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Abstract

We explicitly construct non-holomorphic cusp forms on the orthogonal group of signature
(1,8n + 1) for an arbitrary natural number n as liftings from Maass cusp forms of level one.
In our previous works [31] and [24] the fundamental tool to show the automorphy of the
lifting was the converse theorem by Maass. In this paper, we use the Fourier expansion of
the theta lifts by Borcherds [4] instead.

We also study cuspidal representations generated by such cusp forms and show that they
are irreducible and that all of their non-archimedean local components are non-tempered
while the archimedean component is tempered, if the Maass cusp forms are Hecke eigen-
forms. Our non-archimedean local theory relates Sugano’s local theory [39] to non-tempered
automorphic forms or representations of a general orthogonal group in a transparent manner.

1 Introduction

A unique feature of automorphic forms or representations of reductive groups of higher rank (or
of larger matrix size) is the existence of non-tempered cusp forms or cuspidal representations,
namely cuspidal representations which have a non-tempered local component. Due to such exis-
tence the Ramanujan conjecture for GL(2) can not be generalized to a general reductive group
in a straightforward manner. In fact, according to the generalized Ramanujan conjecture for
quasi-split reductive groups, such generalization would be possible if we impose the “genericity”
on cuspidal representations, namely they are assumed to admit Whittaker models. It seems
that the existence of non-tempered cuspidal representations has often been an obstruction to
establish a general result of automorphic representations. Hence it is of fundamental importance
to study non-tempered cusp forms or cuspidal representations in detail.

A well-known expected method for the construction of non-tempered cusp forms or repre-
sentations is a lifting from a smaller group, e.g. a lifting from GL(2). As related works in the
case of holomorphic automorphic forms, we cite Kurokawa [20], Oda [28], Rallis-Schiffmann [35],
Sugano [39], Ikeda [13], [14], Yamana [40] and Kim-Yamauchi [16] et al. We are interested in
such liftings for the case of non-holomorphic real analytic automorphic forms, motivated by
non-holomorphic construction of non-tempered cusp forms. We already have [31] and [24] for
the groups of low rank or of small matrix size but there seems no other trial on such construc-
tion. In this paper, for a general n, we provide an explicit lifting construction of non-tempered
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cusp forms or cuspidal representations on the orthogonal group O(1,8n + 1) over Q with non-
holomorphic real analytic automorphic forms viewed as Maass cusp forms on real hyperbolic
spaces of dimension 8n + 1.
Let (Z%",S) be an even unimodular lattice defined by a positive definite matrix S of degree
8n. We realize the orthogonal group O(1,8n + 1) by the non-degenerate symmetric matrix @ =
1
-5 . Let f be a Maass cusp form of level one with Fourier coefficients {c(n) : n € Z}.
1
We introduce a function Fy on the real Lie group O(1,8n + 1)(R) or the real hyperbolic space
of dimension 8n + 1 by a Fourier expansion whose Fourier coefficients are explicitly written in
terms of those of f as follows : for A € Z®" set

2
AN =g ) e <—2|25> a2, (1.1)

d|dy

where d denotes the greatest common divisor of the non-zero entries of A and |A|g = \/gs(\)
with gg the quadratic form associated to S. Let I's be an arithmetic subgroup of O(1,8n+1)(R)
defined by the maximal lattice (Z%"+2, Q).

Theorem 1.1 (Theorem 3.1) The function F is a cusp form on O(1,8n+1)(R) with respect
to I's. If f is non-zero, so is F.

In our previous works ([31] and [24]), we used the converse theorem due to Maass ([22]) to
obtain automorphy of the lift. A basic limitation of the Maass converse theorem is that it
provides automorphy only with respect to a discrete subgroup generated by translations and
one inversion. For the case of n > 1, it seems difficult to determine the generators of I'g. Hence,
the Maass converse theorem method, though applicable, does not give automorphy with respect
to all of I'g.

To avoid this difficulty we apply a theta lift from the Maass form f, which yields an au-
tomorphic form ®(v, f) (for the notation see 3.2) on O(1,8n + 1)(R) with respect to I's. We
get the automorphy of F'y by explicitly computing the Fourier coefficients of ®(v, f) using the
calculation of Borcherds [4, Theorem 7.1], and showing that they are exactly the same as A(\)
defined above, i.e., F; is equal to the theta lift. We remark that the Schwartz function on
R8"+2 used in this theta kernel is the product of a degree 4n non-harmonic polynomial and the
Gaussian. In the notion of [18], this Schwartz function lies in the “polynomial Fock space”.

We next show that Fy is a non-tempered cusp form, or F'y generates a cuspidal representation
of O(1,8n + 1)(A) which has a non-tempered local component. For this, it is useful to obtain
an adelic reformulation of the lift Fy as a function on O(1,8n + 1)(A). Our result is stated as
follows:

Theorem 1.2 (Theorem 5.6) Let 7p, be the cuspidal representation generated by Fy and sup-
pose that f is a Hecke eigenform with the Hecke eigenvalue A\, for each finite prime p.
(1) The representation wp, is irreducible and thus has the decomposition into the restricted ten-

sor product @, T, of irreducible admissible representations m, of O(1,8n + 1)(Qy).
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(2) For v =p < oo, m, is the spherical constituent of the unramified principal series representa-

tion of O(1,8n + 1)(Qp) with the Satake parameter
/N2 _
: . Ap /A —4

2
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(8) For every finite prime p < oo, m, is non-tempered while T~ is tempered.

For the first assertion of this theorem we remark that, if f is a Hecke eigenform, so is
Fy (cf. Theorem 4.11). By [26, Theorem 3.1] we then see that Fy generates an irreducible
cuspidal representation of O(1,8n + 1)(A) after showing the irreducibility of the archimedean
representation which Fy generates. As a consequence of this theorem we have a formula for
the standard L-function of 7p, or Fy in terms of the symmetric square L-function of f and the
shifted Riemann zeta functions (cf. Corollary 5.7).

What is crucial to obtain the results above is Sugano’s non-archimedean local theory of the

“Whittaker functions” on orthogonal groups (cf. [39, Section 7]), which is now known as “special
Bessel models” (cf. [27], [8]). We verify that Sugano’s local theory is applicable to the Fourier
coefficients of the adelic cusp form for Fy. We furthermore verify that they also satisfy the local
Maass relation (cf. (4.1), (4.2)), which leads to a nice reduction of the calculation of the Hecke
eigenvalues of Fy. Indeed, we see in a general setting that the space of the non-archimedean
local Whittaker functions satisfying the local Maass relation admits a simple Hecke module
structure (cf. Proposition 4.6). As an application of this we obtain a simple explicit formula for
the Hecke eigenvalues of Fy (cf. Theorem 4.11 (2)), from which we deduce Theorem 1.2 (2) (or
Theorem 5.6, 2). We now remark that, once our lifting is proved to be a theta correspondence
for a symplectic-orthogonal dual pair, its non-archimedean local aspect is explained in terms of
known general results, e.g. [32] and [19, Proposition 7.1.1]. However, we remark that Sugano’s
local theory does not use the theta correspondences. Based on such non-archimedean local
theory, we can provide a general class of non-tempered automorphic forms or automorphic
representations on orthogonal groups of non-compact type. The result is stated as Theorem 5.2,
which can be reformulated in the modern language as follows.
Theorem 1.3 (Theorem 5.2) Let m:= &) m, be an irreducible automorphic representation
of an (adelized) orthogonal group of non-compact type over a general number field generated by
an automorphic form ®. The local component m, of ™ is non-tempered for a non-archimedean
place v if m, admits a “special Bessel model with the local Maass relation”, by which we mean in
the setting of automorphic forms that there is a Fourier coefficient of ® belonging to the space
of the local Whittaker functions satisfying the Maass relation at v.

We can show that 7, is an irreducible unramified representation with the Satake parameter like
Theorem 1.2 (2) and the result above follows from this. The general class mentioned above
includes our lifts and Oda-Rallis-Schiffmann lifts [28], [35] but can be formulated without using
the theta correspondence. We further remark that our simple formula for the Hecke module
structure mentioned above (cf. Proposition 4.6) make it transparent how to prove the non-
temperedness properties for such a class.

We discuss our results in terms of further problems. Sugano’s local theory just mentioned
is useful even if we replace an even umimodular lattice by a general maximal lattice. One
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remaining problem is to find an appropriate definition of the Fourier coefficients in such a general
setting. The results could be generalized further if we discover a general definition of the Fourier
coefficients which matches the general local theory by Sugano. The method by the result [4,
Theorem 7.1] of Borcherds would be a useful tool to find such an appropriate definition. As we
have mentioned above, we know the close connection of our lift with the theta lift. Our results
would be understood totally in a representation theoretic manner, e.g. some detailed study
on the Weil representation (Howe correspondence or the theta correspondence). In fact, the
cuspidal representation that F; generates admits a special Bessel model at every place and this
fact is compatible with the characterization of the theta lifts by Piatetskii-Shapiro and Soudry
[30] in terms of the special Bessel model. This condition at non-archimedean places is what
we have remarked above and the condition at the archimedean place is verified by noting that
the stabilizer group of a non-zero A € Z8" is included in O(8n)(R) = O(S)(R) , which is inside
the centralizer of the torus part of the Iwasawa decomposition for O(1,8n + 1)(R) (cf. Section
2.1). In addition, we recall that the lifts in [24] correspond to some residual automorphic forms
on GL(4) via the Jacquet-Langlands correspondence. Then a natural question is “what are
the automorphic forms or reprsentations (maybe non-cuspidal) on the split orthogonal group
corresponding to our lifts via the Jacquet-Langlands correspondence?”. Now it seems that
this problem has been becoming more accessible than before due to the recent advancement
of the Arthur trace formula (see [2] and [3]). On the other hand, it should be remarked that
our construction of non-tempered cuspidal representations does not yet seem to be covered by
Arthur’s classification. In fact, the classification recorded in the well known book [2] is quite
incomplete for non-tempered forms on non-quasisplit orthogonal groups (cf. [2, Theorem 9.5.3]
and the remark just after it).

Finally we remark that we provide the explicit construction of F; so that it is accessible to the
people without knowledge of the representation theory, e.g. those who study automorphic forms
in the classical setting. In fact, though there is a well-known approach to show the non-vanishing
of theta lifts by Rallis inner product formula (cf. [33], [9]), the non-vanishing of our lift Fy is
proved by the representability of every positive integer in the even unimodular lattice Eg and
some elementary argument of the L-function of f, the latter of which is also used in [24, Section
4]. We hope that such accessibility leads to a broader development of studies on automorphic
forms, and that our paper serves as an interpretation of works of automorphic representations
in terms of the classical setting of automorphic forms. We remark that, in general, it is never
an easy problem to construct explicitly cusp forms belonging to an abstractly given cuspidal
representation, especially for the case of non-holomorphic cusp forms or cuspidal represetations
whose archimedean components are not holomorphic discrete series representations. We have
explicitly constructed cusp forms generating (tempered) unitary spherical principal series rep-
resentations at the archimedean place, whose unitarity follows from the Selberg conjecture for
Maass cusp forms of level one.

Let us explain the outline of the paper. In Section 2 we introduce basic notations of algebraic
groups and Lie algebras, and automorphic forms necessary for later argument. In Section 3 we
introduce an automorphic form Fy by a lifting from a Maass cusp form f of level one. We first
define it as an automorphic form on O(1,8n+1)(R). We prove that Fy (on O(1,8n+1)(R)) is a
theta lift from f, which implies the left I's-invariance of F'y. We next adelize F'y. We then verify
that F' is a cusp form and show the non-vanishing of F;. In Section 4 we develop the Hecke
theory for Iy and derive the simple expression for Hecke eigenvalues of F, and in Section 5 we
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study the cuspidal representation mp, generated by Fy in detail. We determine all of its local
component explicitly. That enables us to discuss its non-temperedness at finite places and have
the explicit formula for the standard L-function of Fy or mp,. As we have remarked, we need
Sugano’s local theory [39, Section 7] to study the cuspidal representations and the standard
L-functions for our lifts. In the appendix we have similar results on cuspidal representations
and the standard L-functions for the lifting by Oda [28] and Rallis-Schiffmann [35], to which
Sugano’s local theory was originally applied. As is expected, such cuspidal representations are
proved to be non-tempered at finite places.

2 Basic notations

2.1 Algebraic groups

For N € N, let S € My(Q) be a positive definite symmetric matrix and put @ := -5

We then define a Q-algebraic group G by the group

G(Q) :={g € Mn42(Q) | '9Qg = Q}

of Q-rational points. We introduce another Q-algebraic group H by the group

H(Q) :={h € MN(Q) | 'hSh = S}
of Q-rational points. Let gg, resp. qg, denote the quadratic form on QN resp. QN2 associated
to S, resp. Q, i.e.

1 1

qs(v) = 5%5’1}, qo(w) = ithw
for v € QN and w € QV*2. Then H, resp. G, is the orthogonal group associated to this quadratic
form. For every place v < co of Q we put G, := G(Q,) and H, := H(Qy).

In addition, we introduce the standard proper Q-parabolic subgroup P with the Levi de-
composition P = N'L, where the Q-subgroups N and £ are defined by

1 xS %%Sm
N(@Q) =< n(z) = 1y T zeQN
1
o
L(Q) := b a€Q*, §e€H(Q)
a1

Let J = Z? be the hyperbolic plane, L be a maximal lattice with respect to S, and put

T
Ly := y|l eQV*2| 2,2€2, yely=LaJ,
z

which is a maximal lattice with respect to (). Here see [38, Chapter II, Section 6.1] for the
definition of maximal lattices. Through the bilinear form induced by the quadratic form gg, the
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dual lattice L := Homgz(L,7Z) is identified with a sublattice of Q" containing L, and is maximal
with respect to S if and only if L is even unimodular. For each finite prime p < co we introduce
Loy := Lo ®z Zy and put

Kp:={9 € Gp|gLop = Loy},

which forms a maximal open compact subgroup of GG,. On the other hand, let R := S

and put
Koo :={g € Goo | 'gRg = R},

which is a maximal compact subgroup of Go. Let K; := Hp<oo K, and K = Ky x K.
The groups Ky and K form maximal compact subgroups of G(Ay) and G(A) respectively. We

furthermore put U := Uy X Hoo with Uy =[], Up, where

Up :={h € H(Qp) | hLp = Ly}
with L, := L ®z Z,. We now set

T's = G(Q) N KGo = {7 € G(Q) | 7Lo = Lo} (2.1)

and have the following result.

Lemma 2.1 (1) (Strong approximation theorem for G) The class number of G = O(Q) with
respect to Goo Ky is one. Namely G(A) = G(Q)Goo K
(2) The class number of H = O(S) with respect to U coincides with the number of I"g-cusps.

Proof. For (1) see [38, Lemma 9.23 (i), Theorem 9.26], for which note that the base field is Q
in our case. As for the second assertion we can verify that the number of the cusps coincides
with the class number of the Levi subgroup #, following the proof of [24, Lemma 2.3, 2]. More
specifically, in view of the strong approximation theorem, we have the bijection

P@QN\G(@Q)/T's > P(@nT's = P(Q)1Goc Ky € P(Q\G(A)/Goo Ky,

where v € G(Q). This yields the second assertion. In fact, by virtue of the Iwasawa decomposi-
tion G(A) = P(A)K, we have a bijection P(Q)\G(A)/K ;G ~ H(Q)\H(A)/UUs. "

Remark 2.2 The class number of H is also the number of equivalence classes of quadratic forms
in the same genus as S (called the O-classes in [38, Chapter II, Section 9.27]). Also, there is
only one element in the genus of L when S is unimodular. In that case, we see that a I'g-cusp
corresponds to a decomposition of Lo into the direct sum of a hyperbolic plane and a negative
definite unimodular lattice.

For the subsequent argument we remark that the real Lie group G admits an [wasawa decom-
position
Goo = NovooKOO7
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where

Ny = {n(z) |z e RV}, Ao =1 ay = In yeRY ). (2.2)
-1
)

From the Iwasawa decomposition we can identify the homogeneous space Goo/Ks with the
(N + 1)-dimensional real hyperbolic space Hy := {(z,y) | z € RY, y € Rog} by the natural
map

n(r)ay — (z,y).

The cusp forms we are going to study are regarded as cusp forms on the real hyperbolic space.

2.2 Lie algebras
The Lie algebra g of G is defined as

g={X € My2(R) | 'XQ + QX = Ony2n42},

which coincides with

¢
@ yS 0 acR, z, ye RN

T Yoy Y € o(S) )
0 txS —a

where 0(S) denotes the Lie algebra of H(R).
Let 6 be the Cartan involution of g defined by

05X - —RIXR ey

We put
t={Xeg|dX)=X}, p={Xeg|bX)=—-X}.

Then a Cartan decomposition g = € @ p is obtained. Let a be a maximal abelian subalgebra
given by

t
a:= 0 N,N teR
—t
The algebra g has an Iwasawa decomposition
g=ndadt

where

0 ‘txS 0

n:= On ON,N x QZERN
0 ‘foy ©
1
We next consider the root space decomposition of g with respect to a. Let H := On,N

-1
and « be the linear form of a such that o(H) = 1. Then {£a} is the set of roots for (g,a). Let
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{e; | 1 <i < N} be an orthonormal basis of the Euclidean space R with respect to S. For e;
with 1 <7 < N we put

_ 0 ‘eS 0 A 0 foy 0
E&Z) = ON ON,N €; s E(_ZL = €; ON,N ON
0 'y 0 0 te;S 0

The set {E&z) |1 <i< N} (respectively {E(_ZZY | 1 <i < N}) forms a basis of n (respectively a

0 *ox O
basis of n := {(Sx On 0N> x € ]RN}). Let 3q4(¢) :== {X € ¢ | [X,A] = 0 VA € a}, which
0 tz 0

coincides with

0 Oy O
On Y On Y € s0(95)
0 Oy O

Then 34(¢) @ a is the eigen-space with the eigenvalue zero. We then see from the root space
decomposition of g with respect to a that g decomposes into

0= (3.(6) ®a) Dndn.

We now introduce the differential operator €2 defined by the infinitesimal action of

1 1 1L o
Q= —H> "H+ N EW", 2.
A 3 23)

This differential operator €2 coincides with the infinitesimal action of the Casimir element of g
(see [17, p.293]) on the space of right K-invariant smooth functions of G'. To check this we
note [Eg) , E(_Zzl] — H and EY) — ES% € tfor 1 <i < N. In what follows, we call © the Casimir
operator.

2.3 Automorphic forms

For A € C and a congruence subgroup I' C SLy(R) we denote by S(I', \) the space of Maass
cusp forms of weight 0 on the complex upper half plane b := {u + /—1v € C | v > 0} whose
eigenvalue with respect to the hyperbolic Laplacian is — .

We continue with the same notations from the previous two sections. For r € C we denote
by M(T'g,r) the space of smooth functions F' on G, satisfying the following conditions:

1 N2
1. Q- F=_—"— <r2 — 4) F', where  is the Casimir operator defined at (2.3),

2. for any (v,g,k) € I's X Goo X K&, we have F(vgk) = F(g),
3. F is of moderate growth.

As usual we can say that F' € M(T'g,r) is a cusp form if it vanishes at all the cusps of I'g. We
will explain this in Section 3.3 with the help of the adelic language. Though we assume there
that L is even unimodular, the explanation works for any maximal lattice L.
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Let K,, with @ € C, denote the modified Bessel function (see [1, Section 4.12]), which
satisfies the differential equation

Zd’K,  dK,
dy? 4 dy

With K, we can describe the Fourier expansion of F as follows:

— (1 +aHK, =0.

Proposition 2.3 Let L be the dual lattice of L. An automorphic form F € M(Tg,r) admits
a Fourier expansion

F(n(x)ay) = Y Wilay) exp(2mv/=1("ASz)).

AeLt
Here
CayM2 K, (4my\/asON)) - (A # Ow),
Wi(ay) = § c1yN/2=7 4 coyN/2Hr (A=0n, r#0),

ClyN/2 + CZQN/2 log(y) (A=0n, r=0),
where Cy, c1 and co are constants.
.. 1, N2 : ..
Proof. The condition Q - F = ﬁ(r - T)F implies that W) satisfies the same condition.
We note that W) is determined by its restriction to A. For simplicity of the notation we put
A N—1
Wi(y) == Wi(ay) and Wy(y) ==y~ 2 Wi(y).
We then verify that W) (y) satisfies the differential equation

2

9% r2— 1\ .
Wi(y) — ((8772)2%()\) 7 4) Wi(y) = 0.

ay?

When A = Oy it is easy to show that we have

Waly) = iy 4 eyN2TT (A =0n, T #£0),
A clyN/2+02yN/210g(y) (A=0n, 7=0).

Now assume A # Oy. Putting Y := 8my+/gs()), the differential equation above is rewritten as

0 1 - Y
=t (——+ )W —F———] =0.
(8Y2 ( 4 Y2 )) A 87‘(@
This is precisely the differential equation for the Whittaker function (see [1, Section 4.3]). With
the Whittaker function Wy, parametrized by (0,r) we thereby have the moderate growth solu-

tion
Wi(y) = CAWo,r (87Ty\/m>

with a constant C depending only on A. We now note the relation (see [29, Section 13, 13.18

(iii)])
2y
Wor(2y) =/ K (y)-
This means that I’ has the Fourier expansion as in the statement of the proposition. [
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3 An explicit lifting construction

Let us now assume that L is an even unimodular lattice. We can identify L with the quadratic
module (Z",qs), where S is a positive definite symmetric matrix satisfying S~'Z~ = Z" and
N = 8n for some n € N. Then the dual lattice Lf = S~1Z" is the same as L.

Let h denote the complex upper half plane and let

7,.2
f(r) = Zc(n)WO’@(Zlﬂn]v) exp(2myv/—1nu) € S (SLQ(Z); - I 1)
n#0

be a Maass cusp form on b, where note that the Selberg conjecture means that r is a real number.
For A € R™ we put |\|s := /gs(A). To consider the lifting for an even unimodular lattice L, we
define the Fourier coefficient A(\) for a non-zero A € Lf = L as in (1.1) by

AEN ane
AN = [As ) e <—d|23> a2,

dldy

where dy denotes the greatest common divisor of the non-zero entries of A. The lifting from f
to Iy on G is defined by

Fy(n(x)ay) = > ANy K . (47| A sy) exp(2myv/ =1 AS).
AeL#\{0}

The aim of this section is to prove the following result:

Theorem 3.1 The automorphic form Fy is a cusp form in M(I's,/—1r). Furthermore, if f
s non-zero, so is Fy.

As mentioned in the introduction, we obtain the I's-invariance of Fy by recognizing it as a
theta lift from modular forms on h. For this, we need to calculate the Fourier expansion of the
theta lift explicitly using [4, Theorem 7.1] and check that it agrees with the Fourier expansion
of Fy. Recognizing I’y as a theta lift does not give us cuspidality or non-vanishing directly. The
former follows from reinterpreting Fy in the adelic setting, whereas the latter is a consequence
of representability of integers by the Ejg lattice and properties of the L-function of f.

3.1 Real hyperbolic space as a Grassmanian manifold

For this section, we let (]RN ,qs) be any positive definite, real quadratic space, where ¢g denotes
a quadratic form defined by an arbitrary positive symmetric matrix S. To use the result of
Borcherds mentioned above we need an identification of the real hyperbolic space Hy with one
of two connected components of the Grassmanian D of positive oriented lines in the quadratic
space Vy = (RN*2 ¢q), where qg(a,x,b) := ab — qs(z). Let Bg denote the bilinear form
associated with gg. For every (z,y) € Hy, we have a vector

v(z,y) = \g%y +ygs(@) —y ey ) € Vy (3.1)

10
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satisfying Bg(v(z,y), v(x,y)) = 1. It generates the positive, oriented line R-v(x,y), which is an
element in D. In fact, we see that DV := {R-v(z,y) | (x,y) € Hy} is one of the two connected
components of D.

We now note that the quadratic space Vy is isometric to RUN*1 where RPY denotes the
real vector space RPTY with the quadratic form

p

q

Q (w w PR x ) — 1 a:‘Q _ xz .

g\ L1y L2, ybpt+q) - — 2 i pt+j
i=1 j=1

We slightly abuse the notation by using v to represent the line generated by v(z,y). Every line
v € DT induces an isometry

WiV = R-v@® (vt gs),.) ~ RENT!
A (5 (A) 1, (V),

e 24

where
ir () := Bo\ )y, 1, (A) == A —of(\) e vt

are the components of A. Note that «f,(v- ) =~ 4,f()) for any v € G(R) and X € V.

3.2 Theta lift from f and its coincidence with F}

We now resume the assumption that L is even unimodular, thus N = 8n for some n € N. We
denote it also by (L, gs) and its direct sum with a hyperbolic plane by (Lo, gg) as in section 2.1.
Since L is even unimodular, so is Ly. Let D' be the a connected component of the Grassmannian
associated to Vy = Ly ®z R.

To introduce the theta lift of a Maass cusp form f of level one, let P,(z) := 2727324 be
a polynomial on R. The operator exp(—92/(87v)) acts on P, and produces a polynomial Py, ,
on R, which is closely related to the physicists’ Hermite polynomial by a change of variable.
Furthermore, we can consider P, , as a polynomial on RIS+ after precomposing it with the
surjection RM8"T1 — R that sends (1, ..., Tgn+2) to x1. Now, we define the theta series ©r, on
h x DT by the following absolutely convergent sum

Or,(1,v) = Z Prwv(Bo(tu(N),v)) exp(2mv/—1(qg (1 (\))T + g0 (¢, (A)F)).
AeLg

Comparing to [4, Section 4], it is easy to see that this is the theta kernel used by Borcherds
with a homogeneous polynomial of degrees (4n,0). By its definition and the Poisson summation
formula, we know that v***t1/2@ (7, v) is a modular function in 7 € h with respect to SLy(Z)
for any v € DT (see e.g. [4, Theorem 4.1]). Then the theta lift @1, (v, f) of the Maass cusp form
f is defined as
e — 1
O (v, f) = / f(1)Or, (1, v)v" 2 du(r),
SL2(Z)\b

where du(7) := v~2dudv. Since f is a cusp form, the integral above converges absolutely. On
the other hand, since

Bo(tyn(A), 7 - v) = Bo(ih,(A), 7 v) = Bo(uf (v A),v) = Bo(u (v '), v)

11
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for any A € Vg, and v € G(R), we have O (7,7 -v) = Or,(7,v) for any v € I's and 7 € h. The
integral ®r, (v, f) is also left I'g-invariant.

If we choose another unimodular lattice (L', gs/) with the same rank as (L, ¢g), then Ly :=
L’ @ J is isomorphic to Ly by the classification of indefinite unimodular lattices [37, Chapitre
V, Section 2.2, Theorem 6]. Different choices of such decomposition correspond to different cusps
of the hyperbolic space Hy (cf. Remark 2.2), each of which gives the coordinates to express the
Fourier expansion. To do this, we follow [4, Theorem 7.1] and choose the isotropic vectors

1:=%1,0,0), [:=%0,0,1)

in Lg. We then have

1
= () = — =1-1,, Bg(ly,l,) =—B =52
ly by (l) \/iyl/a L1 [ =1y, Q(l N ) Q(lyi-aluJ-) 2y27
. 1 1 y
p=—l+ L, + Lo =—1+4%2l, -1,

2Bqg(ly, 1) v 2Bq(l,1,1,1) v

and
Po(Bo(w(XN),v)) = 2_2”_3BQ()\, 1/)4” = 2_3y4”BQ()\, l,,)4”

We furthermore note that the orthogonal complement of [,1 in v+ is L ® R, which means
Bo(\ 1) = 2y*Bo(\ 1) = V2yBo(\,v) = 'ASx

for any A € L ® R C Vg,,. With the input datum above, we can apply [4, Theorem 7.1] to write

out the Fourier expansion of ®(v, f). In the notation loc. cit., we have M = Ly = Lg M,
K =I!=L=K, A+ =0, A\y— =\,

/7 /7 24 /8, (hT,h™) = (4n,0),
2yt = l/7 ‘Zv+’ QQQ y Pw,ht h— / ( ) ( )
0, otherwise.

Here pyano is nothing but 4"P, and can be viewed as a polynomial on RS+ There-
fore, the term involving @k (w,py nn, Fix) vanishes identically and (=A)D,, p+ 5~ is identi-
cally zero for j > 1. Since L is unimodular, the term ¢ /s 501 €(1(9, 2')) in the third
line of Borcherds’ Theorem 7.1 becomes the factor 1. Furthermore, the coefficient cs2/5(y)
is c(—qs()\))WO’MT/Q(47Tq5()\)v)v4"+1/2, which is the Fourier coefficient of v*"+1/2f (). The

extra term of v*"*1/2 comes from the way Borcherds normalized his input (which has an extra

factor of v t°"/2). With these in hand and that ¢(0) = 0, Theorem 7.1 of [4] simplifies to

y4n+1
O, (v(w,y), f) = L)

Z c(—|\%) Z mI" exp(2mv/—1mt\Sz)

AeLA\ {0} m>1
/0 Wo,ﬁr/2<47f\)\%0)€_

=y Z —|)\|S Z m*" L exp(2mv/— mt)\Saz)])\|5KrT(47rm|)\|sy)
AeLi\{0} m>1

rm2y2

—27rv\)\|%v—2dv

12
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=y Y AWK =, (4r|Asy) exp(2mV/ =1 A7),
XeLA\{0}

where A(\) is defined in (1.1). Here, for the second equation, we have made the change of
variable v — 1/v and used the following integral identity

/0 " exp(—pt — a/@6) Wy, jola/t)dt = 2/alpK 3, (2/3D)

(cf. [7, 4.22 (22)]) with a = 47|A|% and p = mm?y?. We now immediately see that Fy coincides
with @1, (v, f), which is left I"g-invariant.

3.3 Adelic formulation of the lifting and the proof of Theorem 3.1

We reformulate the lifting F'y in the adelic setting to complete the proof of Theorem 3.1.

For this purpose we introduce the special orthogonal group SO(S) := HNSLy over Q, where
S Ly denotes the Q-algebraic group defined by the special linear group of degree N. It is easy
to verify that the cosets H(Q)\H(A)/U;Us have representatives in SO(S)(A), as is explained
soon below.

We shall recall that the cosets SO(S)(Q)\SO(S)(A)/(SO(S)(A) N UsUs) are in bijection
with the equivalence classes of the quadratic forms of the same genus with S (cf. [38, Chapter
I1, Section 9.25]). To describe this bijection we recall that each h € SO(S)(A) has a decomposi-
tion h = au~! with (a,u) € SLx(Q) x (Il)<oo SLN(Zp) x SLn(R)) by the strong approximation
theorem of SLy. Then Sj, := ‘aSa = *uSu is in the same genus with S. The bijection above is
induced by the mapping

h+— Sh.
Furthermore we remark that, if h € H(A) \ SO(S)(A), there exists o9 € H(Q) \ SO(S)(Q) such
that doh € SO(S)(A). We can thus say that h € H(A) has a decomposition h = au~! with
(a,u) € GLN(Q) X ([[)<00 SLN(Zp) X SLN(R)) in general. We put Ly := ([] hpZh xRN )N
QY for h = (hy)v<oo € H(A). Then we have Lj, = aZ™.

We see that H(Q)\H(A)/UsUs can be viewed as a subset of the double coset space SO(S)(Q)
\SO(S)(A)/(SO(S)(A) NUsUs). We let C(S) := {S1, Sa,...,S.} be the classes of the same
genus with S corresponding bijectively to a complete set {h; € SO(S)(Ay) | 1 < i < ¢} of
representatives for H(Q)\H(A)/U;Ux (called the O-classes in [38, Chapter II, Section 9.27]).

Let f € S(SLa(Z); —(3 + %)) be a Maass cusp form with the Fourier expansion f(z) =
2 n0 c(n)WO,@(4ﬂ|n|y) exp(2my/—1nz). Let A be the standard additive character of A/Q.

We introduce the Fourier series

Fi(n(z)aykg) = Z Fra(n(z)aykg) Y(z,y,k,g) € AN x RY x Koo x G(Ay)  (3.2)
A€QM\{0}

p<oo

with
Fra(n(@)aykg) i= Ax(9)y™ K =1, (47 Al sy) A(ASw),
where A)(g) is defined by the following three conditions:

1 A i
Ay h — ’)"SZdw)\ C(_T;)d4 ? (A € Ly) (3.3)

1 0 (AeQV\ Ly)

13
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B 1
Ay h = ||B||XRAH5H§1,\ h ) (3.4)
gt 1
Ax(n(z)gk) == A('ASz) Ax(9) V(z, g,k) € AY x G(Af) x K. (3.5)

Here
1. (B,h) € A; X H(Ay) and ||§||a denotes the idele norm of 3,

2. dy denotes the greatest common divisor of the non-zero entries in a ™'\ € ZV¥ (= a=1'Ly,).

Let us remark that we are using the same notation Fy for both the adelic lift above and the
non-adelic lift of the previous section. This should not lead to any confusion since it will be
clear from the context which lift we are discussing.

We note that the definition of dy does not depend on the decomposition h = au™!, as we
are going to see in the proof of the following lemma.

Lemma 3.2 The adelic Fourier series defining the adelic Fy is well-defined and is a left P(Q)-
invariant and right K (= KK )-invariant smooth function on G(A).

Proof. We should first note that Ay defines a well-defined function in h € H(Ay) for each fixed
X\ € QN. To see this we have to check that dy does not depend on the decomposition h = au™!. If
we take another decomposition h = a/v/~" with (a/, /) € GLn(Q)x (Ip<oo SLN(Zy) x SLNn(R)),
we have that a~'a’ = u='u’ € SLy(Z) and see that the definition of d) remains the same even
if we replace a by a'.

B
By the definition of Ay << h /31>> in (3.3) and (3.4) we can verify that this is right
(I1 Zy) x Up(= L(Ay) N Ky)-invariant as a function of (3,h) € A} x H(Af)(= L(Ay)) and

p<oo “p
oy

that a2 Ay << Oph . >> = Ay 51 (( Y 1)) for (o, ) € Q xH(Q), where (ay,dy) denotes

[0

f
the finite adele part of (o, d) € QF x H(Q). From the latter we deduce that Fy is left P(Q)-
invariant and that, as a result of (3.5), Ay is well-defined on G(Ay) and right K ¢-invariant. To
finish the proof we note that the archimedean part y4nKﬁT (47| A sy) exp(2my/—1(*ASx)) with
(y,x) € RY xRY is a smooth right K-invariant function on Go, and is a rapidly decreasing with
respect to y. From this and the K-invariance above we deduce the convergence and smoothness
of the Fourier series as a function on G(A). As a result we have seen that Fy satisfies the desired
property in the assertion, and we are thus done. [

For r € C we now introduce the space M(G,r) of smooth functions F' on G(A) satisfying
the following conditions:

1 N2
1. Q- F (T2—

=N 4) F', where € is the Casimir operator defined at (2.3),

2. for any (v, 9,k) € G(Q) x G(A) x K, we have F(vgk) = F(g),

3. F is of moderate growth.

14



Non-tempered cusp forms on O(1,8n + 1)

We further remark that F' € M(G,r) has the Fourier expansion

F(g) = F\(g), F = F(n(z)g)A(=‘A\Sx)dz,
0= ¥ PO B [y g FIDA 252

where dz is the invariant measure normalized so that the volume of AY /QV is one. We call F
a cusp form if Fy = 0 in the Fourier expansion.

Now let us explain that this cuspidality condition of FF € M(G,r) implies the vanishing
of the constant term of the non-adelic Fourier expansion of F at every I'g-cusp. Let ¢ €
G(Q) be a representative of a I'g-cusp and decompose c into cycoe with ¢ € G(Ay) and ¢ €
G. Furthermore let ¢ correspond to a representative h of H(Q)\H(A)/U;Uy via the bijection
in Lemma 2.1. From Proposition 2.3 we then see that the non-adelic Fourier expansion of

F(n(zoo)ay., (1 h 1)) for (Zoo,Yoo) € RY x R is expressed as

D> Ca(h)Wa(ay.,) exp(2mV—1(*ASz))

AELp\{0}

with Fourier coefficients Cy(h). Here note that the above F' translated by (1 h 1) is right

1 1 -1 . D . .
( h 1) Ky ( h 1) -invariant, which implies that the summation of the expansion runs over

Ly \ {0} with the even unimodular lattice L. On the other hand, we have that F(geo (1 h )) =

F(cpgh,) = F(cxlgl,) with a suitable change of variables goo — gh in Goo. The Fourier
expansion of F(c~!g’ ) is nothing but the non-adelic expansion at a I's-cusp ¢~'. We therefore
see the vanishing of F' at every I's-cusp in the sense of the non-adelic Fourier expansion (for

this see Remark 2.2).

2

Theorem 3.3 Given a Maass cusp form f € S(SLy(Z); —(5 + %)) we define Fy as in (3.2).
Then Fy is a cusp form in M(G,v/—1r).

Proof. By the strong approximation theorem for G (cf. Lemma 2.1 (1)) we have an isomorphism
M(G(Q),vV—1r) ~ M(Tg,/—1r) given by F +— F|g(r). The right K-invariance for the adelized
Fy follows immediately from Lemma 3.2. We have proved the left I's-invariance of Ff|g)
since it coincides with the non-adelic lift. By the standard argument in terms of the strong
approximation theorem we can deduce that Fy is a left G(Q)-invariant function. To see that
F; is of moderate growth, note that this is determined by its restriction to G(R). In fact,
Fylg(r) is given by the Fourier series with rapidly decreasing terms and its Fourier coefficients
A(X) satisfy |A(N)] = O(|A§) with some & > 0, which follows from the growth property of
the Fourier coefficients c(n) of f. From this we verify that Ff|gr) is at most of polynomial
order by estimating the Fourier series of Fy. The action of the Casimir {2 follows from the
Fourier expansion of Fy. Hence, we get Fy € M(G,+/—1r). From the Fourier series of Fy it is
straightforward to see that F; is cuspidal. [

We are left with discussing the non-vanishing of Fy. To this end we need the following
lemma, which is similar to [24, Lemma 4.5].

15
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2

Lemma 3.4 Let f € S(SLy(Z);—(3 + 7)) \ {0} with Fourier coefficients c¢(m). Then, there
exist M > 0, M € 7Z, such that c¢(—M) # 0.

Proof. Assume that ¢(m) = 0 for all m < 0. Set fi(z) = (f(2) + f(—%))/2 and fa(z) =
(f(2) = f(=2))/2. Then, fi, f2 are elements of S(SLy(Z); —(1 + %)) In addition, f; is an even
Maass form and f is an odd Maass form, with the property that they have the exact same Fourier
coefficients corresponding to positive indices. This implies that the L-functions for f; and fo
satisfy L(s, f1) = L(s, f2). On the other hand, L(s, f1) and L(s, f2) satisfy functional equations
with the gamma factors shifted by 1. If L(s, f1) # 0, we obtain an identity of gamma factors,
which can be checked to be impossible. This gives us that f has to be zero, a contradiction. m

By Lemma 3.4, there is the smallest positive integer My such that ¢(—Mp) # 0. For n € N; let
Eg be the direct sum of n copies of the Eg lattice. Then there exists A\g € E§ with norm M.
This follows from the case n = 1, which holds since the theta function associated to Eyg is the
Eisenstein series of weight 4 on SL2(Z). From the Fourier expansion near the cusp determined
by Lo =2 J ® Eg (cf. Remark 2.2), we see that Ay, # 0. Thus Fy # 0 for a non-zero f, which
finishes the proof of Theorem 3.1.

In addition, let us note that Weyl’s law for SLy(Z) by Selberg (cf. [15, Section 11.1]) implies
the existence of non-zero Maass cusp forms for SLy(Z). As a result the argument so far implies
the following:

Proposition 3.5 There ewists non-zero F.

4 Hecke theory for the lifting

We are going to discuss the Hecke theory of our lifting. In fact, we will show that if f is a Hecke
eigenform then so is the lift 'y, and we can compute the Hecke eigenvalues of Iy explicitly in
terms of those of f. The method is to use the non-archimedean local theory by Sugano [39,
Section 7] for the Jacobi form formulation of the Oda-Rallis-Schiffmann lifting [28], [35].

4.1 Sugano’s local theory

In this section we work over a non-archimedean local field F' of characteristic not equal to two.
Let @ be a prime element of F' and let 0 be the ring of integers in F. We put p := wo, which
is nothing but the prime ideal of o, and put ¢ := fo/p, namely the number of the residue field.
Let ng < 4 and let Sy € M,,(F) be an anisotropic even symmetric matrix of degree ng. We

1
introduce the m x m matrix J,, := ( > . We denote by G,, the group of F-valued points of
1

JIm
the orthogonal group of degree 2m + ng defined by the symmetric matrix Q,, := (J So )

In what follows, we suppose that L,, := 021" is a maximal lattice with respect to Q,,. Let
K,, be the maximal open compact subgroup of G,, defined by the maximal lattice (L;,, Qm),
namely

K i={9 € Gm | gLm = L}
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We regard G; with ¢ < m as a subgroup of G,, by embedding G; into the middle (2i 4+ ng) x
(2i 4+ ng) block of G,,. We also regard K; with i < m as a subgroup of K, similarly.

Hereafter we normalize the invariant measure of G,,, so that the volume of Kj; is one for each
i < m, which is justified in view of the existence of the quotient measure for G;1/G;.

By H.,,, we denote the Hecke algebra for (G, Kp,). Let Cq(f{) € H,, be defined by the double

coset ch%)Km, where

c%) = diag(w, - ,w,1,...,1,w - @ l) € G,

which is the diagonal matrix whose first  entries and last r entries are @ and w™' respectively.

As is remarked in [39, Section 7], {C’,(q:) | 1 <r < m} forms generators of the Hecke algebra H,,.
Note that the Satake isomorphism also holds for these orthogonal groups although they are not
connected (cf. [36, Theorem 5, Remark 1 after Theorem 3]).

. . 1 —t2Qi—1 *%tIQFM
Assume that m > 2 or ng > 0 and,with 1 <1i < m, let n;(x) := 12i—24n p € G;
1

for x € F*—2t0_ By Lgn_l we denote the dual lattice of L,,_; with respect to Q,—1. We need
the notion that \ € Lgn_l \ {0} is primitive or reduced as follows (cf. [39, p44]):

Definition 4.1 (1) A vector \ € Lﬁn_l is defined to be primitive if its (2m — 2 4+ ng)-th entry
s equal to 1.

(2) A primitive X\ € Ly,—1 s called reduced (with respect to Qu—1) if
-1
w

lom—44ng Nm—1(T)\ & YDLEn_l

for any x € F?m—4+no,

Lemma 4.2 Suppose that L?n_l = L1, namely Ly,_1 is self-dual. For a primitive A € Lgn_l,
A is reduced if and only if the w-adic order of %t)\Qm_l)\ is not greater than 1.

a
Proof. We write A\ = | a| with a € 0, a € LEn—Q- We note that Lgn—l = L,,_1 implies
1

LF Ly, 2. Suppose first that A is reduced. Assume that the ww-adic order of %t)\Qm_l)\ is

m—2 —
not less than two, and take 8 € F?™4+70 g0 that a + § € wan_Q. We then verify that
w ! wil(%t)\meQ)\ - %t(a + B)Qm—2(a + )
12m—4+no nm_l(ﬁ))\ = o+ /B c WLEnfl'
w w

In fact, noting wLErh2 = wly_o, we see that the w-adic order of the first entry for the vector
above is not less than one. This contradicts the assumption that X is reduced.
Suppose next that the w-adic order of %t)\Qm,l)\ is not greater than one. Then, with
-1
w

B € FZm—4+n0 guch that a+ 3 € wLf the first entry of Lom—44ng Nim—1(8)A

m—2
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has the ww-adic order less than or equal to 0. This suffices to prove that X is reduced since the
proof is straightforward for § such that a + 8 & wl,,_o = ngn_Q. [

—k

w
Let us now introduce M}, := ( Lom—d4ng ) € G- for a non-negative integer k. This

wk

is useful to describe elements in L?ﬂ_l in terms of reduced ones under the assumption that L,,_1
is self-dual.

Lemma 4.3 Let Ly, = Lfn_l (which implies Ly,—o = L?n_Q). Any \ € Lgn_l \ {0} can be
written as uX\ = wkHMk_ln with some non-negative integers k and I, uw € Ky, and a reduced
RS Li%l.
Proof. Without loss of generality we may assume that A is primitive since we can take [ > 0
and u € K,,_; so that u\ = w!)\y with a primitive \g. Note that the case of [ = 0 means that
A is primitive, up to the K, _i-action on the left.

Yy
Let us take z € LEan so that ny,—1(x)A = | O2m—a4n, | With y € 0. Note that n,,—1(z) €
1
K,—1 for x € Lgn—2 = Ly_o. Thus there is ug € K,,,_1, t € 0* and a non-negative integer f
wlt wlt
such that upA = | O2pm—a4n, |- We may now assume A\ = | O2pp—a4p, |. Put & := [%}, then
1 1
ag
we have \ = wkMk_ ! 02 —4+4n, | With ag € o whose w-adic order is equal to 0 or 1. We are
1
ao
therefore done since | 02,—44n, | is reduced in view of Lemma 4.2. [
1

We are now ready to introduce the notion of “local Whittaker functions” on G, in the sense
of [39, Section 7, p47]. Though this does not come from the “Whittaker model” in the usual
sense, it can be understood in terms of “special Bessel models” for unramified principal series
representations of G,,. We furthermore review the notion of the “local Maass relation” as in
[39, Section 7, p52], which leads to a nice reduction for the calculation of the Hecke eigenvalues.
Sugano’s local theory deals with the case of general maximal lattices. Though what we need for
the Hecke theory of F} is the local theory under the assumption “0 = ng = 0” (see the notation
below and [39, p6]), our review on this is going to be given in such a general setting. We will
show that the Fourier coefficients of Fy belong to the space of the local Whittaker functions
satisfying the local Maass relation.

Let A € Lgnfl be reduced and put H) to be the stabilizer of A in G,,,—1. We then introduce
the space of the local Whittaker functions as follows:

1
W}\}— =4 W:G,, — C w nm(x) h . gk | = AF(t/\(_Qm—l)x)W(g) ,

Y(x, h,g, k) € F?m=2+m0 x Hy x G x Ky,
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where A denotes the additive character of F' trivial on o but non-trivial on p~1.
For W € W{, | € Z and a non-negative integer k we put

okt

Wk,l =W Mk
o~ (k+D)

for which note that W}, ; is checked to be zero for a negative [. We see that W is determined by

the Wy ;’s in view of the Iwasawa decomposition of G, and the following coset decomposition
of Gp—1 (cf. [39, Lemma 7.2]):

Lemma 4.4 We have
Gm-1=H\Km 1 U | |H\ME, 5,
k>1
where
r o i={he€Knu 1| (h—1)L | CLu1}.

We say that W € Wf satisfies the local Maass relation if
Wit — Wiy1g-1=q "Wio Vk>0, VI >0, (4.1)

which is equivalent to
!

Wk,l = Z qiiWk_H_i,o. (4.2)
i=0
By W//\Vl we denote the subspace of W{ consisting of those satisfying the local Maass relation.
We now review an explicit structure of Wf and Wf/t as H,,-modules. For that purpose let
L = {xe L | $'2Qma € p~'} and denote by O the dimension of L], /Ly, as a vector space
over the residual field o/p of F' (cf. [39, p6]). For a non-negative integer m we put

g U@ = D@ 4 )
m?] T qj _ 1

(Vj € Z\ {0}). (4.3)

We note that this is a modification of what has been introduced at [39, (7.11)] (for this see also
Remark 4.10 (2)). For a positive integers m,r, set RSQ = K /(Kn N c(mr)Km(c%))*l), and let
|R,(£)| denote the cardinality of R, We have

‘R(T)‘ — H;:l fm,j (1 <r< m)
" 1 (r=0).
Without difficulty it is verified that W)\f is stable under the action of H,,. In [39, Corollary

7.5, Corollary 7.8] the aforementioned explicit H,,-module structure of Wy and Wj\” is given (for
this see Remark 4.10 (2)). We state it with the notation f, ; as follows:

(4.4)

Proposition 4.5 1. Suppose that m > 3. On W{ the Hecke operators Cf;) forr >3 act as

qr72 -1 r—2 _ 1

qrfl -1

q

C) | R (q@ e I
o2 fm-t11 q(q —1)

fml,lfm+1,2> .
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2. The subspace Wj\\/‘ of W)\f is stable under the action by H,,. In addition to the above

formula, for m > 2, C’,(,?) coincides with

1 _
frne1,1C%) + ¢ fm21fm—22—fh o1 — (" — (¢ = 2)¢%) fn—2.1

+(g = 1)¢° fm—1,1 — q(¢®™ 0 + ¢°)? (m > 3),
-1
fl,l(Cél) — qu—1f2’1) (m = 2).

as Hecke operators acting on Wf\\/l
In particular, the Hecke eigenvalues of an eigenvector in WK\VI with respect to the Hp,-action

is determined by the eigenvalue of C’,g,%).

This is checked by a direct calculation. Regarding the formula in the second assertion for the
case of m = 2 we should note that fy is defined to be 0, from which we deduce that the formula
for m = 2 is compatible with that for m > 3.

We are now able to point out that the description of the H,,-module structure of W//\Vl above
can be simplified as follows:

Proposition 4.6 Suppose that m > 2. As Hecke operators on W//\Vl, we have the coincidence

- |
o = [RUY| (0729 4 fm,1>

q -1
for2 <r <m.

Proof. The case of m = 2 is already shown in Proposition 4.5, 2, for which note that |R§1)\ = fi,1.
The proof for the case of m > 3 starts with the following lemmas:

m

—1
Lemma 4.7 If we assume that C’,(T%) = |R(1)71\ <C,(7P — q2 1fm71> holds, we then have the

q
formulas for Cy(f;) with v > 3.

Proof. Insert the assumed formula for C’,(,?) into those in Proposition 4.5, 1. Furthermore note
that

~1 _ q—1 -2
RSV = fera x 072 711" R3]
for » > 3. Then the lemma is settled by a direct calculation. [

What is remaining now is to deduce the formula for 07(,3) from that in Proposition 4.5, 2.
This needs the following technical lemma:

Lemma 4.8 We have

q2fm71,1fm71,2 - ergn_1,1
=" fm21fm-22— ¢ fro1 — P = (= 2)¢%) fn—21 — a(@®" 0 + ¢7)2.
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Proof. To show this we need

fne11 = qfm—21 + (™m0 4 ¢,

— q 2m—6+ng 9y 1 _ (2m—44ng 0
fm—12 = qfm—22+ 1 (q +4°) 7+ 1 (frm-11—(p +q7%)).
This verifies the coincidence of both sides. n

We therefore see that the formula in Proposition 4.5, 2 implies
O = 1RLLAICR) + (0= 1) + & 12— afm-1),

for which note that f,,—11 = |R,(i)_1 . This is verified to coincide with the desired formula for

07(3) by a direct computation. As a result we have completed the proof of Proposition 4.6. =

For the application to the action of the Hecke operators on Fy we assume that m = 4n + 1
forn>1, F =Qp, ¢ =pand 0 = ng = 0. We describe the actions of the Hecke operators

{C’ZE;)_H |1 <7 <4n+1} on W € WY in terms of a recurrence relation of the Wy ;s (see [39,
Theorem 7.4]).

Proposition 4.9 Let Cg&rl * W € Wf denote the action of C’i;)ﬂ on W € Wf For two
non-negative integer k,l we have the following formula:

(Céi:z)—l—l * W)k :‘REL’:L_—QI)‘{psn(kal,ZJrZ + 1 Wiig1 + P52 Wii1))
+ (" = Do + 0" fan—1,,—1ur) Wiy
+ U1 Wi—1 41 + 22" M1 W11
+ Wit 4 o1 Wit 4+ 9™ Wii1y-2 — 6(1 = 0)p®" Wi g
+6(k = 0){p"" ' BA(P*" (Wo 1 — Wiy) + pr—1(Wo, — Wii—1)
+ (Woue1 — Wig—2)) + p*" Wous1 + pur—1Wou + Wo—1}
+6(k=1=0)p"B\Woo},

where we put u, 1= p" fan—1, + prt —1 and

By = 0 (p-adic order of %t)\J4n)\ =1)
AR (p-adic order of $'AJy A = 0) '

Here the formula for r = 1 needs the following interpretation
-1 -1 -1
’Rz(m—)ﬂ =0, ’Rz(ln—)1|f4n—1,0 = \Rz(m—)ﬂuo =1
We furthermore have Wiy p = 0 for negative k', I’

Remark 4.10 For this proposition we have two remarks on Sugano’s formula [39, Theorem
7.4] in the general case.
(1) The formula need the notation “py” as well as “Bx" (for their definitions see [39, Proposition
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7.8, (2.17)]). For the proposition we see py = 0. We further remark that the proof of Proposition
4.5 is based on Sugano’s formula in the general case.

(2) The formula for the case of “r = v + 2” need the interpretation f,,+1 = 0, which is not
referred to in [39]. This is a reason for our modified definition of fn, ; (see also the remark
jJust after Proposition 4.5). In addition, we remark that “3 < r < v+ 17 should be replaced by
B <r<v+27in [39, Corollary 7.5].

4.2 Hecke theory for our lift F}

We are now in a position to state our result on the Hecke theory for F.

Theorem 4.11 Suppose that f is a Hecke eigenform and let A, be the Hecke eigenvalue of f at
p < 0.
(1) Fy is a Hecke eigenform.

(2) Let u; be the Hecke eigenvalue with respect to the Hecke operator CZEQH for1 <i<dn+1.
We have

i =p" A2 = 2) + pfana = p" A2+ p" b ptp Tt p T

i p(i—1) pt-1 .
pi =Ry, {1 = pii_llenﬂ,l , (2<i<4dn+1).

Proof. To apply Sugano’s local theory as in Section 4.1 we need the following:

Lemma 4.12 Let us fiz a prime p. Suppose that A € Q%" is a reduced element in the maximal
lattice (Zgn, Jan) (or (Zﬁ”, —S)). For this we remark that (Zgn, —S) is verified to be GLgy(Zp)-
equivalent to (Zg”, Jan) by a standard argument using the theory of quadratic forms over p-adic

fields.

1. As a function on Gy, Ax(g) € Wf\w for g € G, where we regard g as an element in G(Ay)
in the usual manner.

2. For non-negative integers I, m and a Hecke operator C € Hant+1 we have

lerm

(C x Ay) M, _ p74n(l+m)(C’ * Apl+mM_1,\)(18n+2)’

Proof. We can check that Ay satisfies the local Maass relations (4.2) directly. For the proof of
the part 1 we only have to prove Ay(g) € W/\f for g € G). It suffices to prove

1 1
Ay hoh = A, h V(h(), h) € Hy x H(@p)
1 1

To this end write hoh as hoh = agug * with ag € G Lg,(Q) and ug € [1p<oo SLsn(Zp) x SLsn(R).
Then, for every prime p, the condition ag '\ = ug*(hoh) ™'\ € Zgn implies the greatest power
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of p dividing the entries in agy'\ is the same as that of (hgh)™'A = h~'A (which equals to
“a='\ € Z®"" in the notation of Section 3.3). We thereby see that the greatest common divisor
dy for Ly, coincides with that for Lj, and this proves part 1 of the lemma.

In view of the right Kp-invariance of Ay and the Iwasawa decomposition of G, the part 2
of the lemma is reduced to showing

pl+m 1 1
Ay M,, n(x) h = p_4"(l+m)Apl+mM;L1/\ n(x) h
pf(ler) 1 1

for any (z,h) € Q" x H(Qp). Reviewing the definition of Ay, this is verified by a direct
calculation. L]

To prove the first assertion of the theorem it suffices to prove that I is a Hecke eigenform

with respect to the Hecke operator C’EL)H by virtue of Proposition 4.5 (or Proposition 4.6) and
part 1 of Lemma 4.12.

Proposition 4.13 For A € Q%" \ {0} we have
(CS“L)JA * Ax)(1sn+2) = P4n(>\123 " p b p O AL (g 0)

Proof. We fix an arbitrary prime p and may assume that A\ € Zf,”. For the proof of the
proposition, the following lemma is crucial.

Lemma 4.14 (1) The Fourier coefficients c(n) of a Hecke-eigen cusp form f satisfy the follow-
ing relations:

c(02n) = (02 — 1eln) — p_%)\pc(n/p) (pn)
pelv?) = (33— eln) {0 o

pe(p’n) = (A; = 2)c(n) —p~'e(n/p?),

where we assume p*|n for the second formula.

I+m
p
(2) For a reduced A we have (ng)ﬂ x Ax)( My, )
—(l4+m)
p
=p*" - p DA gty (Lsng2) + PP fan—1 - p AL oy (Tsna)

+ 0T A gy ) (Tsng2) 95 'p_4n(l+m)Apl*1(pm+1M;lLA)(18n+2)

+ p_4n(l+m_1)Aplfl(pmM;L1>\)(18n+2)
+ 5(m = O){p4n_1ﬁ>\p : (p_4nlApl)\(18n+2) - p_4nlApl—1(le—1)\)(18n+2))
+p- p_4nlApl/\(18n+2)}'
The first assertion is a consequence of the well-known Hecke theory for modular forms of

one variable (cf. [15, Section 8.5]). Taking part 2 of Lemma 4.12 into account, we see that the
second assertion is nothing but an application of Proposition 4.9 to the case of r = 1.
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In view of Lemma 4.3 and part 2 of Lemma 4.12 we know that Lemma 4.14 (2) describes the

action of CSL)H on Ay for any A € Q*"\ {0} (or any A € Z5™ \ {0}). As a result we verify the
proposition by using Lemma 4.14 (1) and the explicit expression of Ay in terms of the Fourier
coefficients c¢(n)s. "

To complete the proof of the theorem, we are left with proving the formula for the other
Hecke eigenvalues p; (¢ > 2). This is an immediate consequence from Proposition 4.6 and part
1 of Lemma 4.12. As a result we are done. [

5 Cuspidal representations generated by the lifts

This section starts with discussing some general result on automorphic representations of adelized
orthogonal groups, which follows from Sugano’s local theory. After this we study the cuspidal
representation generated by our lift Iy in detail.

5.1 Some global consequence from Sugano’s local theory
Unramified principal series representations at non-archimedean places

We now resume the setting of Section 4.1 and can relax the assumption that the characteristic
F of the non-archimedean local field is not two. Recall the notations of the groups G,,, K, and
the Hecke algebra H,, etc. For unramified characters x; of F*,1 <4 < m, denote an unramified
character of the standard split torus of Gy, (= (F*)™) by x = diag(x1, X2; -+ » Xms Xim's " > Xa s X1 )-
Let I(x) be the normalized parabolic induction of G, induced from the character of the minimal
parabolic subgroup defined by x. The representation of G, given by I(x) is called an unramified
principal series representation. For us it is important to review the fundamental properties of
unramified principal series representations of GG,,. In many references p-adic reductive groups
are often assumed to be connected for the convenience of the argument to study such represen-
tations. Though G,, is not connected, we can say that such fundamental properties are still
valid for G,,,. We need the following lemma:

Lemma 5.1 1. For any unramified character x, the unramified principal series representa-
tion I(x) has a unique irreducible subquotient with a K,,-invariant vector (called a spherical
vector). Conversely, any irreducible admissible representation of Gy, with a spherical vec-
tor (called an irreducible unramified representation) is given by the irreducible subquotient
of an unramified principal series representation.

2. Two irreducible unramified representations are isomorphic to each other if and only if the
Hecke eigenvalues of the spherical vectors of the two representations are the same.

Proof. A point of the proof for this lemma is the fact that, as an admissible G,,-module,
every irreducible unramified representation is isomorphic to the G,,-module generated by a
zonal spherical function and that, up to scalars, every zonal spherical function is uniquely
parametrized by an unramified character of the split torus of Gy, modulo the conjugation by the
Weyl group (cf. [5, Theorem 4.3], [36, Theorem 2]). This implies the second assertion of part 1 of
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the lemma since the G,,-module generated by a zonal spherical function can be embedded into
an unramified principal series representation with the unramified character parametrizing the
zonal spherical function. Part 2 of the lemma follows from the bijective correspondence between
unitary algebra homomorphisms of the Hecke algebra H,, to C and the equivalence classes of
unramified characters of the split torus by the Weyl group conjugation (cf. [5, Corollary 4.2]), the
latter of which parametrize the equivalence classes of the irreducible unramified representations.
We should note that the disconnected-ness of G, has no influence for these consequences (see
[36, Theorem 5, Remark 1 after Theorem 3] and [5, Section 4,4]). In fact, Satake’s theory on the
Hecke algebras and the zonal spherical functions hold also for G,,, which has the commutative
Hecke algebra H,, and admits the Iwasawa and Cartan decompositions.

We are now left with the first assertion of part 1 of the lemma. The Frobenius reciprocity
of induced representations implies that the unramified principal series representation restricted
to K, has the trivial representation of K, with multiplicity one. Thus there is a contradiction
to this multiplicity one condition unless the uniqueness of the irreducible subquotient with a
spherical vector holds. Now note that every irreducible unramified representation has a unique
spherical vector, up to constant multiples, since it admits a unique zonal spherical function.
This leads to the first assertion of part 1 of the lemma, [

We call the unique irreducible subquotient of an unramified principal series representation
the spherical constituent.

Some consequence for a global theory of a general orthogonal group

Let E be a number field and O(Q7) denote an orthogonal group over E defined by a symmetric
1
matrix Qp := T , where T denotes a non-degenerate symmetric matrix of degree [ > 2
1
with entries in E. As the definition indicates the real rank of O(Qr) is greater than or equal
to one, and the group O(Q7) covers a general class of orthogonal groups including those of real
rank one or two, which are in our concern.

For a non-archimedean place v let O, denote the completion of the integer ring O of E at v.
For almost all non-archimedean places v’s the group O(Qr)(E,) of E,-rational points of O(Qr)
is isomorphic to G, with a suitable choice of Sy and has K,, as a maximal compact subgroup
with F' = E,, 0 = O, and 2m + ng = [ 4+ 2 (for the notations F, 0, m, ng and Sy, see Section
4.1), for which note that we have assumed that (0?™*70 @Q,,) is a maximal lattice at Section 4.1.
In fact, it is well-known that, for almost all non-archemedean places v’s, the v-adic completion
of an arbitrary lattice with the quadratic form defined by Q7 in E‘*? is isomorphic to O,*?
with the quadratic form defined by Q.

The group O(Qr) has a maximal E-parabolic subgroup with the unipotent radical N defined
by the group of E-rational points

1 —tzT —%tme
N(E): = np(x):= |01 1 T z e E
0 01, 1

As usual O(Qr)(Ag) and N (Ag) stand for the adele groups of O(Qr) and N respectively. Let
Ag be a fixed non-trivial additive character of Ag/FE. An automorphic form ® on O(Qr)(Ag)
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admits a Fourier expansion

B(g) = é Dr(g), Balg) = /N e, A @A (T2

In terms of the Ramanujan conjecture it is important to know how to characterize cuspidal
automorphic representations with non-tempered local components. Based on Sugano’s local
theory, we can provide a following general class of automorphic forms or automorphic represen-
tations with a non-tempered local component, which include our non-holomorphic lifts and the
Oda-Rallis-Schiffmann lifts (in the appendix).

Theorem 5.2 Let ® be an automorphic form on O(Qr)(Ag) and 7 be the automorphic repre-
sentation generated by ®. Assume the following:

1. w is irreducible and thus decomposes into the restricted tensor product m = ®;§OO7TU of
wrreducible admissible representations of mys at places v < oo.

2. At a non-archimedean place v, the group O(Qr)(E,) of the E,-rational points is isomorphic
to G, with F' = E, and m > 2, and has K., as a mazimal open compact subgroup.

3. Regard ® as a function in O(Qr)(Ey) ~ Gp,. Suppose that ® is left K,,-invariant and
there exists X € E'\ {0} reduced as an element in E. such that ®y belong to Wi

The 7 is non-tempered at the non-archimedean place v.

Proof. The three assumptions imply that the local component 7, is a spherical constituent of
an unramified principal series representation. It is well known that the K,,-invariant vector of
7y is a Hecke eigenvector with respect to the Hecke algebra H,,. Thus ® is a Hecke eigenform
with respect to H,, at the non-archimedean place v. Let p;(®) be the Hecke eigenvalue for the

Hecke operator Cy(,i) with 1 < ¢ < m. From the third assumption and Proposition 4.6 we deduce

1 qifl -1
pi(®) = Ry (@) = £ ) (5.1)
for i > 2, where ¢ denotes the cardinality of the residue field at v. This is also a formula for the
Hecke eigenvalue of .
Let x = diag(x1, X2, " » Xom> Xom's - * - ,XQ_I, Xl_l) be the unramified character such that m, is
the spherical constituent of the unramified principal series representation I(x). Let w, denote
a uniformizer of E,. We are going to show that

Xi(@y) = "7 (5.2)

holds for ¢ > 2. This is nothing but a formula for the Satake parameter diag(x1(wy), x2(w@y), - - ,
X (@0)s Xm (@) 7L, -+ xa(@0) L, x1 () 7Y) of m,. Assuming this we see that m,|g, _, is the
trivial representation of G,,_1, where we regard G,,—1 as a subgroup of G,, by embedding
Gm—1 into the middle 2(m — 1) + so block of G, (for this and the notation sy see Section
4.1). I fact, (x2(@0), > Xm(@o)s Xm (o)7L, -+, x2(wwy)7h) is the Satake parameter for the
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trivial representation of G,,_1. Then there are a couple of ways to verify that m, is non-
tempered. For example we can show that the matrix coefficient of the spherical vector of m, is
not (2 + e)-integrable for any e > 0. This integrability condition is nothing but a definition of
the temperedness.

What remains for the proof of the theorem is to verify the formula for y;s (2 < i < m) as
above. For that purpose we need the following lemma:

Lemma 5.3 For 1 <r <mand 1 <i<r let qbr( ) denote the Ct-action on the spherical
vector of m, by my|a,., where we regard G, as a subgroup of Gy, by embedding G, into the middle
2r 4 s block of Gy, (as we have remarked for Gp,—1 as above). For i > 2 we have

S (CD) =g 2 (x1 (@) + X1 (@) Dbm-1(CE™V) + (¢ = 1) frn 14 10m1(CT72)
¢ = Dom 1 (CE7D) + g (C ).

Proof. Noting the parabolic induction () which contains 7, as the spherical constituent, we
can deduce this from the coset decomposition of Kl K,y in [39, Lemma 7.1]. "

To complete the proof of the theorem we now assume that the Satake parameter of m, satisfies
the condition as in (5.2). If we can deduce from this assumption that the Hecke eigenvalues of
7y coincide with the formula (5.1), the proof is completed in view of Lemma 5.1, part 2. For
the proof we first note that

(Zsm(cr(r%)) = qmilJrnTO(Xl(wv) + Xl(wv)il) + (qa - 1) + Qfm—l,l

follows from Lemma 5.3. Reviewing the normalization of the invariant measure as in the begin-
ning of Section 4, we next see

Sm_1(CE )= RY | (1<i<m—1)

since the action 7|, on the spherical vector is trivial for » < m — 1 as is explained above. In
addition, we note

IR ||
IR

Hence, from this lemma we get

= fm—l,i (1 SZS m — 1).

pi(®) = |R(i )|(M1(q)> + (@ =)+ ¢ 1 — @fmo11) (0> 2).

Without difficulty we then verify by a direct calculation that the value of u;(®) with ¢ > 2
coincides with the formula for u;(®) as in (5.1). Consequently we have proved the theorem. m

5.2 The archimedean component of a cuspidal representation generated by
a Maass cusp form on G(A)

Let us work over Q again. We let I' be an arithmetic subgroup of O(Q) and suppose that
F € M(T',r) can be adelized to be a cusp form of the adele group O(Q)(A) (e.g. when the
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strong approximation theorem holds for O(Q)), for which we do not have to assume for a
moment that I' = I's with an even unimodular (Z", S).

By nr we denote the cuspidal representation generated by F. We are interested in deter-
mination of the archimedean representation of wp. To this end, let d; : Ase — C* be the
quasi-character parametrized by s € C given by the formula d,(y) = y*. We trivially extend J

to a quasi character of the standard proper parabolic subgroup P, which admits a Langlands
1 toy O

decomposition NeoAoo Moo with My, := { <0N tw]zv ON) ' m € Ux(= O(S)(R))} By Ig“(és)
0 fox 1 i

we denote the normalized parabolic induction defined by ;. We remark that every spherical

principal series representation of G is of this form. The representation Ig;" (ds) is not always
irreducible. In fact, according to [12, Proposition 2.4], it can be reducible when s+ % € Z while

otherwise it is always irreducible. A direct calculation of the action of the Casimir operator
1 N2
on the spherical vector, i.e. the K .-invariant vector, yields the eigenvalue —(32 — —) of

o 2N 4
IP;O((SS)'

Lemma 5.4 (1) The spherical principal series representation Igo‘j(és) has a unique irreducible
subquotient with a Kso-invariant vector (i.e. spherical constituent). Every irreducible spherical
representation of G, namely an irreducible admissible representation with a Koo -invariant
vector, is an irreducible subquotient of Igo‘j(és) with some s.

(2) Let w be an irreducible spherical representation of G with a fixed eigenvalue with respect to
the Casimir operator. Assume that m admits a generalized Whittaker model (or Bessel model)
with respect to a non-trivial character n of Noo, i.€. Hom(g,Koo)(ﬂ,Indgzn) # {0} (recall that g
denotes the Lie algebra of G ). Such m is unique, up to isomorphisms.

Proof. (1) This assertion can be said to be a special case of the Langlands classification [21]. In
fact, in view of the Langlands classification, an irreducible admissible representation with the
trivial K -representation can be embedded into a spherical principal series representation, which
is verified to has the trivial K-representation with multiplicity one by means of the Frobenius
reciprocity theorem of compact groups. We thus see the uniqueness of the spherical constituent
of the spherical principal series and know that every irreducible spherical representation is given
as such a constituent.

(2) From (1) we see that 7 can be embedded into some spherical principal series Igz(ds). As

we have remarked before the lemma, the eigenvalue of m with respect to the Casimir operator
2

1 N
is written as ﬁ(SQ - T) with some s. For ® € Homy ) (T, Indf,in), the function ®(7(g)v)

with a spherical vector v of 7 is a right K-invariant C°°-function on G, satisfying the left
n-equivariance and the same eigenvalue condition with respect to the Casimir operator. Then
®(m(g)v) is unique up to constant multiples and given explicitly in terms of the K-Bessel function
K /=1, as is essentially proved in Proposition 2.3. The assumption Homg, Koo)(ﬂ,Ind%zn) #*
{0} (indeed, one dimensional) implies that 7 is isomorphic to the (g, K )-module generated by
the right translations of ®(7(g)v) by Gs. Now note the basic property K, = K_, of the K-
Bessel function with parameter » € C. The eigenvalue condition of 7 implies that there is another
possibility that 7 is embedded into Igof (0_s). Even if it is, the (g, K~ )-module generated by
®(m(g)v) remains the same by the aforementioned property of the K-Bessel function. As a result
we are done. [
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Proposition 5.5 (1) If F' is a Hecke eigenvector at every finite place (for the definition see
[26, Theorem 3.1]), wp is irreducible.

(2) Suppose that F € M(T,\/—1r) with r € R. The archimedean component of 7 is isomorphic
to I]Cj;o (5\/le) as admissible G-modules, and is irreducible. When N is even, it is tempered.

Proof. (1) We use [26, Theorem 3.1], which reduces the problem to the irreducibility of the
archimedean local representation of wr. We first note that, as is well-known, each irreducible cus-
pidal representation occurs with finite multiplicity in the cuspidal spectrum, which implies that
7w is a finite sum of irreducible cuspidal representations. We therefore see that its archimedean
representation is also a finite sum of irreducible admissible representations of G, (= O(Q)(R)).
Let us now note that F' is right K-invariant, which means that F' generates the trivial repre-
sentation as a Ky,-module. We furthermore note the eigenvalue condition of F' with respect to
the Casimir operator. A non-zero cusp form F' generating an irreducible spherical representa-
tion 7 at the archimedean place provides a non-zero element of Homy k. )(, Indgzz 1) by the
Fourier transform of F' with respect to n for 1 such that the Fourier coefficient of F' for 7 is
non-zero. We then know from Lemma 5.4 that the archimedean component of mp is at most
a finite copy of one irreducible spherical representation. In fact, F' should be inside only one
irreducible spherical representation of G, since the infinitesimal action g-action on F' remains
the same even if it is a finite sum of the spherical vectors with a fixed eigenvalue of the Casimir
operator. As a result mp should be irreducible.

(2) In view of the first assertion we are left with the irreducibility of IIC;;ZO (6,/=1,)- Forr € R\{0}
this has been remarked just before Lemma 5.4. For the case of r = 0 we remark that it is outside
the points of the reducibility for the spherical principal series (cf. [12, p19]). This irreducibility
was also proved by Harish Chandra [11, Section 41, Theorem 1]. For the temperedness property
see [6, Remark (2.1.13)]. For this we remark that, for an even N, our spherical principal series
are the fundamental series representations in the sense of Harish Chandra [11]. L]

5.3 Cuspidal representation generated by F

We resume the setting that (ZV,S) with N = 8n is even unimodular. We are now able to
show the result on the explicit determination of the cuspidal representation generated by Fy as
follows:

Theorem 5.6 Let f be a Hecke eigenform and let mp, be the cuspidal representation generated
by Ff.

1. The representation mp, is wrreducible and thus has the decomposition into the restricted

tensor product ®! . m, of irreducible admissible representations m,.

2. For v =p < 00, m, is the spherical constituent of the unramified principal series represen-

tation of G, with the Satake parameter
/N2 _
1 —(4n—1) Ap A4

2
Ao \/)\72’_4 dn—1
2

dlag 2 D a"'apa]-a]-ap_a""p )
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3. For every finite prime p < oo, m, is non-tempered while T, is tempered.

Proof. This first assertion is a consequence of Theorem 4.11, Propositions 5.5 (1). Let us prove
the other two assertions. Since FY is right K-invariant for each finite prime p, 7, has to be
the spherical constituent of an unramified principal series representation (cf. Lemma 5.1 part
1). The Hecke eigenvalue p; of F'y enables us to suppose that

diag(x1(p), X2(P), *** » Xan+1(P), Xant1(®) 1+ x2(P) L xa(p) ) =

2 —2
2 _ 2 _
Ap+ \/>\1D74 dn—1 1 —(4n—1) A + \//\”74

di 1.1.p7 L ...
la'g 2 7p ’ 7p7 J 7p Y 7p ) 2

as the second assertion indicates. Since irreducible unramified representations are determined
by Hecke eigenvalues of the spherical vectors up to equivalence (cf. Lemma 5.1 part 2) we need
to show the Hecke eigenvalue of a spherical vector of m, for Ci;) 41 coincides with p; for each
1 > 1. This is verified by following the proof of Theorem 5.2, which yields the non-temperedness

of m, for all p < co. The temperedness of 7 is a consequence of Proposition 5.5 (2). [

As a result of this theorem (or as a result of Theorem 4.11 and [39, Corollary 7.9]) we can
write down the standard L-function of g, (or Fy).

Corollary 5.7 For any prime p the local p-factor Lp(ﬂ'Ff, St, s) of the standard L-function for
mr, (or Fy) is written as

8n—2
Ly(mr,,St,8) = Go(s)(1 — (A2 = 2~ + 52971 T Gols+j — (4n — 1))
j=0
8n—2 ’
= Ly(sym?(f),s) [] Gls+3 — (4n—1)),
7=0

where (, denotes the p-factor of the Riemann zeta function and Ly(sym?(f),s) is the p-factor
of the symmetric square L-function for f.

6 Appendix: Cuspidal representations generated by Oda-Rallis-
Schiffmann lifts

We have used Sugano’s non-archimedean local theory in [39, Section 7] to study the Hecke theory
of the cusp forms given by our lifting and the cuspidal representations generated by them. His
local theory is originally motivated by studying non-archimedean local aspect of the lifting theory
of Oda [28] and Rallis-Schiffmann [35]. We can therefore expect that the results in Section 4
and 5 naturally hold also for the lifting by Oda and Rallis-Schiffmann. In this appendix, still
restricting ourselves to “the case of even unimodular lattices”, we carry out the argument similar
to Sections 4 and 5 to deduce similar results for the case of Oda-Rallis-Schiffmann lifting.
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6.1 Basic notation

Let (Z%",S) be an even unimodular lattice with a positive definite symmetric matrix S and
1 1
put Q1 = -5 . We then let Qo := Q1 and let G = O(Q2) (respectively
1 1

H = O(Q1)) be the orthogonal group over Q defined by Q2 (respectively Q1). We introduce
several algebraic subgroups of G. We first introduce the maximal parabolic subgroup P with
a Levi decomposition P = N7 x L1, where A7 and £, are defined by the groups of Q-rational
points as follows:

1 —tzQ —%%le

Nl (Q) = an (.’13) = 187’L+2 X HARS Q8n+2 )
1

a

£1(Q) = h aeQ*, heO(Q)(Q)
-1
a
1 twS %thw 1
For w € Q%" let ng(w) = 1gn w and nj(w) == no(w) . We then intro-
1 1

duce the maximal unipotent subgroup A of G defined by its group of Q-rational points
N(@Q) = {n(z,w) | z € Q"2 w e Q*},

where n(z,w) := ng, (x)n(w).
Let Go be the real Lie group G(R). To describe an Iwasawa decomposition of G we

introduce
ai

Aoo = 1sy, ai, as € R_T_

and a maximal compact subgroup
Ko = {k € G | '"kRk = R}

1o
of G, where R = S is the majorant of Q2. We then have an Iwasawa decomposition
D)
of G as follows:
Goo = N(R) Ao Ko

We next introduce the symmetric domain of type IV, which is identified with the quotient
Goo/Koo. We follow [25, Section 1.4] to describe it. Let Bg, be the bilinear form on V' x V'
defined by Q1 with V = R8"*2 and let (V,7) be the Euclidean Jordan algebra equipped with
the trace form

7:VxV3(z,y) = 7(x,y) =2Bg,(xoy,e),
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where
voy:= Ba,(,e)y+ Bo, (y. ) — Bo,(w,y)e, (w,y€ V)
1

with fe = (—27 0,---,0, %) This Euclidean Jordan algebra has the determinant A given by

A(w) = %BQl(v,v) (weV).

Let us introduce the symmetric cone Q := {v € V' | Bg, (v,v) > 0, Bg,(v,e) > 0} of V. Then
the symmetric domain of type IV corresponding to G is realized as D := V + /—1Q. The
Lie group G acts on D by the linear fractional transformation, for which we use the notation
g -z for (g,2) € Goo x D. Let J(g,z) € C be the automorphy factor for (g,z) € Go x D.
For the definition of g - z and J(g, z) see [10, Section 1]. We can identify G, /K~ with D by
Goo 29+ g-(v/—1e) €D.

6.2 Review on Oda-Rallis-Schiffmann lifting

By S (SLy(Z)) we denote the space of holomorphic cusp forms on the complex upper half plane
b of weight « with respect to SLy(Z). To review the Oda-Rallis-Schiffmann lift from these
holomorphic cusp forms we introduce the archimedean Whittaker function W) , on G, with
A € Q and a positive integer k by

Wik (n(z, w)ak)
i= J(koo, V—1€) " A(Im(ni (w)a - vV—1e)) 2 exp(2mvV/—17(\, 2 + vV—1Im(n1 (w)a - vV—1¢))

for (z,w,a, k) € R¥+2 x R®" x A, x K., where Im(z) denotes the imaginary part of z € D.
Let f € Sx—an+2(SL2(Z)) be given by the g-expansion f(7) = 3,5, ¢(m)g™ (thus  has to

be even and k —4n +2 > 12). We put |A|g, 1= 1/3'AQ1A = /A(X) for A € V. We introduce a
smooth function Fy on G by

Ff (goo) = Z C)\W)\,fi(goo)a

AEZEN+T2N()
where
rk—1 |)\|2Q1
Cn= e
d|dy

with the greatest common divisor dy of the entries of . For the maximal lattice Z®? @ Z8" ¢ 79?2
with respect to Q2 we introduce an arithmetic subgroup

Ts:={y€6(Q) | y(Z2*? & 25" & 2%?) = 2%% ¢ 7°" © Z%?}.

We now state the following theorem by Oda [28, Corollary to Theorem 5] and Rallis-Schiffmann
[35, Theorem 5.1].

Theorem 6.1 (Oda, Rallis-Schiffmann) For x > 8n 4 4 the smooth function Fy is a holo-
morphic cusp form of weight k with respect to U'g, lifted from the domain D to the group G.

32



Non-tempered cusp forms on O(1,8n + 1)

6.3 Cuspidal representations generated by Oda-Rallis-Schiffmann lifts.
(1) Adelization of Fy.

To consider the cuspidal representation generated by Fy we adelize F'y. We carry out it following
the argument similar to Section 3.3.

Let K = [ e Kp with K, := {g € G(Q,) | gZ3"** = Zj***}. We remark that the
strong approximation theorem of G(A) with respect to the maximal compact subgroup Ky
holds, from which we deduce that the set of I'g-cusps is in bijection with H(Q)\H(A)/H(R)Uy
with Uy := [,.oo Up (Up == {h € H(Qy) | hZy**? = Z5"*?}). This is nothing but Lemma 2.1
for the case of G = O(Q2).

For h = (hp)p<oo € H(Af) we put Ly, = (] c00 BpZp™™? x R¥2) N Q%2 and write
h = au™! with (a,u) € GLgn12(Q) X ([Tpco0 SLsnt2(Zp) X SLgni2(R)). For A € Ly \ {0} we
denote by dy the greatest common divisor of the entries of a='\ € Z3"*2, which is checked to
be well-defined by the same argument as the proof of Lemma 3.2.

We introduce a function Ay indexed by A € Q¥*+2\ {0} as follows:

2
(s ) {zm o) (ve Ly) |
1 0 ()\ c Q8n+2 \ Lh)
I3 1
A h g1 = [1B1ZA) 515 h . V(B,h) € Af x H(Ay),

Ax(na(z)gk) := A(t)\le)A,\(g) V(x,g,k) € A?"JFQ X G(Ay) x Ky,

where A denotes the standard additive character of A/Q. This A, is verified to be well-defined
function on G(Ay¢) similarly as in the proof of Lemma 3.2. With this Ay we adelize F'y by

Fiig) = > Axgp)War(goo)

for g = grgoo € G(A) with (97, 90) € G(Af) X G. By the definition of the adelized Fy, Fy is
right Ky-invariant. By the standard argument in terms of the strong approximation theorem
the left I's-invariance of the non-adelic Fy then implies the left G(Q)-invariance of the adelic
Fy. The adelized Fy is a cusp form on G(A).

(2) Cuspidal representation generated by F}

To determine explicitly the cuspidal representation of G(A) generated by F; we first provide an
explicit formula for Hecke eigenvalues of the adelized Fy. We can apply the non-archimedean
local theory in Section 4.1 to our situation that m =4n+2, ¢ =p, F = Q,, and 9 = ng = 0.
The p-adic group G(Q,) is viewed as Gup42 in the notation of Section 4.1. We need the lemma
as follows:

Lemma 6.2 As a function on G(Qp)(~ Gani2), Ax(g) € WM, where we regard g € G(Q,) as
an element in G(A) in the usual manner.
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We then state the theorem on the Hecke eigenvalues of F.

Theorem 6.3 Suppose that f is a Hecke eigenform and let A\, be the Hecke eigenvalue of f at
p < o0.

(1) Fy is a Hecke eigenform.

(2) Let p; be the Hecke eigenvalue of the Hecke operator for CAE;)+2 with 1 < i <4n+4+2. We
have

p4n+1(p—(li—4n—1))\§ +p4n 4 tp +p—1 4. +p—4n) (Z _ 1)

Ry C— <i<4
Ryt | (1 — pi7_1f4n+2,1) (2<i<4n+2)

i =

Proof. We give just an overview of the proof since it is quite similar to the case of the lifting from
the Maass cusp forms. The only difference is the recurrence relation for the Fourier coefficients
of the holomorphic cusp form f as follows:

Lemma 6.4 Let f(7) =)_,5,c(m)q™ € Sk (an—2)(SL2(Z)) be a Hecke eigenform. We have

c(02m) = (A2 — pf—@n=1\ 0 p*Un=Ue(m/p)  (p|m)
(p°m) = (A, —p Je(m) {0 (p1m)’

c(p’m) = (\p — 20" W D)e(m) — p?m W e(m /p?),
where we assume p*|m for the second formula.

This follows from the well known recurrence relation of the Fourier coefficients (cf. [37, Chapitre
VII, Section 5.3, Corollaire 2]).

With this lemma and [39, Theorem 7.4] for WY on Guapso (similar to Proposition 4.9) , we
get the explicit formula for p; by the proof similar to that of Proposition 4.13. The formula for
W; with 4 > 2 is then an immediate consequence from Proposition 4.6. [

Cuspidal representation generated by F’

We now state the theorem quite similar to Theorem 5.6.

Theorem 6.5 Let mp, be the cuspidal representation generated by Fy and suppose that fisa

Hecke eigenform.

(1) The representation wp, is irreducible and thus has the decomposition into the restricted ten-

sor product @

2) For v =p < 00, m, is the spherical constituent of the unramified principal series representa-
P

tion of G, with the Satake parameter
/ 12
. i Ap+ /N, —4

2
2
Ap /N, —4 .
2 Y

2 D 7"'ap71317p_7"'7p )

my of irreducible admissible representations m,.

diag

_ K—(4n-1)

where N}, == p 2 Ap.
(3) For every finite prime p < 0o, m, is non-tempered while T, is tempered.
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Proof. Also for this theorem we sketch the proof since it is similar to that of Theorem 5.6. Let
9o be the Lie algebra of Go. The right translations of 'y by G generate the anti-holomorphic
discrete series representation 7, with minimal K-type given by

Koo 3k J(k,v/—1e)™"

as a (goo, Koo)-module, and it is irreducible. This is known as a classical fact due to Rallis-
Schiffmann (for instance see [34, Section 6]). Since F) is a Hecke eigenform under the assumption
we see the irreducibility of g by [26, Theorem 3.1]. This is nothing but the first assertion. Due
to Theorem 6.3 the rest of the assertions are settled by the proof similar to parts 2 and 3
of Theorem 5.6. For the third assertion we remark that the discrete series representations of
semi-simple real Lie groups are a well-known class of tempered representations. [

As we deduce Corollary 5.7 from Theorem 5.6 we have the following as an immediate conse-
quence from Theorem 6.5.

Corollary 6.6 For any prime p the local p-factor Lp(ﬂpf, St, s) of the standard L-function for
mr, (or Fy) is written as

8n
Lp(TrFf7St7 8) = LP(Sym2(f)7 S) H Cp(s +] - 4”))
7=0

where Ly,(sym?(f), s) is the p-factor of the symmetric square L-function for f.

Remark 6.7 This result is essentially obtained in [39, Theorem 8.1], which expresses the stan-
dard L-functions of the Oda-Rallis-Schiffmann lifts in the Jacobi form formulation in terms of
L-functions of Jacobi forms. Sugano has remarked that L,(sym?(f),s) is a local factor of the
L-function of some Jacobi form.
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