
Hp,11 Hp12 " Hpik : =0.
k—1 k-1 k—1
Hpaia Bpi2 " Hp1k il

The matrix on the left hand side is a Vandermonde matrix, with determinant
I (pas—mpas) #0,
1<i<j<k

since all the p, 1 ;’s are distinct. Hence the matrix is invertible, which implies that
¢; F; = 0 for all 4. But all the F; are non-zero, so all the ¢; = 0. This completes the
proof of the theorem. O

Remark 7.2. Here, without assuming that f is a Hecke eigenform, we cannot get
the non-vanishing as in [23] only using the explicit formula (4.5) for the Fourier
coefficients of Fy. The reason is that even though we can find an integer M > 0
such that ¢(—M) # 0, there is no guarantee that, for an arbitrary maximal order
O, there exists 8 € O’ such that Q4,(8) = M.

8. CAP representation associated to the lift

Assume that f € S(To(N),r) is a newform, and let Fy € M(G(A),/—1r) be the
corresponding lift defined in (6.1). Let 7z be the representation of G(A) generated
by Ff.

8.1. Local components of the representation
8.1.1. The archimedean component
Let
Neoi={n(@) |z €RY,  Aw = {a, | y€RY}

for n(z) and a, as defined in Section 4.1. Let 65 : Ao — C* be a quasi-
character given by ds(y) = y° for a parameter s € C. We can trivially extend
ds to the parabolic subgroup P,, with Langlands decomposition Py, = Noo Ao Moo
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for M, = {(1 m 1)‘m € ’H(R)}. We define the normalized parabolic induction
induced from &5 by Ig;c (0s). Proposition 5.5 of [21] for N = 4 gives us

Proposition 8.1. The archimedean component of wg is isomorphic to Igj (5\/5“)
as admissible G, module, and irreducible. If r is real, namely, f satisfies the Selberg
conjecture on the minimal eigenvalue of the hyperbolic Laplacian, wr is tempered at
the archimedean place.

Using Theorem 3.1 of [24] and Proposition 6.1, we see that 7p is irreducible.
Since F is a cusp form, we can conclude that 7w is an irreducible, cuspidal repre-
sentation of G(A). Hence, we can decompose 7p = ®/,m,, where , is an irreducible,
admissible representation of G(Q,). We have obtained the description of 7w, above.
Next we will describe 7, for finite primes p.

8.1.2. Non-archimedean component: pt N case

Let p be a prime with p{ N. Let x1, X2, X3 be unramified characters of Q, - We get
a character x of the split torus of G(Q,) via

diag(as,ag,as,a3 " a3" a7t) — x1(a1)xz(az)xa(as).
Extend this to a character of the minimal parabolic subgroup of G(Q,) by setting it
to be trivial on the unipotent radical. By unramified principal series representation
of G(Q,) we mean the normalized parabolic induction I(x) of G(Q,) induced from
X, the character of the minimal parabolic subgroup.
The argument of the proof of [21, Theorem 5.6] works also for our setting. From
Theorem 6.2 we thus deduce the following:

Proposition 8.2. For primes pt N, the local component m, of mp is the spherical
constituent of the unramified principal series representation I(x) of G(Q,) where
the character x corresponds to the three unramified characters x1,x2, X3 given by

Ap /A2 —4

x1(wp) = - 9 s X2(@p) = p, x3(wp) = 1.

Here, w, is an uniformizer in Q,. Hence, m, is non-tempered for every p{ N.

8.1.3. Non-archimedean component: p|N case

Let p be a prime with p|N. For an unramified character x of Q,, we get a character
of the torus of G(Q,) via

diag(y, 1,1, 1, Ly ™) = x(y)-
We can extend this to a character of the maximal parabolic subgroup P by setting
it to be trivial on the unipotent radical. The modulus character is given by

dp(ayn(x)) = ly|*.
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Define the normalized unramified principal series I(x) consisting of all smooth func-
tions f : G(Qp) — C satisfying
flayn(z)g) = lyPx(y)f(g) forally € Q) x € Q,,g € G(Qp).

If f1 is an unramified vector in I(x), then the Hecke operator Cfl) acts on f; by a
constant. To obtain the constant, using Lemma 6.3, we see that

(C%l)fl)(l) = /g(@p) charchgl)Kl () f1(z)dx
= > hlapn(@) + Y filn(@) + filay-1)

reXy rxeXy
=p'pPPx(P) f1() + P> = D) AQ) + o~ Pxe ) (1)
= (P*x(p) +p* =1+ p°x(p™ ")) f1(1). (8.1)

Proposition 8.3. Let p|N. The local representation m, is the spherical constituent
of the unramified principal series I(x) with x(wp,) = p. The representation m, is
non-tempered.

Proof. Fy is right invariant under the maximal compact K. Hence, m, is the
spherical constituent of an unramified principal series. Comparing (8.1) with the
Hecke eigenvalue from Theorem 6.5 we get

PP +p°+p—1=p’x(w,) +p° — 1+ p*x (=)

implying

x(wp) =porp .

In view of the conjugation by the Weyl group we can take x so that x(w,) = p.

Let us show that 7, is non-tempered. We remark that [21, Theorem 5.2] is not
applicable to this case since the assumption “m > 2” does not hold. If 7, is tem-
pered the matrix coefficient (m,(g)vo, vo) with a spherical vector vy should belong
to L2T¢(G(Qp) for any € > 0. However, calculate the integral of |(m,(g)vo, vo)|*T
over the open domain of G(Q,) as follows:

| | @™ 1)K,
meZ

This yields a divergent series >, ., p~™*+9|(vg, vo)[*T¢ and hence (m,(g)vo, vo) is
not 2 + e-integrable for any € > 0, as required. O

8.2. Cuspidal representation generated by Fy and its CAP property

Following the description of the local components, we can now state the result for
the explicit determination of the cuspidal representation generated by Ff.

Theorem 8.4. Let f be a newform in S(To(N),r) and let mp be the cuspidal
representation generated by Fy. Then,
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i) mp s irreducible and decomposes into the restricted tensor product mp =
®;SOO7TU of irreducible admissible representations m, of G(Q,).

it) Forv=p < oo, if pt N then m, is the spherical constituent of the unrami-
fied principal series representation of G, with the Satake parameters

Ap+y/Ap—4 ) Ap + /A% —4

di 1,1,p™
1ag 5 Py L Lp D)

iti) Forv =p < oo, ifp| N then m, is the spherical constituent of the parabolic
induction I(x) of G(Q,) defined by

x(p) =p.

iv) For every finite prime p, m, is non-tempered. Suppose that the Selberg con-
jecture holds for f, namely r is a real number for the Laplace eigenvalue
for f. Then wy is tempered.

Proof. This follows from Proposition 8.1, Proposition 8.2 and Proposition 8.3. O

We now review the definition of a CAP representation from [23, Definition 6.6].

Definition 8.5. Let G; and G2 be two reductive algebraic groups over a number
field F' such that Gy, ~ G2, for almost all places v, where G, , = G;(F,) (i =1,2)
is the group of F,-points of G; for the local field F,, at v. Let P, be a parabolic
subgroup of G5 with Levi decomposition P, = M3 Ns. An irreducible cuspidal auto-
morphic representation m = ®! m, of G1(A) is called cuspidal associated to parabolic
(CAP) P, if there exists an irreducible cuspidal automorphic representation o of
Ms such that 7, ~ 7/ for almost all places v, where 7/ = ®/ 7! is an irreducible
g;((ﬁ) (o).

For our case Gi; = G = O(1,5) and G2 = O(3,3). We have Gy, = Gy, for all
p1 N. Let o be a cuspidal representation of GLy generated by a Maass cusp form f
with the trivial central character. Assume that f is a newform. We want to regard
the representation | det |g1/20 x | det |X20 of GLa(A) x GLa(A) (cf.[23, Section 6.2])
as the representation of A* x0(2,2)(A), which is isomorphic to a Levi subgroup of a
maximal parabolic subgroup P(A) of O(3,3)(A). Recall that our previous work [23]
introduced the parabolic induction from the representation | det |g1/ %o x | det \i/ *0
of GLa(A) x GL2(A) to discuss the CAP property of our lifting for the case of
dp = 2 in the setting of GLs over B. In the present setting we consider the parabolic
induction from the aforementioned representation of A* x O(2,2)(A) instead and
can show that mp is a CAP representation attached to this parabolic induction.

To see this we start with recalling the following two isomorphisms (cf. Section
2.3)

GLy x GLy/{(2,2) | # € GL1} ~ GSO(2,2), GO(2,2) = GSO(2,2) x (t).

constituent of Ind
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We now note that the representation |det |g1/20 x | det |X20 of GLa(A) x GLy(A)
can be regarded as the representation of GSO(2, 2)(A) since the central character of
o is trivial. We construct a representation of GO(2,2)(A) by considering its induced
representation from GSO(2,2)(A) to GO(2,2)(A). Furthermore consider the pull-
back of the representation of GO(2,2)(A) to A* x O(2,2)(A) via the surjection

A* x 0(2,2)(A) = GO(2,2)(A). We denote the resulting representation simply by
0(3,3)(A)
P(A)

maximal parabolic subgroup with Levi subgroup isomorphic to GL(1) x O(2,2) and

o and introduce the normalized parabolic induction Ind o, where P is the

the abelian unipotent radical. Then we have the following:

Proposition 8.6. Let mr be as above and recall that we have assumed that the
Maass cusp form f is a newform. The cuspidal representation g is CAP to the

parabolic induction Indggz’)s)m)

Proof. We first review the accidental isomorphism (GLy x GL1)/{(z-14,272) | z €
GL1} ~ GSO(3,3) (see Section 2.3). The restriction of this isomorphism to the
GLy-factor gives rise to the isomorphism of the maximal split tori of the GL4-factor
and SO(3,3) induced by

diag(wy, x2, 23, 24) — diag(x122, T124, T123, Toy, T2X3, T3T4)

for z; € GLy, 1 < i < 4, where note that SO(3,3) = {(g,2) € GSO(3,3) |
det(g)z? = 1} (cf. [5, Section 3]). In [23, Section 6.1 (6.6), Theorem 6.7, for the
GLy-setting, we have diag(a1, as, as,as) with

2 _ _ 2 _ 2 _
Loty 4 iy ety
2 ) 2_p -

Ap — /A2 —4

P
2

ay =p~'/?

as the Satake parameter of the parabolic induction from | det |&1/20 x | det \11%/20 at a
prime p { N. Now note that O(3,3) and SO(3,3) has the same maximal split torus.
In view of the isomorphism of the split tori for PGL4 and O(3, 3) the corresponding
Satake parameter for the O(3,3)-setting is

2 -2
Ap + A2 —4 Ap + A2 —4 X

di 1 -t
lag(p7 ) 2 ) 2 7 7p )7
which is conjugate to the Satake parameter as in Theorem 8.4 under the action of
the Weyl group.

We now prove that the parabolic induction Indggz’S)(A)a has the Satake pa-
rameter above. We note that by the accidental isomorphism (GLg x GLg)/{(2, 2) |

z € GL1} ~ GSO(2,2), the Satake parameter diag(ai, as,as,aq) = diag(ay,as) x
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diag(as, as) is mapped to that of GSO(2,2) given by

2
Ap /A2 —4 Ap /A2 —4

o o @ a »
2 ’ 2

diag(

) = diag(p,p ,D)-

a3’ ay’ az’ ay
In addition, we remark that diag(p, p, p, p) corresponds to the character of the simil-
itude factor of GSO(2,2)(Q,). We thereby see that Indggi’;’ ®)5 has the desired
Satake parameter at p 4 N since the representation o, viewed as that of the Levi
subgroup of O(3,3)(A), has the same Satake parameter.

To conclude the proof, as has been pointed out in [21, Section 5.1], we remark
that it is valid for the non-connected group O(3,3) that conjugacy classes of the
Satake parameters by the Weyl group classify irreducible unramified principal series,
up to isomorphisms. We therefore see that 7y is nearly equivalent to an irreducible

constituent of Indggi’)‘q’)(A)a, as required. O

8.3. Global standard L-function for Fy

We define the standard L-function of the orthogonal group G, following Sugano [38,
Section 7, (7,6)]. The local factors for places p { dp are well known. We find them
in [38, Section 7, (7,6)]. For places p|dp, the case of (ng,d) = (4,2) in [38, Section
7 (7.6)] is valid. We define the standard L-function by the Euler product over all
finite primes. Putting the local datum of Theorem 8.4 (ii) and (iii) together, we
have the following;:

Proposition 8.7. Suppose that a Maass cusp form f is a newform in S(To(N),r)
and recall that o denotes the cuspidal representation of GLo(A) generated by f. Let
IT be the irreducible constituent of Ind?;iéim det |g1/20 x | det |11%/20) with Satake
parameters as in the proof of Proposition 8.6, where Ps o is the parabolic subgroup of
GLy with Levi part GLy x GLo. By L(Fy,std, s) (respectively L(IL, A, s) ) we denote
the standard L-function for the lift Fy (respectively exterior square L-function of
I1). We have

L(Fy,std,s) = LAL A, s) = L(sym?(f),s)¢(s — 1)¢(s)¢(s + 1),

where the Riemann zeta function ((s) is defined by the Euler product over all finite
primes.

Proof. We explain only how to get the equality for the local factors for p|N since
the local factors at p t N are calculated in a formal manner by using the explicit
formula for the Satake parameters of Fy and II, where see the proof of Proposition
8.6 for the Satake parameter of II.

According to [38, Section 7 (7.6)] the local factors of L(FY,std,s) are written as

L=x@p™) A —x) P ) -p) AT
Now note that, for p|N, the local component of the cuspidal representation gener-
ated by f is a (twisted) Steinberg representation. From [6, p485] we then know that
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the local symmetric square L-function L,(sym?(f),s) is (1 — p~T)=1 for p|N.
We thereby obtain the local factors of L(Fy,std,s) at p|N.

We are left with the proof of L(F,std, s) = L(IL, A, s) at p|N. We use the recent
result by Y. Jo [17, Theorem 5.7] to see that the local factor of L(IL, A, s) at p|N
admits a decomposition into the product

Ly(o,N\,s+1)Ly(o,A,s —1)Ly(0 X 0,5)

of the local exterior square L-function and the local Rankin-Selberg L-function for
0. We can verify that the local exterior L-functions of ¢ at finite primes are nothing
but the local Riemann zeta function (cf. [16, Proposition 4.1]). From [6, (1.4.3)] we
deduce L,(0 X 0,8) = (p(s)(p(s+1). As a result we obtain the desired coincidence
L(Fy,std,s) = L(IL, A, s). O

Remark 8.8. The above coincidence of the two L-functions is expected in the
framework of the Langlands L-functions (for instance see [5, Section 4]). We remark
that our example is given for non-generic representations while the case of generic
representations is known to be proved by Shahidi’s theory [35, Theorem 3.5] (see
[5, Lemma 4.1]).
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